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Continuous Functions on Closed,
Finite Intervals



Continuity

Continuous Functions on Closed, Finite Intervals

Theorem (The Extreme Value Theorem)

If f is continuous on a closed, finite interval [a,b], then f attains both
a maximum and a minimum value on that interval.
More precisely, there exist points ¢ and d in [a,b] such that:

fle) < f=) < f(d)

for all z in [a, b].
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Continuous Functions on Closed, Finite Intervals




Continuity

Continuous Functions on Closed, Finite Intervals

f is continuous on
(0,1), but has nei-
ther maximum nor
minimum on the in-
terval (0,1)



Continuity

Continuous Functions on Closed, Finite Intervals

f has neither max-
imum nor minimum
on the interval (0,1)



Continuity

Continuous Functions on Closed, Finite Intervals

f is defined on [0, 1],
has maximum, but
not minimum.



Continuity

Continuous Functions on Closed, Finite Intervals

f is defined on [0, 1],
but has neither min-
imum, nor maxi-
mum.



The Intermediate Value Theorem



Continuity

The Intermediate Value Theorem

If f is continuous on a closed, finite inter-

val [a,b], and if s is any number between
f(a) and f(b), then there exists at least
one point ¢ in (a,b) such that

fle) =s.

In other words, the function f takes on
every value between f(a) and f(b) at least
once in the interval (a,b).
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Continuity

The Intermediate Value Theorem

Determining signs of a continuous function
Between two consecutive roots of a continuous function, the function
must take on either all positive or all negative values, but not both.

More precisely, if f is continuous on an interval containing ¢ and d such
that f(c) = f(d) =0, but f(x) # 0 for all = in the open interval (c,d),
then either f(z) > 0 or f(x) <0 for all z in (c,d).



Continuity

The Intermediate Value Theorem

Example
Determine the intervals on which the function f(z) = 2% — 4z is positive

and negative.



Continuity

The Intermediate Value Theorem

Example
Determine the intervals on which the function f(z) = 2% — 4z is positive

and negative.

Solution
1Y I
‘—f(q:):a:374x -2 0 2
T - =9 + | +
x 2—4| + 90— | — o+
-2 0 2
23 —dx| — T = -




Continuity

The Intermediate Value Theorem

Example

Show that the equation z3

— 2 —1 =0 has a root in the interval [1,2].



Continuity

The Intermediate Value Theorem

Example

Show that the equation z3

— 2 —1 =0 has a root in the interval [1,2].

Solution
We can apply the Intermediate Value Theorem. First, we evaluate the

function at the endpoints of the interval:
fH=1-1-1=-1,

f(2)=2>~-2-1=5.

Since f(1) < 0 and f(2) > 0, and f is continuous on [1,2], there must
be at least one root ¢ in (1,2) such that f(c) = 0.



Continuity

The Intermediate Value Theorem

Example (The Bisection Method)

3

Solve the equation z°> — x — 1 = 0 using the bisection method with an

initial interval [1, 2] correct to three decimal places.



Continuity

The Intermediate Value Theorem

Example (The Bisection Method)

3

Solve the equation z°> — x — 1 = 0 using the bisection method with an

initial interval [1, 2] correct to three decimal places.

Solution
Bisection Root in A
Number X J) Interval Midpoint
1 —1
2 5 [1,2] 1.5
1 1.5 0.8750 [1,1.5] 1.25
2 1.25 —0.2969 [1.25,1.5] 1.375
3 1.375 0.2246 [1.25,1.375] 1.3125
4 1.3125 —0.0515 [1.3125,1.375] 1.3438
5 1.3438 0.0826 [1.3125,1.3438] 1.3282
6 1.3282 0.0147 [1.3125,1.3282] 1.3204
7 1.3204 —0.0186 [1.3204,1.3282] 1.3243
8 1.3243 —0.0018 [1.3243,1.3282] 1.3263
9 1.3263 0.0065 [1.3243,1.3263] 1.3253
10 1.3253 0.0025 [1.3243,1.3253] 1.3248
11 1.3248 0.0003 [1.3243,1.3248] 1.3246
12 1.3246 —0.0007 [1.3246,1.3248]

The root is 1.325, rounded to 3 decimal places.



The Precise Definition of Limit



The Precise Definition of Limit

Let f: A — R be a function defined
on a set A containing the point c.

We say that
lim f(x) = L
if for every there existsa d > 0

such that whenever 0 < |z —¢| < §,
it follows that |f(z) — L| < e.

10



The Precise Definition of Limit

Example

Example
We will verify that

e lim, ,,x = a, and

e lim, ., k==%.

for any constants a and k.

Solution
We will prove each limit using the epsilon-delta definition.

11



The Precise Definition of Limit

Example

Example
We will verify that

e lim, ,,x = a, and

e lim, ., k==%.

for any constants a and k.

Solution

e Forlim,_,,r = a:

11



The Precise Definition of Limit

Example

Example
We will verify that
e lim, ,,x = a, and
o lim, ,,k=k.
for any constants a and k.

Solution

e Forlim,_,,r = a:

o Lete >0 be given.

11



The Precise Definition of Limit

Example

Example
We will verify that
e lim, ,,x = a, and

e lim, ., k==%.

for any constants a and k.

Solution

e Forlim,_,,r = a:

o Lete >0 be given.
e We are looking for a 6 > 0 such that if 0 < |x — a| < §, then

|z —al <e.

11



The Precise Definition of Limit

Example

Example
We will verify that

e lim, ,,x = a, and

e lim, ., k==%.

for any constants a and k.

Solution

e Forlim,_,,r = a:

o Lete >0 be given.
e We are looking for a 6 > 0 such that if 0 < |x — a| < §, then
|z —al <e.

e So, choose § = e.

11



The Precise Definition of Limit

Example

Example
We will verify that

e lim, ,,x = a, and

e lim, ., k==%.

for any constants a and k.

Solution

e Forlim,_,,r = a:
o Lete >0 be given.
e We are looking for a 6 > 0 such that if 0 < |x — a| < §, then
|z —al <e.
e So, choose § = e.
e Then, if 0 < |x —a| <6, we have:

f@)— L= |z —a| <e.
11



The Precise Definition of Limit

Example

Example
We will verify that

e lim, ,,x = a, and

e lim, ., k==%.

for any constants a and k.

Solution
Y
a4+ e
B |
a—9 777‘___3__3,7777
0 | i 3 T
a—6 @ a+¢
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The Precise Definition of Limit

Example

Example
We will verify that

e lim, ,,x = a, and

e lim, ., k==%.

for any constants a and k.

Solution

e Forlim,_,,k=Ek:

11



The Precise Definition of Limit

Example

Example
We will verify that
e lim, ,,x = a, and
o lim, ,,k=k.
for any constants a and k.

Solution

e Forlim,_,,k=Ek:

o Lete >0 be given.
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The Precise Definition of Limit

Example

Example
We will verify that
e lim, ,,x = a, and

e lim, ., k==%.

for any constants a and k.

Solution

e Forlim,_,,k=Ek:
o Lete >0 be given.
e We need to find a 6 > 0 such that if 0 < |x — a| < 6, then
|f(z) — L] <e.

11



The Precise Definition of Limit

Example

Example
We will verify that

e lim, ,,x = a, and

e lim, ., k==%.

for any constants a and k.

Solution

e Forlim,_,,k=Ek:
o Lete >0 be given.
e We need to find a 6 > 0 such that if 0 < |x — a| < 6, then
|f(z) — L] <e.
e Since f(x) = k for all x, we have |f(xz) — L| = |k — k| = 0.

11



The Precise Definition of Limit

Example

Example
We will verify that

e lim, ,,x = a, and

e lim, ., k==%.

for any constants a and k.

Solution

o Forlim, ,,k=k:
o Lete >0 be given.
e We need to find a 6 > 0 such that if 0 < |x — a| < 6, then
|f(z) — L] <e.
e Since f(x) = k for all x, we have |f(xz) — L| = |k — k| = 0.
e Thus, we can choose any § > 0.

11



The Precise Definition of Limit

Example

Example
We will verify that

e lim, ,,x = a, and

e lim, ., k==%.

for any constants a and k.
Solution

o Forlim, ,,k=k:
o Lete >0 be given.
e We need to find a 6 > 0 such that if 0 < |x — a| < 6, then
@) - Ll <e.
e Since f(x) = k for all x, we have |f(xz) — L| = |k — k| = 0.
e Thus, we can choose any § > 0.
e Then, if0 < |z —a| <, we have:

If(@) =Ll =k — k| =0<e 1



The Precise Definition of Limit

Example

Example
We will verify that

e lim, ,,x = a, and

e lim, ., k==%.

for any constants a and k.

Solution
Yy
a+er——- —_— -
a o :
a—¢|——[em————
| ! :
I
a—9 a a+0 11




The Precise Definition of Limit

Example

Let f(x) = 3z — 4. Let us show that lim, o f(z) = 2.
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The Precise Definition of Limit

Example

Let f(x) = 3z — 4. Let us show that lim, o f(z) = 2.

e For every € > 0, we need to find a 6 > 0 such that if
0<|z—2]<d, then |f(z) —2| <e.

12



The Precise Definition of Limit

Example

Let f(x) = 3z — 4. Let us show that lim, o f(z) = 2.

e For every € > 0, we need to find a 6 > 0 such that if
0<|z—2]<d, then |f(z) —2| <e.
e We have |f(z) — 2| = |32 —4 — 2| = |32 — 6] = 3|z — 2|

12



The Precise Definition of Limit

Example

Let f(x) = 3z — 4. Let us show that lim, o f(z) = 2.

e For every € > 0, we need to find a 6 > 0 such that if
0<|z—2]<d, then |f(z) —2| <e.

e We have |f(z) — 2| = |32 —4 — 2| = |32 — 6] = 3|z — 2|

e Thus, if we choose 0 = £, then whenever 0 < |z — 2| < §, we have:

|f(z) =2 =3z —2] <30 =e.

12



The Precise Definition of Limit

Example

Let f(x) = 3z — 4. Let us show that lim, o f(z) = 2.

y=3zr—4

P <

& »

12



The Precise Definition of Limit

Example

Let f(z) =9 — 22, Let us show that lim,_,5 f(z) = 5.
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The Precise Definition of Limit

Example

Let f(z) =9 — 22, Let us show that lim,_,5 f(z) = 5.

e For every € > 0, we need to find a 6 > 0 such that if
0<|z—2| <d, then |f(z) —5| <e.

13



The Precise Definition of Limit

Example

Let f(z) =9 — 22, Let us show that lim,_,5 f(z) = 5.

e For every € > 0, we need to find a 6 > 0 such that if
0<|z—2| <d, then |f(z) —5| <e.
e We have |f(x) = 5| =9 —22—5| =4 — 2% =|(2—2)(2 + 2)|.

13



The Precise Definition of Limit

Example

Let f(z) =9 — 22, Let us show that lim,_,5 f(z) = 5.

e For every € > 0, we need to find a 6 > 0 such that if

0<|z—2| <d, then |f(z) —5| <e.
e We have |f(z) —5| =9 — 2% —5| =4 —2?| =[(2 —2)(2+ )|
e Thus, if we choose 0 = min{1, £}, then whenever 0 < |z — 2| < 4,

we have:
[f(x) =5 =[(2—2)(2+2)] <5<e.

13



The Precise Definition of Limit

Example

Let f(z) =9 — 22, Let us show that lim,_,5 f(z) = 5.

—_qg_ .2
y=9-z 13



One-Sided Limits




The Precise Definition: One-Sided Limits

Let f : A — R be a function de-
fined on a set A containing an in-
terval (c,d) for some ¢ < d. We
say that

lim f(z)=1L

r—ct
if for every ¢ > 0, there exists a
0 >0suchthatifc <z <c+§,
then |f(z) — L] < e.

Yy
y= f(z)

L —¢

L

L+e E

14



The Precise Definition: One-Sided Limits

Y
y=[f(x)

Let f : A — R be a function de-
fined on a set A containing an in- L—c¢
terval (b,c) for some ¢ < d. We L
say that L+e

lim f(z)=1L :

T—rCc— :
if for every ¢ > 0, there exists a L

] 0| ¢c—¢6 ¢ x

0 >0suchthatifc—6 <z <e¢,
then |f(z) — L] < e.

14



The Precise Definition: One-Sided Limits

Example

Example
Let f(x) = v/x. We want to show that lim,_,q+ f(z) = 0.
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The Precise Definition: One-Sided Limits

Example

Example
Let f(x) = v/x. We want to show that lim,_,q+ f(z) = 0.

Proof.

e Let € > 0 be given. We need to find a § > 0 such that if 0 <z < §,
then |f(z) — 0| < e.

15



The Precise Definition: One-Sided Limits

Example

Example
Let f(x) = v/x. We want to show that lim,_,q+ f(z) = 0.
Proof.

e Let € > 0 be given. We need to find a § > 0 such that if 0 <z < §,
then |f(z) — 0| < e.

e Since f(z) = +/z, we have |f(x) — 0] = y/z. Thus, we need to find
0 such that if 0 < & < ¢, then /x < e.

15



The Precise Definition: One-Sided Limits

Example

Example
Let f(x) = v/x. We want to show that lim,_,q+ f(z) = 0.
Proof.
e Let € > 0 be given. We need to find a § > 0 such that if 0 <z < §,
then |f(z) — 0| < e.

e Since f(z) = +/z, we have |f(x) — 0] = y/z. Thus, we need to find
0 such that if 0 < & < ¢, then /x < e.

e Squaring both sides, we get = < €2. Therefore, we can choose
§ = €.

15



The Precise Definition: One-Sided Limits

Example

Example
Let f(x) = v/x. We want to show that lim,_,q+ f(z) = 0.
Proof.
e Let € > 0 be given. We need to find a § > 0 such that if 0 <z < §,
then |f(z) — 0| < e.

e Since f(z) = +/z, we have |f(x) — 0] = y/z. Thus, we need to find
0 such that if 0 < & < ¢, then /x < e.

e Squaring both sides, we get = < €2. Therefore, we can choose
§ = €.

e Now, if 0 < 2 < 8, then 0 < = < €2, which implies Vx < e This
shows that lim,_,q+ f(x) = 0.

15



The Precise Definition: One-Sided Limits

Example

Example
Let f(x) = v/x. We want to show that lim,_,q+ f(z) = 0.

"
f(x)\/‘;/
) |
fx) e :
|
L=0 Y o-é ¥

15



Limits at Infinity




The Precise Definition: Limits at Infinity

Let f: A — R be a function defined on a set A containing an interval
(a,0) for some a. We say that

lim f(z)=1L

Tr—r00

if for every € > 0, there exists M > 0 such that if x > M, then
|f(z) — L] <e.

No matter what
positive number € is,
the graph enters

1 this band atx = ¢
Y= x and stays.

No matter what
positive number € is,
the graph enters

this band atx = —¢

L

16




Limits at Infinity

Let f: A — R be a function defined on a set A containing an interval
(=00, b) for some b. We say that

LS
if for every € > 0, there exists M < 0 such that if z < M, then
f@)— Ll <e.

No matter what
positive number € is,
the graph enters

1 this band atx = 2
and stays.

No matter what

positive number € is,
the graph enters 17
this band atx = —¢




Infinite Limits




The Precise Definition: Infinite Limits

Let f : A — R be a function defined on a set A containing an open
neighborhood of xy. We say that

lim f(z) =00

T—rT0

if for every B > 0, there exists 0 > 0 such that if 0 < |z — x| < J, then
f(z) > B.

|

|
|
i
C\y =f&x)
|
|
B :
:
|
I
|
|
|
|

1
e \
xXp— 98 X+ &

18




The Precise Definition:Infinite Limits

Let f : A — R be a function defined on a set A containing an open
neighborhood of xy. We say that
lim f(z) = —o0

rT—rT0o

if for every B > 0, there exists 0 > 0 such that if 0 < |z — x| < J, then

f(z) < —B.

\] 19



The Precise Definition: Infinite Limits

Example
Verify that lim,_,q %2 = 00.

20



The Precise Definition: Infinite Limits

Example
Verify that lim,_,q %2 = 00.

Solution
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The Precise Definition: Infinite Limits

Example
Verify that lim,_,q %2 = 00.

Solution

o Let B > 0 be given. We need to find a § > 0 such that if
0 < |z| <4, then 5 > B.

20



The Precise Definition: Infinite Limits

Example
Verify that lim,_,q %2 = 00.

Solution

o Let B > 0 be given. We need to find a § > 0 such that if
0 < |z| <4, then 5 > B.

. . . 2 1 1
e This is equivalent to x* < 3, or |z| < 75

20



The Precise Definition: Infinite Limits

Example
Verify that lim,_,q %2 = 00.

Solution
o Let B > 0 be given. We need to find a § > 0 such that if
0 < |z| <4, then 5 > B.
e This is equivalent to z* < %, or |z| < ﬁ.

e Thus, we can ch =L,
us, we can choose 75

20



The Precise Definition: Infinite Limits

Example
Verify that lim,_,q %2 = 00.

Solution
o Let B >0 be given We need to find a § > 0 such that if
0 < |z| <9, then 5 > B.
e This is equivalent to z* < %, or |z| < ﬁ.

_ 1
e Thus, we can choose § = L

e Now, if0 < |z| <9, then 0 < |z| < \F’ which implies % > B.

20
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Conclusion

In this lecture, we have explored

e the precise definitions of limits,
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e the precise definitions of limits,

e including one-sided limits,
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Conclusion
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the precise definitions of limits,

e including one-sided limits,

limits at infinity, and

infinite limits.
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Conclusion

In this lecture, we have explored

the precise definitions of limits,

e including one-sided limits,

limits at infinity, and

infinite limits.

e We have also verified these definitions through examples and
solutions,
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Conclusion

In this lecture, we have explored

e the precise definitions of limits,

e including one-sided limits,

e limits at infinity, and

e infinite limits.

e We have also verified these definitions through examples and
solutions,

e providing a solid foundation for understanding limits in calculus.
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Conclusion

In this lecture, we have explored

the precise definitions of limits,

including one-sided limits,

limits at infinity, and

infinite limits.

We have also verified these definitions through examples and
solutions,

providing a solid foundation for understanding limits in calculus.

These concepts are crucial for further studies in calculus, particularly
in understanding continuity and differentiability of functions.
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Conclusion

In this lecture, we have explored

the precise definitions of limits,

including one-sided limits,

limits at infinity, and

infinite limits.

We have also verified these definitions through examples and
solutions,

providing a solid foundation for understanding limits in calculus.

These concepts are crucial for further studies in calculus, particularly
in understanding continuity and differentiability of functions.

Now, we are ready to explore the concept of differentiability of
functions.

21



Differentiation




Differentiation

Tangent Lines to Curves

A tangent line to a circle has the following properties:

Tangent Line

(i) It touches the circle at exactly
one point.

22



Differentiation

Tangent Lines to Curves

A tangent line to a circle has the following properties:

Tangent Line

(i) It touches the circle at exactly
one point.

(i) The circle lies entirely on one
side of the tangent line.
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Differentiation

Tangent Lines to Curves

A tangent line to a circle has the following properties:

Tangent Line

“Radius
AY

(i) It touches the circle at exactly
one point.

(i) The circle lies entirely on one
side of the tangent line.

(iii) It is perpendicular to the radius
at the point of contact.

22



Differentiation

Tangent Lines to Curves

But these properties are not sufficient to define a tangent line to a
general curve.

DAY

(i) It touches the curve at exactly
one point.

L meets C only at P but is not

tangent to C.
22



Differentiation

Tangent Lines to Curves

But these properties are not sufficient to define a tangent line to a
general curve.

(i) It touches the curve at exactly
one point.

=V

L meets C' at several points but is

tangent to C' at P.
22



Differentiation

Tangent Lines to Curves

But these properties are not sufficient to define a tangent line to a

general curve.

(i) It touches the curve at exactly
one point. a

(i) The curve lies entirely on one
side of the tangent line.

L is tangent to C' at P but the

curve lies both sides of L.
22



Differentiation

Tangent Lines to Curves

But these properties are not sufficient to define a tangent line to a
general curve.

(i) It touches the curve at exactly
one point.

(i) The curve lies entirely on one
side of the tangent line.

(iii) It is perpendicular to the radius
at the point of contact.

Many curves do not have a radius,
so the concept of perpendicularity
does not apply. 2



Differentiation

Tangent Lines to Curves

h =10.35
fxoth)—f(zo) _
% = 6.62

: z
"
/ i) h x0_|_h

The slope of the tangent line at point P is the limit of the slope of the

secant lines as point () approaches point P.

23



Differentiation

Suppose that the function f is continuous at & = x( and that

lim f(zo+h) = f(z0)
h—0 h

exists. Then the line through the point P = (xq, f(x¢)) with slope equal
to this limit is called the tangent line to the graph of f at the point P.

24



Differentiation

Example
Find an equation of the tangent line to the curve y = z? at the point

(1,1).
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Differentiation

Example
Find an equation of the tangent line to the curve y = z? at the point

(1,1).

Solution
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Differentiation

Example
Find an equation of the tangent line to the curve y = z? at the point

(1,1).
Solution

o Let f(x) = a2
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Differentiation

Example
Find an equation of the tangent line to the curve y = z? at the point

(1,1).
Solution
o Let f(x) = a2
e We find the slope of the tangent line at the point (1,1).
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Differentiation

Example
Find an equation of the tangent line to the curve y = z? at the point

(1,1).
Solution
o Let f(x) = a2
e We find the slope of the tangent line at the point (1,1).

e We have
1+h)— f(1 1+h)2—-12 2h + h?
lim —f( +h) - f(1) = lim 7( +h) = lim + = 2.
h—0 h h—0 h h—0 h

25



Differentiation

Example
Find an equation of the tangent line to the curve y = z? at the point

(1,1).
Solution
o Let f(x) = a2
e We find the slope of the tangent line at the point (1,1).

e We have
_ 2 42 2
lim f@+hn)—=f(1) _ lim (1+h) 1 - 2h + h _

h—0 h h—0 h - i11/1—>0 h

2.
e The equation of the tangent line in point-slope form is
y—1=2(z—-1).
Simplifying this, we get

y =2x — 1.
25



Differentiation

If f is continuous at P = (xo, f(20)), and if either

f(@o + 1) = flxo)

i h -
or
i S0 TR = f) _
then the vertical line x = xg is called the tangent to the graph of f at
the point P.

If the above limit fails to exist in any other way than being oo or —o0,
then the graph y = f(z) has no tangent line at P.

26



Differentiation

Example
Let f(z) = &z = 2'/3. We look for the tangent line (if exists) to the

curve y = f(x) at the origin (0,0).
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Differentiation

Example
Let f(z) = &z = 2'/3. We look for the tangent line (if exists) to the

curve y = f(x) at the origin (0,0).

e We need to find the slope of the
tangent line at the point (0,0).
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Example
Let f(z) = &z = 2'/3. We look for the tangent line (if exists) to the

curve y = f(x) at the origin (0,0).
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side, this limit goes to oc.
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Differentiation

Example
Let f(z) = 2%/3. We investigate the tangent line to the curve y = f(x)

at the origin (0,0).

y = /3
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Example
Let f(z) = 2%/3. We investigate the tangent line to the curve y = f(x)

at the origin (0,0).
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Example
Let f(z) = 2%/3. We investigate the tangent line to the curve y = f(x)

at the origin (0,0).

We need to find the slope of the
tangent line at the point (0,0).
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Differentiation

Example
Does the graph of y = |z| have a tangent line at x = 07

Solution

Yy = |z
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Differentiation

Example
Does the graph of y = |z| have a tangent line at x = 07

Solution

e We need to find the slope of the
tangent line at the point (0,0).

e We have )
i O = FO) _ Al =0
h—0 h h—0 h Y=zl
)
- IILIH%] h .
) 1 ifh >0
= lim .
h=0 | -1 jfh<0

e Since the left-hand limit and
right-hand limit are not equal,
the limit does not exist. 29



Differentiation

Let f be a function defined on an open interval containing xy. The slope
of the curve y = f(z) at the point (zg, f(z¢)) is defined as

m = lim f(zo+h) = f(zo)
h—0 h

b

provided that this limit exists. In this case, the curve has a tangent line
at the point (xg, f(xg)) with slope m.

30



Definition. Normal line

The normal line to the curve at the point (zg, f(xg)) is the line that
is perpendicular to the tangent line at that point. If the slope of the
tangent line is m, then the slope of the normal line is given by

1

Mnormal = ——,
m

provided that m # 0.

31
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