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Lecture 08: Differentiation




The Derivative

Differentiation Rules
Differentiability implies continuity
Basic Properties
The Product Rule
The Reciprocal Rule
The Quotient Rule



The Derivative



Differentiation

The derivative of a function f at a point xg is defined as

f(zo+h) = f(x0)

h—0 h

)

provided that this limit exists. In this case, we say that f is differentiable
at xg.

If 2 is in the domain of f and f is not differentiable at z, we say that x
is a singular point of f.



Differentiation

The derivative of a function f at a point xg is defined as

f'(wo) = Jim LT H =T (0),

provided that this limit exists. In this case, we say that f is differentiable
at xg.

If z is in the domain of f and f is not differentiable at x, we say that =
is a singular point of f.

Derivative as a Function

One can think of the derivative as a defining rule for another function,
called the derivative function or simply the derivative of f, denoted by
f’. Note that the domain of [’ is the set of all points in the domain of f
at which f is differentiable.



Differentiation

Remark
The value of the derivative of f at a particular point o can be expressed
as a limit in either of two ways:

f'(zg) = lim flzo+h) = flzo) _ lim f(@) = f(xo)

h—0 h Tz T — T

In the second limit, g + h is replaced by x, which approaches =y as h
approaches 0.
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Let f: A — R be a function defined on a set A containing the point c.
The right-hand derivative of f at ¢, denoted f (c), is defined as:

N | () e £ CO)
O R

if this limit exists.
Similarly, the left-hand derivative of f at ¢, denoted f’ (¢), is defined as:

h—0— h

if this limit exists.



Let f: A — R be a function defined on a set A containing the point c.
The right-hand derivative of f at ¢, denoted f (c), is defined as:
. +h)— f(o)
oy e S
£ =l =
if this limit exists.
Similarly, the left-hand derivative of f at ¢, denoted f’ (¢), is defined as:

Py = o Jeth) = f(o)
R

if this limit exists.
We now say that f is differentiable on [a,b] if f is differentiable on
(a,b) and both f’ (a) and f’ (b) exist.



Example (The derivative of a linear function)
Show that if f(z) = ax + b, then f'(x) = a.



Example (The derivative of a linear function)
Show that if f(z) = ax + b, then f'(x) = a.

Solution
We have:
a(x+h)+b— (ax +b) . ah

_— = lim = hIl’l — = Q.
h—0 h h—0 h h—0 h




Example
Use the definition of the derivative to calculate the derivatives of the
following functions:

(a) f(x) = 2 (b) g(x) = (c) hix) = V&



Example
Use the definition of the derivative to calculate the derivatives of the
following functions:

(a) f(x) =a? (b) 9(z) = — (c) h(z) = V=
Solution
(a) We have:
e
oy 2zh + h?
T hh0 . h
= lim (2 + h) = 2z.



Example
Use the definition of the derivative to calculate the derivatives of the

following functions:

1
(a) f(x) = 2 (b) g(x) = (c) hia) = V&
Solution
(b) We have:
) — fi LEED) —9(@) o wR
g(@) = ;ly,li% h N }1L1—>InO h
x—(x+h)
= lim ———=
h—0 h(x + h)z
N
50 h(z + h)z
-1 1

= lim —— = — .
7m0 (x + h)x x? 8



Example
Use the definition of the derivative to calculate the derivatives of the
following functions:

(a) f(z) =22 (b) g(x) = % (c) h(z) = Vz
Solution
(C) We have:
O e B R
= Jim WETE DT )
h h(vVx + h + /)
= lim m

! 1
m _ .
=0T+ h+ T 2V ]




Theorem (General Power Rule)

If f(z) = a™ for some real number n, then f'(x) = na" 1.
This formula is valid for all values of n for which z™~! makes sense as
a real number.




Theorem (General Power Rule)

If f(z) = a™ for some real number n, then f'(x) = na" 1.
This formula is valid for all values of n for which z™~! makes sense as
a real number.

Example (Differentiating powers)
If f(z) = 2°/3, then by the General Power Rule:
5 )
fl(l’) _ g5(1,5/3—1 _ §$2/3.

for all real x.



Theorem (General Power Rule)

If f(z) = a™ for some real number n, then f'(x) = na" 1.
This formula is valid for all values of n for which z™~! makes sense as
a real number.

Example (Differentiating powers)

If f(z) = 2°/3, then by the General Power Rule:

fl(l’) _ gx5/3—1 _ ng/B.

for all real x.

If g(t) = % then ¢'(t) = —1¢=3/2 for all real t > 0.



Example (Differentiating the absolute value function)
Show that if f(z) = |x|, then f’(x) exists for all  # 0 and is given by:

1 if x>0
f(x) = o
-1 ifz<0

10



Example (Differentiating the absolute value function)
Show that if f(z) = |x|, then f’(x) exists for all  # 0 and is given by:

o) = {1 if 2 >0

-1 ifz<0
Solution
. fl@+h)—f@) . |z+hl—|z]
/ pu— e T —_—
fi(w) = llllg%) h }LIL% h '

10



Example (Differentiating the absolute value function)
Show that if f(z) = |x|, then f’(x) exists for all  # 0 and is given by:

o) = {1 if 2 >0

-1 ifz<0
Solution
St h) = f@) e b
4 — £, 2 0 v 77— Ll 7
@) = Jim h fuy ho
For z > 0 and sufficiently small |h|, we have |z + h| =z + h and |z| = z,
so: (ot 1) N
/ _ T+ T
LT

10



Example (Differentiating the absolute value function)
Show that if f(z) = |x|, then f’(x) exists for all  # 0 and is given by:

o) = {1 if 2 >0

-1 ifz<0
Solution
flath)—fl=) .. |zt+hl— |z
f'(@) = ;1336 h = f ho
, we have |z + h| = x4+ h and |z| = z,
so: (o4 1) )
, - r+h)—x h
LT
, we have |x + h| = —(x + h) and
|x| = —=z, so:
h —h
f(T)—hmM—hm———l.

h—0 h h—0 h 10



The Derivative

Leibniz Notation

Given a function y = f(z), the derivative of f with respect to z is
denoted by one of the following notation:

o f'(x)
dy
dx

/

°y
d
d %f(x)

11



The Derivative

Leibniz Notation

Given a function y = f(z), the derivative of f with respect to z is
denoted by one of the following notation:

v

® J(;(“L) ° di:pQ = 2z (the derivative with
x

. % respect to z of x2 is 2x)

e D,f(x)

oy

d
d %f(x)

11



The Derivative

Leibniz Notation

Given a function y = f(z), the derivative of f with respect to z is
denoted by one of the following notation:

v
® J(;(“L) ° di:pQ = 2z (the derivative with
x
. % respect to z of x2 is 2x)
o D, f(z) o« Lomo !
.y dx 2/
d
° %f(x)

11



The Derivative

Leibniz Notation

Given a function y = f(z), the derivative of f with respect to z is
denoted by one of the following notation:

e

® J(;(“L) ° di:pQ = 2z (the derivative with
x

. % respect to z of x2 is 2x)

o D, f(z) N i\/g __1

.y dx 2/

d
d ° 7t100 — 100t99

11



The value of the derivative of a function f at a point x can also be
expressed in several ways:

* Dyy

r=x
e f'(wo)

dy
dx

T=Tq

d
i %f(i)

T=T0

/
*y
=g

L4 Dmf(xO)

12



The value of the derivative of a function f at a point x can also be
expressed in several ways:

* Dyy

T=x0
e f'(wo)

dy
dx

T=Tq
d

° %f(l)
° y/

=g

L4 Dmf(xO)

The symbol

T=T0

is called an evaluation symbol and denotes
T=XT0o
evaluation at the point x = x.

12



The value of the derivative of a function f at a point x can also be
expressed in several ways:

* Dyy

T=x0
e f'(wo)

dy
dx

r=x¢ —X

d
i %f(l)

T=T0
/

*y
T=XT0o

L4 Dmf(xO)

The symbol

is called an evaluation symbol and denotes
T=x(

evaluation at the point x = xg.

12



The Derivative

Leibniz Notation

slope = Ay/Ax

13



The Derivative

Leibniz Notation

Y slope = Ay/Ax

oy 2
dx Aalzg() Az

13



The Derivative

Differentials

Regarding dx and dy as quantities that can change, we write:

dy

d
ydaz

dr = f'(x)dx

14



The Derivative

Differentials

Regarding dx and dy as quantities that can change, we write:

dy

dy = -~ dv = f'(x )

as a new independent
variable (called the
differential of x)

14



The Derivative

Differentials

Regarding dx and dy as quantities that can change, we write:

@ Zidat—f( ) dx

as a new dependent
variable (called the
differential of y)

14



The Derivative

Differentials

Regarding dx and dy as quantities that can change, we write:

dy

d
ydaz

dr = f'(x)dx

For example, if f(z) = 22, then:

d
dor = f'(x) dx = 22 du.

Yy
dy = ——=
4 dx

14



Differentiation Rules




Differentiation Rules

Theorem (Differentiability implies continuity)

If f is differentiable at a point ¢, then f is continuous at c.

15



Theorem (Differentiability implies continuity)

If f is differentiable at a point ¢, then f is continuous at c.

Remark
The converse may not be true: a function can be continuous at a point

without being differentiable there. For example, the function f(z) = |z
is continuous at = = 0 but not differentiable there.

15



Differentiation Rules

Basic Properties

Theorem (Differentiation rules for sums, differences, and
constant multiples)

If functions f and g are differentiable at a point «, then the functions

f+g f—g and c- f (where cis a constant) are also differentiable at
that point, and their derivatives are given by:

e (f+9)=/f"+4d,
e (f-9) =1 -4,
o (c-f)=c-f.

16



Differentiation Rules

Basic Properties

Theorem (Differentiation rules for sums, differences, and
constant multiples)

If functions f and g are differentiable at a point x, then the functions
f+g f—g and c- f (where cis a constant) are also differentiable at
that point, and their derivatives are given by:

e (f+9)=f+4d,

° (f—g)/:f/_g/’

o (¢c-fY =c-f.

Proof.
Let f and g be differentiable at =. Then, by the definition of the

derivative:

= lim
h—0



Differentiation Rules

Basic Properties

Theorem (Differentiation rules for sums, differences, and
constant multiples)

If functions f and g are differentiable at a point x, then the functions
f+g f—g and c- f (where cis a constant) are also differentiable at
that point, and their derivatives are given by:

e (f+9)=1+4d,
o (f-9)=f -4,
o (¢c- fY =c-f.
Proof.

The proofs for the difference and constant multiple rules are similar. [

16



Differentiation Rules

Example

Calculate the derivatives of the functions:
(a) f(z) = 22% —52% + 4o + 7 (b) f(z) =5z + 3 —18
(c)y= 1ttt =373

17



Differentiation Rules

Example
Calculate the derivatives of the functions:

(a) f(z) = 22% — 5a% + 4w + 7 (b) f(z) =5y +2 18
(c)y= %t‘l —3¢7/3

Solution

17



Differentiation Rules

Example
Calculate the derivatives of the functions:

(a) f(z) = 22% — 5a% + 4w + 7 (b) f(z) =5y +2 18
(c)y= %t‘l —3¢7/3
Solution

(a) f'(x) = 62% — 102 + 4

17



Differentiation Rules

Example
Calculate the derivatives of the functions:

(a) f(z) = 20% — 522 + da + 7 (b) f(z) =5y +2 18
(c) y =2t —3t7/3

Solution

(a) f'(z) =622 — 10z + 4

(b) f'(z) =322 — 2=

17



Differentiation Rules

Example
Calculate the derivatives of the functions:

(a) f(z) = 22% — 5a% + 4w + 7 (b) f(z) =5y +2 18
(c)y= %t‘l —3¢7/3

Solution

(a) f'(x) = 62% — 102 + 4

(b) f'0) =52 — %
(c) y =213 -3 L1483 = 43 —7yt/3

17



tion Rules

Example

Find an equation of the tangent line to the curve

_33@3—4
B T

Y

at the point on the curve where z = —2.

Solution

18



ntiation Rules

Example

Find an equation of the tangent line to the curve

_33@3—4
B T

Y

at the point on the curve where z = —2.

Solution

To find the equation of the tangent line, we need to find the derivative of
the function and evaluate it at the point © = —2.

18



Differentiation Rules

Example

Find an equation of the tangent line to the curve

_33@3—4

T

Y

at the point on the curve where z = —2.
Solution

To find the equation of the tangent line, we need to find the derivative of
the function and evaluate it at the point © = —2.

We may rewrite y:
_ 323 — 4
oz

4

Y =322 — —.
T

Now, we differentiate: A

18



Differentiation Rules

Example

Find an equation of the tangent line to the curve

3% — 4
y =
.
at the point on the curve where z = —2.
Solution
Next, we evaluate the derivative at x = —2:
"(-2) =6(-2) + 1 124+1=-11

e (-2)? o

Now we need the point on the curve where x = —2:

3(-2)3 -4 —24-4 28

u=2) === 2 =)

14.

18



Differentiation Rules

Example

Find an equation of the tangent line to the curve

_33@3—4
B T

Y

at the point on the curve where z = —2.

Solution
So the point is (—2,14).

Now we can use the point-slope form of the equation of a line:
y—y1=m(z— 1),
where (x1,y1) = (—2,14) and m = —11:

y—14=—11(z +2).

18



Differentiation Rules

Example

Find an equation of the tangent line to the curve

_33@3—4

T

Y

at the point on the curve where z = —2.

Solution

Simplifying, we get:
y=—1lz—22+14=—11z — 8.
Thus, the equation of the tangent line is:

y=—1lz — 8.

18



Differentiation Rules

Theorem (The Product Rule)

If functions f and g are differentiable at z, then their product fg is also
differentiable at z, and

(f9)'(x) = f'(x)g(x) + f(x)g' ().

19



Differentiation Rules

Theorem (The Product Rule)

If functions f and g are differentiable at z, then their product fg is also
differentiable at z, and

(f9)'(x) = f'(x)g(x) + f(x)g' ().

Proof.
Let f and g be differentiable at =. Then, by the definition of the

derivative:

flx+h)g(x +h) - fz)g(x)

h—0 h

— lim flx+h)g(x+h)— f(x)g(x+h)+ f(x)g(z + h) — f(x)g(x)
h—0 h

= lim (f(x—Hz})L—f(x)g(m +h)+ f(@W)

= f'(x)g(x) + f(2)g' (2).

19



Differentiation Rules

Example
Find the derivative of the function f(z) = (223 — 5)(2? + 3) using and

without using the product rule.

Solution

20



Differentiation Rules

Example
Find the derivative of the function f(z) = (223 — 5)(2? + 3) using and

without using the product rule.

Solution
Without the Product Rule:

f(z) = (22% — 5) (2% 4 3) = 22° + 62° — 52? — 15.
Now, we differentiate:

f'(x) = 102* + 1822 — 10x.

20



Differentiation Rules

Example
Find the derivative of the function f(z) = (223 — 5)(2? + 3) using and

without using the product rule.

Solution
Using the Product Rule: Let u = 2% — 5 and v = 22 + 3. Then,

f(x) =vv+u
= (62?)(2* 4 3) + (22° — 5)(22)
= 62* + 1822 + 42* — 102
= 10z* + 1822 — 10.

20



Differentiation Rules

Example
Find the derivative of the function f(z) = (223 — 5)(2? + 3) using and

without using the product rule.

Solution
Using the Product Rule: Let u = 2% — 5 and v = 22 + 3. Then,

f(x) =vv+u
= (62?)(2* 4 3) + (22° — 5)(22)
= 62* + 1822 + 42* — 102
= 10z* + 1822 — 10.

The product rule can be extended to products of any number of factors,

for instance:

(fiferfo) = fifofs- - fo+ fifofs- ot -+ fifafs- fr. "



Differentiation Rules

Theorem (The Reciprocal Rule)

If f is differentiable at = and f(z) # 0, then the function g(z) = +-~
is also differentiable at x, and its derivative is given by:

W
9@ =~

21



Differentiation Rules

Theorem (The Reciprocal Rule)

If f is differentiable at = and f(z) # 0, then the function g(z) = +-~

f(=)
is also differentiable at x, and its derivative is given by:
f'(z)
/
7=y
Proof.
Let f be differentiable at 2 and f(z) # 0. Then, by definition of the
derivative:
1 1
oy o 9@ ) —g(@) TR T T@
/(@) = fim S = i S
fla) = flath) -1 flx+h)—f(=z)
=lim —F———— > =1
0 RICHED — 0 \F(@+ W) f(@) z
f/
- G

0 21



Differentiation Rules

Example
Differentiate the functions:
1
(@) F@) =
Solution

22



Differentiation Rules

Example

Differentiate the functions:
1
(@) f&) = 5
Solution

(a) Using the Reciprocal Rule

22



Differentiation Rules

Example
Differentiate the functions:
1 1
x) = b) g(t) =
(3) (@) = —— () 90 = 1
Solution
(b) Using the Reciprocal Rule
(t+1)2 (t+1)2 (t+1)2 2(t+ 1)?

22



Differentiation Rules

Theorem (The Quotient Rule)

If functions f and g are differentiable at = and g(z) # 0, then the
quotient 5 is also differentiable at x, and its derivative is given by:

( z)’ (o £ @)al) — F)g' ()
g




Differentiation Rules

Theorem (The Quotient Rule)

If functions f and g are differentiable at = and g(z) # 0, then the
quotient 5 is also differentiable at x, and its derivative is given by:

( z)’ (o £ @)al) — F)g' ()
g

Proof.
Combining the Product Rule and the Reciprocal Rule, we have:

iz (o) = 2 (10 509) =019 50 0100 25 (59




Differentiation Rules

Example
Find the derivatives of
22 +1 NG a+ b
J b t) = h(0) =
@) @) =5 B =T @)=

Solution

24



Differentiation Rules

Example
Find the derivatives of
22 +1 NG a+ b
J b t) = h(0) =
@ /0= G- @)=
Solution

(a) Using the Quotient Rule:

f(z) = (@2 + 1) (23 —=2) — (22 + 1)(2® - 2) B (22)(z® — 2) — (2 + 1)(3$2).

(@ —2)? - D
Simplifying, we get:
Fla) = 224 — 4x — 32t — 322 B —x* — 322 — 4z
) N R

24



Differentiation Rules

Example
Find the derivatives of
22 +1 NG a+ b
J b t) = h(0) =
@ /0= G- @)=
Solution

(b) Using the Quotient Rule:

(VI (3 —5t) — (V)3 —5t)  50:(3=5t) = V(=)

/
t) = =
g1 (3 — 5t)2 (3 51)2
Simplifying, we get:
3 3410t
o aATOVE 3+ 10t

gt = (3—5t)2  (3—5t)2  2V/i(3 —5t)2

24



Differentiation Rules

Example
Find the derivatives of
22 +1 NG a+ b
J b t) = h(0) =
@ /0= G- @)=
Solution

(c) Using the Quotient Rule:

(o) — (V0 (m+n0) — (o + BO)(m +n0)' _ B)(m+n0) — (0 + b))
- (m +nf)? = CERTIE

Simplifying, we get:

_bm+bn9—an—bnt9_ bm — an

w(e) (m + no)? ~ (m+nf)?’

24



Differentiation Rules

Example
Find equations of any lines that pass through the point (—1,0) and are
tangent to the curve y = (z — 1)/(x + 1).

25



Differentiation Rules

Example
Find equations of any lines that pass through the point (—1,0) and are
tangent to the curve y = (z — 1)/(x + 1).

Solution

e Assume that the tangent meets the
curve at the point (a, b).

25



Differentiation Rules

Example
Find equations of any lines that pass through the point (—1,0) and are
tangent to the curve y = (x — 1) /(z + 1).

Solution

e Assume that the tangent meets the
curve at the point (a, b).

Y
e Since
D) - @-1@) _ 2
‘ (x+1)2 (x+1)%’
the slope of the tangent is ; &
G e

25



Differentiation Rules

Example
Find equations of any lines that pass through the point (—1,0) and are
tangent to the curve y = (z — 1)/(x + 1).

Solution

e Assume that the tangent meets the
curve at the point (a, b).

Y
e Since
D) - @-1@) _ 2
' (x +1)2 (z+1)*
the slope of the tangent is (a+1) _}1 - T

e On the other hand, the slope can also
be evaluated as

b—0 b

a—(-1) a+1

25



Differentiation Rules

Example
Find equations of any lines that pass through the point (—1,0) and are
tangent to the curve y = (z — 1)/(x + 1).

Solution
e Thus, we have the equation

2 b y

@r1? a+l

25



Differentiation Rules

Example
Find equations of any lines that pass through the point (—1,0) and are
tangent to the curve y = (z — 1)/(x + 1).

Solution
e Thus, we have the equation

2 b y

@r1? a+l

2
1 = b since a # —1.

25



Differentiation Rules

Example
Find equations of any lines that pass through the point (—1,0) and are
tangent to the curve y = (z — 1)/(x + 1).

Solution
e Thus, we have the equation

2 b y

@r1? a+l

2
e So, = b since a # —1.
a+1
-1
e Also, we have b = L. | z
a+1 1y

25



Differentiation Rules

Example
Find equations of any lines that pass through the point (—1,0) and are
tangent to the curve y = (z — 1)/(x + 1).

Solution

e Thus, we have the equation

2 b y
(a+1)2 a+1
S 2 b since a # —1
e So, =bsi a# —1.
a+1
-1
e Also, we haveb:L. | z
a+1 1y
Combini t a1
e Combining, we get —— = .
& & a+1 a+1

25



Differentiation Rules

Example
Find equations of any lines that pass through the point (—1,0) and are
tangent to the curve y = (z — 1)/(x + 1).

Solution

e Thus, we have the equation

2 b y
(a+1)2 a+1
S 2 b si #—1
e So, = b since —1.
a+1 “
-1
e Also, we haveb:a—. | r
a+1 )
2 -1
e Combining, we get —— = ¢ .
a+1l a+1

e Whence, 2=a—1ora=3and b= 1.

25



Differentiation Rules

Example
Find equations of any lines that pass through the point (—1,0) and are
tangent to the curve y = (z — 1)/(x + 1).

Solution
e Thus, we have the equation

2 b

= Y
(a+1)2 a+1
S 2 b si #—1
e So, = b since —1.
a+1 ¢
a—1 (3.3)
e Also, we have b = ——. 1 __—e—
a+1 e
2 -1
e Combining, we getiza .
a+1l a+1

e Whence, 2=a—1ora=3and b= 1.

e Thus, the point of tangency is (3, %) s



Differentiation Rules

Example
Find equations of any lines that pass through the point (—1,0) and are
tangent to the curve y = (z — 1)/(x + 1).

Solution

e The equation of the tangent line at the
point of tangency is given by

y
1 2
o=t (z-3).
Y73 (3+1)2(T )
Simplifying, we find
implitying, we t1in (Si%)

25



	The Derivative
	Differentiation Rules
	Differentiability implies continuity
	Basic Properties
	The Product Rule
	The Reciprocal Rule
	The Quotient Rule


