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Differentiation Rules



The Chain Rule

Theorem (The Chain Rule)

If f(u) is differentiable at u = g(z), and g(z) is differentiable at , then
the composite function y = f(g(z)) is also differentiable at z, and its

derivative is given by:

(fog)(z)=f(g(x)) g (x),

or in the Leibniz notation:
dy _ dy du
de  du dx’

where dy/du is evaluated at u = g(x).




The Chain Rule

Example
Find the derivative of y = V22 + 1.



The Chain Rule

Example
Find the derivative of y = V22 + 1.

Solution
We can use the chain rule to find the derivative. Let u = 22 + 1, then

y=u.



The Chain Rule

Example
Find the derivative of y = V22 + 1.

Solution
We can use the chain rule to find the derivative. Let u = 22 + 1, then

y =

First, we find W and du.
du dx

dy 1 du
du  2\/u dx



The Chain Rule

Example
Find the derivative of y = V22 + 1.

Solution
We can use the chain rule to find the derivative. Let u = 22 + 1, then
y =
First, we find % and %
dy 1 du
—=—= and — =2
du  2\/u dz "

Now, applying the chain rule:
dy dy du 1 T

= . = ) .
de du dxr 222 +1 . 2 +1




The Chain Rule

Example

Find the derivatives of the following functions:

1/4
(a) Tz —3)10  (b) F(O) =2~ 1] (c) (“(211)) |



The Chain Rule

Example

Find the derivatives of the following functions:

1/4
@) (7x —=3)1  (b) f(t)=1t2—1] (c) (31 + (QIil)?’> :
Solution
(a) Letu= Tz — 3, then
fa) = u'®.
f(x) = 10u° -/ = 10(7x — 3)° - 7
= 70(7x — 3)°.



The Chain Rule

Example

Find the derivatives of the following functions:

1/4
(a) Tz —3)10  (b) F(O) =2~ 1] (c) (“(211)) |

Solution
(a) Letu= 719(5) — 3, then (b) Letwu=1t>—1, then f(t) = |ul.
flx) =u'’.
d du
!
t) = —|ul = — -
f/(x) =100 - o = 10(7x _ 3)9 .7 ! ( ) dt‘ | i Sgn(u)



The Chain Rule

Example

Find the derivatives of the following functions:

1/4
(a) Tz —3)10  (b) F(O) =2~ 1] (c) (“(211)) |

Solution
(a) Letu= 719(5) — 3, then (b) Letwu=1t>—1, then f(t) = |ul.
flx) = .
d du
!
t) = —|ul = — -
f/(x) =100 - o = 10(7x _ 3)9 .7 ! ( ) dt‘ | i Sgn(u)
= 70(7z — 3)°. =2t - sgn(t? — 1).

(c) Letu=3x+ (22 +1)73:

f'(z) = %u*/ﬁ‘u’ = i (3z + (2z + 1)*3)‘3/4 (3—6(2z+1)7%).



The Chain Rule

Building the Chain Rule into Differential Formulas

If u is a differentiable function of x and y = u'", then

@_(Ly du 4 du

(the Power Rule)

dr  du dz " 4w



The Chain Rule

Building the Chain Rule into Differential Formulas

If u is a differentiable function of x and y = u'", then

dy dy du ne1 du

T = du ™ . (the Power Rule)

d (1 1d
- () = ,72671‘ (the Reciprocal Rule)
r \u u? dx



Derivatives of Trigonometric
Functions



Derivatives of Trigonometric Functions

Theorem (The derivative of the sine function is the cosine function)

— (sinz) = cosz.

dx




Derivatives of Trigonometric Functions

Theorem (The derivative of the sine function is the cosine function)

— (sinz) = cosz.

dx

Proof.

By definition, K sinr = lim sin(x + h) —sinz
dx h—0 h



Derivatives of Trigonometric Functions

Theorem (The derivative of the sine function is the cosine function)

— (sinz) = cosz.

dx

Proof.

By definition, K sinr = lim sin(x + h) —sinz
dx h—0 h

By the sine addition formula, sin(x + h) = sinx cos h + cos x sin h.



Derivatives of Trigonometric Functions

Theorem (The derivative of the sine function is the cosine function)

— (sinz) = cosz.

dx

Proof.

By definition, K sinr = lim sin(x + h) —sinz
dx h—0 h

By the sine addition formula, sin(x + h) = sinx cos h + cos x sin h.

Substituting this into the limit gives:

d . (sinzcosh+ coszsinh) —sinx
—sinz = lim .
dx h—0 h



Derivatives of Trigonometric Functions

Theorem (The derivative of the sine function is the cosine function)

— (sinz) = cosz.

dx

Proof.

By definition, K sinr = lim sin(x + h) —sinz
dx h—0 h

By the sine addition formula, sin(x + h) = sinx cos h + cos x sin h.

Substituting this into the limit gives:

d . (sinzcosh+ coszsinh) —sinx
—sinz = lim .
dx h—0 h

Simplifying, we get:

sinz(cosh — 1) 4+ cosxzsinh

h
. . cosh—1 . sinh
=ginz lim —— +cosz lim —— =0+ cosx - 1. 7
h—0 h h—0 h

da . . T
(sinz) Lim

dx



Derivatives of Trigonometric Functions

Theorem (The derivative of the cosine function is the negative sine function)

d—(cos x) = —sinz.
x




Derivatives of Trigonometric Functions

Theorem (The derivative of the cosine function is the negative sine function)

%(cos x) = —sinz.

Proof.

We combine the Chain Rule with the fact that - (sinz) = cosa:
2 feosz) = L (sin(S — 1)) = ~cos(§ — ) = —sin
7 (cosz) = ——(sin(5 — 2)) = —cos(5 —z) = —sinz.



Derivatives of Trigonometric Functions

Example

Evaluate the derivative of 22 sin /.



Derivatives of Trigonometric Functions

Example

Evaluate the derivative of 22 sin /.

Solution
We can use the product rule and the chain rule:

d 1
%(532 sin/x) = 2zsin/z 4 2° cos /- NG



Derivatives of Trigonometric Functions

Example
Evaluate the derivative of 22 sin /.

Solution
We can use the product rule and the chain rule:

d 1
%(532 sin/x) = 2zsin/z 4 2° cos /- NG
Simplifying gives:

x3/2 cos \/x

= 2zsin/z + 5



Derivatives of Trigonometric Functions

Example
Evaluate the derivative of 22 sin /.

Solution
We can use the product rule and the chain rule:

%(552 sin/z) = 2z sin/z + 2% cos /- ﬁ
Simplifying gives:

= 2zsin/z + 563/26%\/5.
Thus, the derivative is:

d 3/2 )
—(£®sin/z) = 2z sin 7z + w.
d 2

x



Derivatives of Trigonometric Functions

Example
Use two methods to find the derivative of the function f(t) = sint - cost.

10



Derivatives of Trigonometric Functions

Example
Use two methods to find the derivative of the function f(t) = sint - cost.

Solution
We can use the product rule:

d d
Ft) = %(sin t)-cos t+sin t-%(cos t) = cost-cost—sint-sint = cos® t—sin?t.

10



Derivatives of Trigonometric Functions

Example
Use two methods to find the derivative of the function f(t) = sint - cost.

Solution
We can use the product rule:

d d
THOE p (sint)-cost-+sint- pn (cost) = cost-cost—sint-sint = cos? t—sin? t.
Alternatively, we can use the identity sint - cost = 3 sin(2t):

F(t) = %%(Sm(zt)) ~ % - 2.cos(2t) = cos(2t).

10



Derivatives of Trigonometric Functions

Theorem (The Derivatives of the Other Trigonometric Functions)

o %(tan r) = sec’ x

o %(cot r) = —csc’x

o %(secx) = secxtanx

o %(cscx) = —cscxcotx

11



Derivatives of Trigonometric Functions

Example

Find the tangent and normal lines to the curve y = tan(wxz/4) at the
point where x = 1.

12



Derivatives of Trigonometric Functions

Example

Find the tangent and normal lines to the curve y = tan(wxz/4) at the
point where x = 1.

Solution
e First, we need to find the derivative of the function:

= (n(20)) = ()

12



Derivatives of Trigonometric Functions

Example
Find the tangent and normal lines to the curve y = tan(wxz/4) at the

point where x = 1.

Solution
e First, we need to find the derivative of the function:

=z (0 () = ()

e Evaluating this at x = 1: ¢/ (1) = sec? (%) .

12



Derivatives of Trigonometric Functions

Example
Find the tangent and normal lines to the curve y = tan(wxz/4) at the
point where x = 1.

Solution
e First, we need to find the derivative of the function:

/= 2 () = ()

e Evaluating this at x = 1: ¢/ (1) = sec? (%) =2

W
1
ro| 3

e The point on the curve at x = 1 is: y(1) = tan (%) =1

12



Derivatives of Trigonometric Functions

Example
Find the tangent and normal lines to the curve y = tan(wxz/4) at the
point where x = 1.

Solution
e First, we need to find the derivative of the function:

/= 2 () = ()

Evaluating this at x = 1: y'(1) = 2(ﬁ>.522.f:f‘
e Evaluating this at x y' (1) = sec 1)1 1= 3
e The point on the curve at x =1 is: y(l):tan(%):l.

e Thus, the equation of the tangent line is:
y—1=%3@x-1) = y=Fx -5+ 1

The normal line has a slope that is the negative reciprocal:
y—1=-2(z-1) = y=—22+2+1.

12



Higher-Order Derivatives




Higher-Order Derivatives

Suppose the function y = f(x) is differentiable at . Also, suppose that
y' = f'(x) is also differentiable at z. Then we can define the second
derivative f” as:

V= 1@ = ) = T = 1 () = gl

13



Higher-Order Derivatives

Suppose the function y = f(x) is differentiable at . Also, suppose that
y' = f'(x) is also differentiable at z. Then we can define the second
derivative f” as:

V= 1@ = ) = T = 1 () = gl

The n-th derivative of a function f is denoted by f() and is defined
recursively as follows:

o [/ forn =1,
o f"=(f") forn=2,
o [ =(f") forn =23,

o f(0) = [f(”*l)}/ for n > 2 »



Higher-Order Derivatives

Example
The velocity of a moving object is the (instantaneous) rate of change of
its position with respect to time, which is given by the first derivative of

the position function s(t):

The acceleration is the rate of change of velocity with respect to time,
given by the second derivative:

a(t) =v'(t) = s"(t).

14



Higher-Order Derivatives

Example
If f(x) =a™ (where n is a positive integer), then the k-th derivative of f
is given by:
0 if k>n
P =1 '

15



Higher-Order Derivatives

Example
Show that if A, B, and k are constants, then the funtion
y = Acos(kt) + Bsin(kt) is a solution of the differential equation

Yy’ + kzy =0.

16



Higher-Order Derivatives

Example
Show that if A, B, and k are constants, then the funtion
y = Acos(kt) + Bsin(kt) is a solution of the differential equation

y' 4+ Ky =0.
Solution
We first compute the first and second derivatives of y:
y' = —Aksin(kt) + Bk cos(kt),

y" = —Ak? cos(kt) — BE*sin(kt).

16



Higher-Order Derivatives

Example
Show that if A, B, and k are constants, then the funtion
y = Acos(kt) + Bsin(kt) is a solution of the differential equation

Yy’ + kzy =0.

Solution

We first compute the first and second derivatives of y:
y' = —Aksin(kt) + Bk cos(kt),
y" = —Ak? cos(kt) — Bk?sin(kt).
Now, substituting y and 3" into the differential equation:

Y’ +k?y = (—Ak? cos(kt) — Bk sin(kt)) +k*(A cos(kt) + Bsin(kt)) = 0.

Thus, the function satisfies the differential equation. ;
1



Higher-Order Derivatives

Example
1

1+

Find the n-th derivative of the function y =

17



Higher-Order Derivatives

Example
1

Find the n-th derivative of the function y = .
1+=x

Solution
We can use the formula for the n-th derivative of a function of the form

y=(1+z)7"
n!

(14 z)n+t

This can be derived using the power rule.

y(w) = (-1

17



Using Differentials and
Derivatives




Using Differentials and Derivatives

The differential dy of a function y = f(x) is defined as:
dy = f'(z)dx.

This represents the change in y for a small change in z, denoted dz.

18



Using Differentials and Derivatives

The differential dy of a function y = f(x) is defined as:
dy = f'(z)dx.

This represents the change in y for a small change in z, denoted dz.

Y

— y=f(z)

—— Tangent line

I

|

|

|
L4
xT

18



Using Differentials and Derivatives

The differential dy of a function y = f(x) is defined as:
dy = f'(z)dx.

This represents the change in y for a small change in z, denoted dz.

Y

— y=f(z)

—— Tangent line

18



Using Differentials and Derivatives

The differential dy of a function y = f(x) is defined as:
dy = f'(z)dx.

This represents the change in y for a small change in z, denoted dz.

Y

— y=f(2) Ay = f(z+Azx)—f(x)
—— Tangent line

R@----

18



Using Differentials and Derivatives

The differential dy of a function y = f(x) is defined as:

dy = f'(z)dx.
This represents the change in y for a small change in z, denoted dz.
y Ay = f(z+Azx)—f(x)
— y=f(z) is approximately equal

—— Tangent line

to dy for small Az

18



Using Differentials and Derivatives

The differential dy of a function y = f(x) is defined as:

dy = f'(z)dx.
This represents the change in y for a small change in z, denoted dz.
y | Ay = fla+Az) - ()
— y=f(z) is approximately equal

—— Tangent line

to dy for small Az

18



Using Differentials and Derivatives

The differential dy of a function y = f(x) is defined as:

dy = f'(z)dx.
This represents the change in y for a small change in z, denoted dz.
y | Ay = fla+Az) - ()
— y=f(z) is approximately equal

—— Tangent line

to dy for small Az

18



Using Differentials and Derivatives

Example
Without using a scientific calculator, determine by approximately how

much the value of sin x increases as x increases from 7/3 to
m/3 4 0.006. To 3 decimal places, what is the value of sin(w/3 4+ 0.006)?

19



Using Differentials and Derivatives

Example

Without using a scientific calculator, determine by approximately how
much the value of sin x increases as x increases from 7/3 to

m/3 4 0.006. To 3 decimal places, what is the value of sin(w/3 4+ 0.006)?

Solution
We can use the differential to approximate the change in sin x:

1
dy = cos (g) daz = 5+ 0.006 = 0.003.

Thus, the increase in sinx is approximately 0.003.

19



Using Differentials and Derivatives

Example

Without using a scientific calculator, determine by approximately how
much the value of sin x increases as x increases from 7/3 to

m/3 4 0.006. To 3 decimal places, what is the value of sin(w/3 4+ 0.006)?

Solution
We can use the differential to approximate the change in sin x:

1
dy = cos (g) daz = 5+ 0.006 = 0.003.

Thus, the increase in sinx is approximately 0.003.

Now, we can find the value of sin (% + 0.006) :

sin (g v 0.006) ~ sin (g) +dy = ? +0.003.

To 3 decimal places, this is approximately 0.866 + 0.003 = 0.869.

19



Using Differentials and Derivatives

. . . dx
relative change in a quantity x = —
x

. . d
percentage change in a quantity z = . 100%
T
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Using Differentials and Derivatives

. . . dx
relative change in a quantity x = —

. . d
percentage change in a quantity z = . 100%
T

Example
By approximately what percentage does the area of a circle increase if

the radius increases by 2%7
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Using Differentials and Derivatives

. . . dx
relative change in a quantity x = —
x

d
percentage change in a quantity z = . 100%
x

Example
By approximately what percentage does the area of a circle increase if

the radius increases by 2%7

Solution

e We can use the formula for the area of a circle, A = 7r
differentiate it with respect to r: dA = 2mr dr.

2 and

20



Using Differentials and Derivatives

. . . dx
relative change in a quantity x = —
x

d
percentage change in a quantity z = . 100%
x

Example
By approximately what percentage does the area of a circle increase if

the radius increases by 2%7

Solution
e We can use the formula for the area of a circle, A = wr?, and

differentiate it with respect to r: dA = 27r dr.
dA  2mrdr  2dr

e The relative change in area is then:
2 T

20



Using Differentials and Derivatives

. . . dx
relative change in a quantity x = —
x

d
percentage change in a quantity z = . 100%
x

Example
By approximately what percentage does the area of a circle increase if

the radius increases by 2%7

Solution
e We can use the formula for the area of a circle, A = wr?, and

differentiate it with respect to r: dA = 27r dr.

A 2mrd 2d
e The relative change in area is then: d— 2 dr = ﬂ

mr2 r
dA 2-0.02r

= 0.04.
A

o If dr = 0.02r (a 2% increase), then:

20



Using Differentials and Derivatives

. . . dx
relative change in a quantity x = —
x

d
percentage change in a quantity z = . 100%
x

Example
By approximately what percentage does the area of a circle increase if

the radius increases by 2%7

Solution

e We can use the formula for the area of a circle, A = wr?, and
differentiate it with respect to r: dA = 2mr dr.

A 27rd 2d
e The relative change in area is then: d— = M = ﬂ

2 r
dA  2-0.02
o If dr = 0.02r (a 2% increase), then: o= 20T 004,
T

e Thus, the percentage change in area is approximately 4%.
20



Average and Instantaneous Rates of Change

The average rate of change of a function f over an interval [a, b] is given
by:
f(b) — f(a)

b—a

The instantaneous rate of change at a point a is given by the derivative:

Average Rate of Change =

Instantaneous Rate of Change = f’(a).

21



Average and Instantaneous Rates of Change

Example
How fast is area A of a circle increasing with respect to its radius when
the radius is 5 m?

22



Average and Instantaneous Rates of Change

Example

How fast is area A of a circle increasing with respect to its radius when
the radius is 5 m?

Solution

We can use the formula for the area of a circle, A = r
differentiate it with respect to r:

2 and

22



Average and Instantaneous Rates of Change

Example
How fast is area A of a circle increasing with respect to its radius when
the radius is 5 m?

Solution

We can use the formula for the area of a circle, A = 7r?

, and
differentiate it with respect to r:

— = 27r.

dr

When the radius is r = 5 m, the instantaneous rate of change of the area
with respect to the radius is:

dA

ar| T 27(5) = 100 m?/m.

22



Average and Instantaneous Rates of Change

Example
How fast is area A of a circle increasing with respect to its radius when
the radius is 5 m?

Solution

We can use the formula for the area of a circle, A = 7r?

, and
differentiate it with respect to r:

— = 27r.

dr

When the radius is r = 5 m, the instantaneous rate of change of the area
with respect to the radius is:

dA

ar| T 27(5) = 100 m?/m.

This means that a small change Ar m in the radius when the radius is
5 m would result in a change of about 10w Ar m? in the area of the circle.
22
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