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Lecture 04: Inverse Trigonometric Functions, Hyperbolic
Functions
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Inverse Tri metric Functions

e To identify a function as having an inverse, it must be one-to-one.

e The title may be confusing, as the trigonometric functions are not
one-to-one.

e To define the inverse, we restrict the domain of the trigonometric
functions so that they become one-to-one while having largest
possible domains.



Inverse Trigonometric Functions

Inverse Sine Function

The restricted sine function Sin is defined as:

Sin : [—g7 g] — [-1,1], =z~ sin(x)
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Inverse Trigonometric Functions

Inverse Sine Function

The inverse sine function Sin~ ! is defined as:

Sin™':[-1,1] = [-=, T

= 5]7 y — x such that sin(z) =y

Y (I.7/2)

y =sin"lx

=

(~1.-7/2) 5
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Inverse Trigonometric Functions

Inverse Sine Function

e sin~!(Sinz) = arcsin(Sinz) = z for x € [~ %, Z]

e Sin(sin™!y) = Sin(arcsiny) =y for y € [~1,1]

Example

Find (a) sin (sin™" 0.7), (b) sin™"(sin 0.3), (c) sin™" (sin 4*), and (d)
cos (sin_1 0.6).

Solution

(a) sin (sin™'0.7) = 0.7



Inverse Trigonometric Functions

Inverse Sine Function

e sin~!(Sinz) = arcsin(Sinz) = z for x € [~ %, Z]

e Sin(sin™!y) = Sin(arcsiny) =y for y € [~1,1]

Example
Find (a) sin (sin™" 0.7), (b) sin™"(sin 0.3), (c) sin™" (sin 4*), and (d)
cos (sin_1 0.6).

Solution
(a) sin (sin™'0.7) = 0.7
(b) sin~!(sin0.3) = 0.3



Inverse Trigonometric Functions

Inverse Sine Function

e sin~!(Sinz) = arcsin(Sinz) = z for x € [~ %, Z]

e Sin(sin™!y) = Sin(arcsiny) =y for y € [~1,1]

Example

Find (a) sin (sin™" 0.7), (b) sin™"(sin 0.3), (c) sin™" (sin 4*), and (d)
cos (sin_1 0.6).

Solution

(a) sin (sin™'0.7) = 0.7

(b) sin~!(sin0.3) = 0.3

(c) sin™' (sin4F) =2
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Inverse Trigonometric Functions

Inverse Sine Function

e sin~!(Sinz) = arcsin(Sinz) = z for x € [~ %, Z]

e Sin(sin™!y) = Sin(arcsiny) =y for y € [~1,1]

Example
Find (a) sin (sin™" 0.7), (b) sin™"(sin 0.3), (c) sin™" (sin 4*), and (d)
cos (sin_1 0.6).

Solution

(a) sin (sin™'0.7) = 0.7
(b) sin~*(sin0.3) = 0.3
(c) sin™" (sin %) = £
(d) cos (sin™'0.6) = v1—0.62 = 1/0.64 = 0.8
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Inverse Sine Function

Example

Simplify the expression tan (sin_1 :z:)

Solution
We know that sin (sin™' z) =z for z € [-1,1].



Inverse Trigonometric Functions

Inverse Sine Function

Example

Simplify the expression tan (sin_1 :z:)

Solution
We know that sin (sin~' z) = z for x € [—1,1]. First, we find

coS (Sin_1 x) using the Pythagorean identity:

cos blIl " \/1— blIl Slll x)]2:\/17x2




Inverse Trigonometric Functions

Inverse Sine Function

Example

Simplify the expression tan (sin_1 :z:)

Solution
We know that sin (sin~' z) = z for x € [—1,1]. First, we find

coS (Sin_1 x) using the Pythagorean identity:

cos blIl " \/1— sm Slll x)]2:\/17x2

Then, we can express tan (sin_1 x) as:

. =1
tan (sin_1 x) _ (bm T) = :

cos (sirf1 Jc) V1— 22

for x € [—1,1].



Inverse Trigonometric Functions

Inverse Tangent Function

The restricted tangent function Tan is defined as:

m™ T
Tan : (—5, 5) = R, 2z tan(x)
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Inverse Trigonometric Functions

Inverse Tangent Function

The inverse tangent function Tan™ ' is defined as:

T

Tan™!: R — (—5, 5) , y+ z such that tan(z) =y




Inverse Trigonometric Functions

Inverse Tangent Function

e y=tan 'z <= z=Tany <= x =tanyand —Z

§<y<

ol

e tan"!(Tanz) = arctan(Tanz) =z forz € (—%, %)

e Tan(tan~!y) = Tan(arctany) =y for y € R
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Inverse Trigonometric Functions

Other Inverse Trigonometric Functions

e The function cosx is one-to-one on the interval [0, 7].
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Inverse Trigonometric Functions

Other Inverse Trigonometric Functions

e The function cosx is one-to-one on the interval [0, 7].

1

e The inverse cosine function cos™ " is defined as:

1

y=cos x <= x=cosyand 0<y<m
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Inverse Trigonometric Functions

Other Inverse Trigonometric Functions

e The function cosx is one-to-one on the interval [0, 7].

1

e The inverse cosine function cos™ " is defined as:

1

y=cos = < rz=cosyand0<y<m

e Observe that

T _

y=cos 'z < x=sin(f—y) and0<y<m
Y

“— sin" '

whence
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Inverse Trigonometric Functions

Other Inverse Trigonometric Functions

e The function cosx is one-to-one on the interval [0, 7].

1

e The inverse cosine function cos™ " is defined as:

1

y=cos = < rz=cosyand0<y<m

e Observe that

y=cos 'z < x=sin(f—y) and0<y<m
= sin" ! Y
whence

costo==—sin"ta.

e cos !(cosz) = arccos(cos ) = z for x € [0, 7).
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Inverse Trigonometric Functions

Other Inverse Trigonometric Functions

e The function cosx is one-to-one on the interval [0, 7].

1

e The inverse cosine function cos™ " is defined as:

1

y=cos = < rz=cosyand0<y<m

e Observe that
y=cos 'z < x=sin(f—y) and0<y<m
= sin" ! Y
whence
-1

cos  r= - —sin @
e cos !(cosz) = arccos(cos ) = z for x € [0, 7).

1

e cos(cos™!y) = cos(arccosy) =y for y € [—1, 1].
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Inverse Trigonometric Functions

Other Inverse Trigonometric Functions

e The function sec is one-to-one on the interval [0,%) U (5, 7.
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Inverse Trigonometric Functions

Other Inverse Trigonometric Functions

e The function sec is one-to-one on the interval [0,%) U (5, 7.

e The inverse secant function sec™! is defined as:

1

y=sec T < w:secyand0§y<gor7<y<w
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Inverse Trigonometric Functions

Other Inverse Trigonometric Functions

e The function sec is one-to-one on the interval [0,%) U (5, 7.

e The inverse secant function sec™! is defined as:
—1 v Vs
1y = sec w(z}x:secyand()gy<2 > <

e Observe that
1 Land0<y<ZorZ<y<m
T

Yy=8ec T <~ T =
cosy

—-1(1\ _, _ -1

< cos (5)—y—sec

whence
_ . (1
sec toz=cos' = ]).
T
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Inverse Trigonometric Functions

Other Inverse Trigonometric Functions

e The function sec is one-to-one on the interval [0,%) U (5, 7.

e The inverse secant function sec™! is defined as:

y:secflw <~ x:secyand0§y<gorg<y§w

e Observe that

— cpp—1 _ 1
Y = sec x(z)x—cosyandOgy<
<= cos™! (%) =1y = sec

_ 1 (1
sec tx=cos™! (= ).
T

e sec™!(secw) = arcsec(secx) = x for z € [0, 3) U (5, 7).

whence
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Inverse Trigonometric Functions

Other Inverse Trigonometric Functions

e The function sec is one-to-one on the interval [0,%) U (5, 7.

e The inverse secant function sec™! is defined as:

y:secflw <~ x:secyand0§y<gorg<y§w

e Observe that

y=sec 'y = r=— and0<y<gorg<y<m
x

cosy
<= cos™! (%) =y = sec™!
whence
_ _ 1
sec lz=cos™t|—]).
T

e sec™!(secw) = arcsec(secx) = x for z € [0, 3) U (5, 7).
e sec(sec ! y) = sec(arcsecy) =y for y € (—oo, —1] U [1, 00).
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Inverse Trigonometric Functions

Other Inverse Trigonometric Functions

The Inverse cosecant Function

_r

e The function csc is one-to-one on the interval [—Z,0) U (0,

[SIE
P
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Inverse Trigonometric Functions

Other Inverse Trigonometric Functions

The Inverse cosecant Function
e The function csc is one-to-one on the interval [—Z,0) U (0, Z].

e The inverse cosecant function csc™! is defined as:

S

™
y=csc 'z <= x=cscyand —§§y<00r0<y§
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Inverse Trigonometric Functions

Other Inverse Trigonometric Functions

The Inverse cosecant Function
e The function csc is one-to-one on the interval [—Z,0) U (0, Z].

e The inverse cosecant function csc™! is defined as:

T
'y <= x =cscy and —§§y<00r0<y§

S

Y = CSC

e Observe that

s
2

y:cscflx:»xzshlly and — 3 <y<0or0<y<
1

=11y —
<= sin (;)—y—csc T,
whence
_ .1 (1
csc tx=sin"t(=]).
x
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Inverse Trigonometric Functions

Other Inverse Trigonometric Functions

The Inverse Cotangent Function

e The function cot is one-to-one on the interval (0, 7).
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Inverse Trigonometric Functions

Other Inverse Trigonometric Functions

The Inverse Cotangent Function

e The function cot is one-to-one on the interval (0, 7).

e The inverse cotangent function cot ! is defined as:

y=cot 'z <= z=cotyand 0 <y <7
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Inverse Trigonometric Functions

Other Inverse Trigonometric Functions

The Inverse Cotangent Function
e The function cot is one-to-one on the interval (0, 7).

e The inverse cotangent function cot ! is defined as:
y=cot 'z <= z=cotyand 0 <y <7

e Observe that

cosy

y=cot !z = = and 0 <y <
sin y
?J?é% 1

1<) =

<~ tan — | =y=cot "z
T

whence

1
cot !l =tan—! <x> , where y € (0,7) — {3}
15
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Hyperbolic Functions

e The hyperbolic sine function is defined as:

. e
sinhx =

16



Hyperbolic Functions

e The hyperbolic sine function is defined as:

. e
sinhy = ————
2

e The hyperbolic cosine function is defined as:

e.’L‘ + e—.’L‘

h =
cosnax B

16



Hyperbolic Functions

e The hyperbolic sine function is defined as:

e
hao— &€
sinh 5
e The hyperbolic cosine function is defined as:
e.’L‘ +e—.’L'

h =
cosnax B

e The hyperbolic tangent function is defined as:

sinh x e
tanhz = =
coshx e 4+ e "
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Hyperbolic Functions

(cost,sint)

t/2
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Hyperbolic Functions

iy
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