MAT123 MATHEMATICS |

Lecture 10: The Mean Value Theorem, Implicit Differentiation




The Mean Value Theorem
Mathematical Consequences of the Mean Value Theorem
Rolle's Theorem

Increasing and Decreasing Functions

Implicit Differentiation



The Mean Value Theorem



The Mean Value Theorem

Theorem (The Mean Value Theorem)

If f is continuous on the closed interval [a, b] and differentiable on the
open interval (a, b), then there exists at least one ¢ € (a, b) such that

f'(c) = w.
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The Mean Value Theorem

Theorem (The Mean Value Theorem)

If f is continuous on the closed interval [a, b] and differentiable on the
open interval (a, b), then there exists at least one ¢ € (a, b) such that

f/(c) _ f(b) 7 f(a)
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There is a point C on the curve
where the tangent (green) is parallel

to the chord AB (blue)
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The Mean Value Theorem

y= f(x)
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Functions that fail to satisfy the hypotheses of the Mean-Value Theorem
and for which the conclusion is false:

(a) f is discontinuous at endpoint b
(b) fis discontinuous at p

(c) fis not differentiable at p 4
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The Mean Value Theorem guarantees at least one point ¢ in (a, b) where

the tangent is parallel to the secant line, but there can be multiple such
points.
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The Mean Value Theorem

Example

Show that sinx < x for all x > 0.

Proof.

e If x > /2, then since sinx < 1, we have sinx < 7/2 < x.

e Assuming 0 < x < /2, consider the function f(x) = sin x on the
interval [0, x] for x > 0. The function is continuous and differentiable on
this interval. By the Mean Value Theorem, there exists a point ¢ € (0, x)
such that

F(c) = f(x) — £(0) _sinx—0 _ sinx
x—0 X x
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interval [0, x] for x > 0. The function is continuous and differentiable on
this interval. By the Mean Value Theorem, there exists a point ¢ € (0, x)

such that ; 0 ) 0 ]
F(c) = (x) —f( ):smx— _ sinx.
x—0 X X

. sin x
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Example

Show that sinx < x for all x > 0.

Proof.

e If x > /2, then since sinx < 1, we have sinx < 7/2 < x.

e Assuming 0 < x < /2, consider the function f(x) = sin x on the
interval [0, x] for x > 0. The function is continuous and differentiable on
this interval. By the Mean Value Theorem, there exists a point ¢ € (0, x)

such that ; 0 ) 0 ]
F(c) = (x) —f( ):smx— _ sinx.
x—0 X X

. sin x
e Since f’(x) = cos x, we have cosc = .

X
e For c € (0, x), we know that 0 < ¢ < 7/2, hence 0 < cosc < 1.
Therefore,

0<cosc= X <1=sinx<xforxe (0,7/2).
X



The Mean Value Theorem

Example

Show that sinx < x for all x > 0.

Proof.

e If x > /2, then since sinx < 1, we have sinx < 7/2 < x.

e Assuming 0 < x < /2, consider the function f(x) = sin x on the
interval [0, x] for x > 0. The function is continuous and differentiable on
this interval. By the Mean Value Theorem, there exists a point ¢ € (0, x)

such that ; 0 ) 0 ]
F(c) = (x) —f( ):smx— _ sinx.
x—0 X X

. sin x
e Since f’(x) = cos x, we have cosc = .

X
e For c € (0, x), we know that 0 < ¢ < 7/2, hence 0 < cosc < 1.
Therefore,

0<cosc= X <1=sinx<xforxe (0,7/2).
X

e So sinx < x for all x > 0. O 6
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Example
Show that v/1+x <1+ 3 forall x >0 and for -1 < x < 0.
Proof.

e Consider the function f(x) = /1 + x on the interval [0, x] for x > 0
and [x, 0] for —1 < x < 0. The function is continuous on these intervals
and differentiable on their interiors. By the MVT, there exists a point

c € (x,0) for =1 < x < 0and d € (0, x) for x > 0 such that

F(c) = F(d) = f(XX) - (f)(O) _ \/Tf 3
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Example
Show that v/1+x <1+ 3 forall x >0 and for -1 < x < 0.
Proof.

e Consider the function f(x) = /1 + x on the interval [0, x] for x > 0

and [x, 0] for —1 < x < 0. The function is continuous on these intervals

and differentiable on their interiors. By the MVT, there exists a point

c € (x,0) for =1 < x < 0and d € (0, x) for x > 0 such that
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Example
Show that v/1+x <1+ 3 forall x >0 and for -1 < x < 0.
Proof.

e Consider the function f(x) = /1 + x on the interval [0, x] for x > 0
and [x, 0] for —1 < x < 0. The function is continuous on these intervals
and differentiable on their interiors. By the MVT, there exists a point

c € (x,0) for =1 < x < 0and d € (0, x) for x > 0 such that

f(c) = f(d) = f(Xl —f(0) _ VITx-1

-0 X
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The Mean Value Theorem

Example
Show that v/1+x <1+ 3 forall x >0 and for -1 < x < 0.
Proof.

e Consider the function f(x) = /1 + x on the interval [0, x] for x > 0
and [x, 0] for —1 < x < 0. The function is continuous on these intervals
and differentiable on their interiors. By the MVT, there exists a point

c € (x,0) for =1 < x < 0and d € (0, x) for x > 0 such that

f(c) = f(d) = f(Xl —f(0) _ VITx-1

-0 X
e Since f’(x)*# we have ! _vldx-l !
S 2VT+x 2V/1+c x S 2V1+d
e For c € (x,0) with -1 < x <0,
1 1
“1<c<0 = 0<2V1l+c<2 = =
2V/T+c ~2
V1 -1 1
:%>§é9 1+x<1+§
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Mathematical Consequences

e If f’(x) = 0 at each point x of an open interval (a, b), then
f(x) = C for all x € (a, b), where C is a constant.




The Mean Value Theorem

Mathematical Consequences

e If f’(x) = 0 at each point x of an open interval (a, b), then
f(x) = C for all x € (a, b), where C is a constant.

o If f'(x) = g'(x) for all x € (a, b), then there exists a constant C
such that f(x) = g(x) + C for all x € (a,b). Thatis, f — g is a
constant function on (a, b).




The Mean Value Theorem

Rolle’'s Theorem

is continuous on [a, b] and differentiable on

Suppose that y = f(x)
= f(b). Then there exists a point ¢ € (a, b) such

(a, b), and that f(a)
that f'(c) = 0.
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Show that the equation
X 4+3x+1=0

has exactly one solution.
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Example
Show that the equation
X 4+3x+1=0

has exactly one solution.

Solution

olet f(x)=x3+3x+1. Thenf(0)=1>0and f(—1) = -3 <0, so
by the Intermediate Value Theorem, there exists a point ¢ € (—1,0) such
that f(c) = 0.

10
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has exactly one solution.

Solution

olet f(x)=x3+3x+1. Thenf(0)=1>0and f(—1) = -3 <0, so
by the Intermediate Value Theorem, there exists a point ¢ € (—1,0) such
that f(c) = 0.

e Suppose that there are two solutions ¢; and ¢, of f(x) = 0. We may
suppose ¢; < Cp.
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Example
Show that the equation
X 4+3x+1=0

has exactly one solution.

Solution

olet f(x)=x3+3x+1. Thenf(0)=1>0and f(—1) = -3 <0, so
by the Intermediate Value Theorem, there exists a point ¢ € (—1,0) such
that f(c) = 0.

e Suppose that there are two solutions ¢; and ¢, of f(x) = 0. We may
suppose ¢; < Ca.

e Then by Rolle’s Theorem, there exists a point ¢ € (c1, ¢z) such that
f'(c)=0

10
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Example
Show that the equation
X 4+3x+1=0

has exactly one solution.

Solution
olet f(x)=x3+3x+1. Thenf(0)=1>0and f(—1) = -3 <0, so
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suppose ¢; < .

e Then by Rolle’s Theorem, there exists a point ¢ € (c1, ¢z) such that
f'(c)=0

e However, we have f'(x) = 3x? + 3. Since f'(x) > 0 for all x, this
contradicts the existence of such a point c.

10



The Mean Value Theorem

Example
Show that the equation
X 4+3x+1=0

has exactly one solution.

Solution
olet f(x)=x3+3x+1. Thenf(0)=1>0and f(—1) = -3 <0, so

by the Intermediate Value Theorem, there exists a point ¢ € (—1,0) such
that f(c) = 0.

e Suppose that there are two solutions ¢; and ¢, of f(x) = 0. We may
suppose ¢} < Cy.

e Then by Rolle’s Theorem, there exists a point ¢ € (c1, ¢z) such that
f'(c)=0

e However, we have f'(x) = 3x? + 3. Since f'(x) > 0 for all x, this
contradicts the existence of such a point c.

e Therefore, there is exactly one solution to the equation f(x) = 0. 10
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o If f(x1) < f(x2) for all x; and xz in [ with x; < x, then f is increasing
on /.

o If f(x1) > f(x2) for all x; and x in [ with x; < x2, then f is decreasing
on /.
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creasing on /.



The Mean Value Theorem

Suppose that the function f is defined on an interval /.

o If f(x1) < f(x2) for all x; and xz in [ with x; < xo, then f is increasing
on /.

o If f(x1) > f(x2) for all x; and x in [ with x; < x2, then f is decreasing
on /.

o If f(x1) < f(x2) for all x; and x, in | with x; < x, then f is nonde-
creasing on /.

o If f(x1) > f(x2) for all x; and xz in [ with x; < xp, then f is nonin-
creasing on /.
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The Mean Value Theorem

(a)

y (b)

Function f is increasing.
(c)

vy =h(x) /

Function g is decreasing.
(d)

\ =k
j

Function h is nondecreasing.

Function k is nonincreasing.

12



The Mean Value Theorem

Let J be an open interval, and let | be an interval consisting of all the
points in J and one or both of the endpoints of J. Suppose that f is
continuous on / and differentiable on J.
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The Mean Value Theorem

Let J be an open interval, and let / be an interval consisting of all the

points in J and one or both of the endpoints of J. Suppose that f is
continuous on / and differentiable on J.

o If f/(x) > 0 for all x in J, then f is increasing on /.

o If f/(x) < 0 for all x in J, then f is decreasing on /.

o If f/(x) <0 for all x in J, then f is nonincreasing on /.

(x)
o If f/(x) > 0 for all x in J, then f is nondecreasing on /.
(x)
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Example

On what intervals is the function f(x) = x> — 12x + 1 increasing? On
what intervals is it decreasing?
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Example
On what intervals is the function f(x) = x> — 12x + 1 increasing? On
what intervals is it decreasing?

Solution
e To find the intervals where the function is increasing or decreasing, we

first need to find its derivative: f'(x) = 3x? — 12.
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Example

On what intervals is the function f(x) = x> — 12x + 1 increasing? On
what intervals is it decreasing?

Solution
e To find the intervals where the function is increasing or decreasing, we

first need to find its derivative: f'(x) = 3x? — 12.

o Next, we set the derivative equal to zero to find the critical points:

3°-12=0 = x*=4 = x=-2,2.

14
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Example

On what intervals is the function f(x) = x> — 12x + 1 increasing? On
what intervals is it decreasing?

Solution
e To find the intervals where the function is increasing or decreasing, we

first need to find its derivative: f'(x) = 3x? — 12.

o Next, we set the derivative equal to zero to find the critical points:
3°-12=0 = x*=4 = x=-2,2.

Now we can test the intervals determined by these critical points:
(=00, —=2), (—2,2), and (2, 0).
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The Mean Value Theorem

Example

On what intervals is the function f(x) = x> — 12x + 1 increasing? On
what intervals is it decreasing?

Solution
e To find the intervals where the function is increasing or decreasing, we

first need to find its derivative: f'(x) = 3x? — 12.

o Next, we set the derivative equal to zero to find the critical points:
3°-12=0 = x*=4 = x=-2,2.

Now we can test the intervals determined by these critical points:
(=00, —=2), (—2,2), and (2, 0).

o For x < =2, f'(x) > 0, hence f is increasing on (—o0, —2).

14



The Mean Value Theorem

Example

On what intervals is the function f(x) = x> — 12x + 1 increasing? On
what intervals is it decreasing?

Solution
e To find the intervals where the function is increasing or decreasing, we

first need to find its derivative: f'(x) = 3x? — 12.

o Next, we set the derivative equal to zero to find the critical points:
3°-12=0 = x*=4 = x=-2,2.

Now we can test the intervals determined by these critical points:
(=00, —=2), (—2,2), and (2, 0).
o For x < =2, f'(x) > 0, hence f is increasing on (—o0, —2).

e For —2 < x < 2, f'(x) < 0, hence f is decreasing on (—2,2).

14



The Mean Value Theorem

Example

On what intervals is the function f(x) = x> — 12x + 1 increasing? On
what intervals is it decreasing?

Solution
e To find the intervals where the function is increasing or decreasing, we

first need to find its derivative: f'(x) = 3x? — 12.

o Next, we set the derivative equal to zero to find the critical points:
3°-12=0 = x*=4 = x=-2,2.

Now we can test the intervals determined by these critical points:

(=00, —=2), (—2,2), and (2, 0).

o For x < =2, f'(x) > 0, hence f is increasing on (—o0, —2).

e For —2 < x < 2, f'(x) < 0, hence f is decreasing on (—2,2).

e For x > 2, f'(x) >0, hence f is increasing on (2, 00). "



The Mean Value Theorem

Example
Show that f(x) = x3 is increasing on any interval.

Solution
e To show that f(x) = x> is increasing on any interval, we can find its

derivative: f'(x) = 3x2.
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The Mean Value Theorem

Example
Show that f(x) = x3 is increasing on any interval.

Solution
e To show that f(x) = x> is increasing on any interval, we can find its

derivative: f'(x) = 3x2.

e Since 3x% > 0 for all x, the derivative is nonnegative everywhere. This
means that f is nondecreasing on any interval.

e Furthermore, f'(x) =0 only at x =0, and f'(x) > 0 for all x # 0.
Therefore, f is strictly increasing on any interval.

15
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Implicit Differentiation

e Curves are generally the graphs of equations of the form F(x,y) =0,
where F(x, y) denotes an expression involving both x and y.
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Implicit Differentiation

e Curves are generally the graphs of equations of the form F(x,y) =0,
where F(x, y) denotes an expression involving both x and y.

e For example, consider the equation y?> — x = 0. This defines a curve
in the xy-plane,
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Implicit Differentiation

e Curves are generally the graphs of equations of the form F(x,y) =0,
where F(x, y) denotes an expression involving both x and y.

e For example, consider the equation y?> — x = 0. This defines a curve
in the xy-plane, which is the union of graphs of the functions
y = +v/x.

y

I
X

1

The equation y? = x
defines two
differentiable
functions of x on the

interval x > 0.
Y2 = —V/x

16




Implicit Differentiation

e Curves are generally the graphs of equations of the form F(x,y) =0,

where F(x, y) denotes an expression involving both x and y.

e For example, consider the equation y?> — x = 0. This defines a curve
in the xy-plane, which is the union of graphs of the functions

y = +v/x.

y slope:ﬁ;

P(x, v/x)

I
X

1

ya = —/x

The point P(x, v/x)
lies on the curve

y = v/x, and the
tangent line at this
point has slope

L(VX) = 525
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Implicit Differentiation

e Curves are generally the graphs of equations of the form F(x,y) =0,
where F(x, y) denotes an expression involving both x and y.

e For example, consider the equation y?> — x = 0. This defines a curve
in the xy-plane, which is the union of graphs of the functions

y = +v/x.
y slope:ﬁ;

P(x, /) y1 =X

Similarly,

3 the point Q(x, —v/x)
! lies on the curve

i y = —/x, and the
!
!
|
|
|

tangent line at this
Q(x, —/x) B;)mt has slope :
y2 = —V/x w( V)=

16




Implicit Differentiation

e Curves are generally the graphs of equations of the form F(x,y) =0,
where F(x, y) denotes an expression involving both x and y.

e For example, consider the equation y?> — x = 0. This defines a curve
in the xy-plane, which is the union of graphs of the functions

y = +v/x.
1 1

y slope=57= = 5~

P(x, v/X) y1 =X
Differentiating
implicitly, we treat y
as a function of x and

i
|
i x adpply2 the cdhain rule:
| w07) =%k) =
L Q(x, —/X) 5{% —1=
Vo = —/x dx — 2y°
slope:fz\l/; = 2—;

16




Implicit Differentiation

Example
Find the slope of the circle defined by the equation x> + y? = 25 at the

point (3, —4).
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Implicit Differentiation

Example
Find the slope of the circle defined by the equation x> + y? = 25 at the

point (3, —4).

Solution
e To find the slope of the circle at the given point, we can use implicit
differentiation. Starting with the equation of the circle:

x2+y2:25

17



Implicit Differentiation

Example
Find the slope of the circle defined by the equation x> + y? = 25 at the

point (3, —4).

Solution
e To find the slope of the circle at the given point, we can use implicit

differentiation. Starting with the equation of the circle:
x? 4+ y? =25

d
e Differentiating both sides with respect to x: 2x + 2 yd—y =0
x

17



Implicit Differentiation

Example
Find the slope of the circle defined by the equation x> + y? = 25 at the

point (3, —4).

Solution

e To find the slope of the circle at the given point, we can use implicit
differentiation. Starting with the equation of the circle:

x2+y2:25

d
e Differentiating both sides with respect to x: 2x + 2yd—y =0

d
= -2x = ¥ _ X

dy 2 dy
dx dx 3%

Sol fe
e Solving or .’

17



Implicit Differentiation

Example
Find the slope of the circle defined by the equation x> + y? = 25 at the

point (3, —4).

Solution

e To find the slope of the circle at the given point, we can use implicit
differentiation. Starting with the equation of the circle:

x> 4y? =125
dy
e Differentiating both sides with respect to x: 2x + 2yd— =0
d d d
e Solving for dy 2y dﬁ —2x = d—i = —j—/

o Now, we can substitute the coordinates of the point (3, —4):

dy 3 3

dx —4 4

Therefore, the slope of the circle at the point (3, —4) is %. 17



Implicit Differentiation

Example
Find dy/dx if ysinx = x3 4+ cos y.

Solution
o We start with the equation:

ysinx = x> 4 cos y
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Implicit Differentiation

Example
Find dy/dx if ysinx = x3 4+ cos y.

Solution
o We start with the equation:

ysinx = x> 4 cos y
o Differentiating both sides with respect to x:

d d
sin xZ + ycosx = 3x> —sin y—y
dx dx
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Implicit Differentiation

Example
Find dy/dx if ysinx = x3 4+ cos y.

Solution
o We start with the equation:

ysinx = x> 4 cos y
o Differentiating both sides with respect to x:

d d
sin xZ + ycosx = 3x> —sin y—y
dx dx

d d
e Rearranging terms to isolate d—y (sin x + sin y)d—y = 3x? — ycosx
X X

18



Implicit Differentiation

Example
Find dy/dx if ysinx = x3 4+ cos y.

Solution
o We start with the equation:

ysinx = x> 4 cos y
o Differentiating both sides with respect to x:

d d
sin xZ + ycosx = 3x> —sin y—y
dx dx

d d

e Rearranging terms to isolate Y. (sin x + sin y)—y = 3x? — ycosx
dx dx

e Finally, solving for %:

dy  3x? —ycosx
dx  sinx+siny

18
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