MAT123 MATHEMATICS |

Lecture 17: Integration (Continued)
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Properties of the Definite Integral

Let f and g be integrable on an interval containing the points a, b, and c¢. Then

(a) An integral over an interval of zero length is zero:

/: f(z)dz = 0.
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Properties of the Definite Integral

Let f and g be integrable on an interval containing the points a, b, and c¢. Then

(a) An integral over an interval of zero length is zero:

/: f(z)dz = 0.

(b) Reversing the limits of integration changes the sign of the integral:

/b flx)de = — /a.bf(:r)dx‘

(c) An integral depends linearly on the integrand. If A and B are constants,
then

b

t/ab (Af(z) + Bg(x))dx = A/ab f(z)dz + B /a g(z)dz.



Properties of the Definite Integral

(d) An integral depends additively on the interval of integration.
b "C c
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area Ry + area R, = area R

/;bf(x)dx+/:f(x)dx=/:f(x)dx



Properties of the Definite Integral

(e) If a <band f(x) < g(x) for a <z <b, then
b b
/ f(x)dx < / g(x)dx.

y = g(x)

y=f(x) S

area S < area R

fab () dx s/abg(x)dx



Properties of the Definite Integral

(f) The triangle inequality for sums extends to definite integrals. If a <b, then

/ ' fa)ds| < / "1 (@) e




Properties of the Definite Integral

(f) The triangle inequality for sums extends to definite integrals. If a <b, then

/ ' fa)ds| < / "1 (@) e

(g) The integral of an odd function over an interval symmetric about zero is
zero. If f is an odd function (i.e., f(—x) = — f(x) for all ), then

[*, flx)dz = 0.

Y1y = f(x) (odd)
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‘ fx)dx =0

—a



Properties of the Definite Integral

(h) The integral of an even function over an interval symmetric about zero is
twice the integral over the positive half of the interval. If f is an even
function (i.e., f(—z) = f(x) for all ), then

a e a .
@y =2 [ f@)is
V4

¥ = f(x) (even)

Ry Ry

area R1 + area R, = 2 X area R

3 f(x)dx=2[0 f(x)dx



Properties of the Definite Integral

Example. Evaluate

(a) /_22(2+5x)d:1:, (b) /03(2+x / V9~ 22dz,



Properties of the Definite Integral

Example. Evaluate

(a) /2(2+5x)d:1:, (b) /03(2+:1: / V9~ 22dz,

-2

y=x+2 (3.5)




Properties of the Definite Integral

A Mean-Value Theorem for Integrals

Theorem. Mean-Value Theorem for Integrals

If f is continuous on [a,b], then there exists a number ¢ in [a,b] such that

b
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A Mean-Value Theorem for Integrals

Theorem. Mean-Value Theorem for Integrals

If f is continuous on [a,b], then there exists a number ¢ in [a,b] such that

b
O
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/b F(x)dz = F(c)(b— a)
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Properties of the Definite Integral

If f is integrable on [a,b], then the average value or mean value of f on [a,b],
denoted by f, is

b
f=5= [ 1@

Example. Find the average value of the function f(z) = 2z on the interval
[1,5].
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Properties of the Definite Integral

Piecewise continuous functions

Let cp <1 <+ <e¢p_1 < ¢y, be afinite set of points on the real line. A
function f defined on [co, ¢,] except possibly at some of the points ¢;,

(0 <i < n), is called piecewise continuous on that interval if for each i

(1 < < n) there exists a function F; continuous on the closed interval
[¢i—1,¢;i] such that

f(x)

F;(x) on the open interval (¢;—1,¢;).
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Properties of the Definite Integral

Piecewise continuous functions

Let cp <1 <+ <e¢p_1 < ¢y, be afinite set of points on the real line. A
function f defined on [co, ¢,] except possibly at some of the points ¢;,

(0 <i < n), is called piecewise continuous on that interval if for each i

(1 < < n) there exists a function F; continuous on the closed interval
[¢i—1,¢;i] such that

f(x) = F;(x) on the open interval (¢;—1,¢;).

In this case y

/0 f(x)dz = i/ Fy(x)dz V= Fx)

i=1"YCi—1

O

>

0
i
i
i
i
i
i
i
i
i
i
1
!
a

1

o
N
S

=

12



Properties of the Definite Integral

3
Example. Find / f(x)dx, where
0
Vi—22 if0<z<l1,

flz) =<2 ifl<az<2,
T —2 if 2 <ax<3.
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Properties of the Definite Integral

3
Example. Find/ f(x)dx, where
0

V1i—a2?2 if0<azxz<1,

flxy=<2 ifl<a<2,
T —2 if 2 <ax<3.
y
y=2
O—
142= 1-x2 y=x—2 (3,1)
1 2 3 X 13




The Fundamental Theorem of Calculus

Theorem. Fundamental Theorem of Calculus

Suppose that the function f is continuous on an interval I containing the point
a.
PART |I. Let the function F' be defined on I by

Fz) = / " .




The Fundamental Theorem of Calculus

Theorem. Fundamental Theorem of Calculus

Suppose that the function f is continuous on an interval I containing the point

a.
PART |I. Let the function F' be defined on I by

Fz) = / " .

Then F is differentiable on I, and F’'(x) = f(x) there. Thus, F is an an-
tiderivative of f on I:

& | 1wi= 5@




The Fundamental Theorem of Calculus

Theorem. Fundamental Theorem of Calculus

Suppose that the function f is continuous on an interval I containing the point
a.
PART |I. Let the function F' be defined on I by

F@O:i/xfﬁMt

Then F is differentiable on I, and F’'(x) = f(x) there. Thus, F is an an-
tiderivative of f on I:

d x
& | 1wi= 5@
PART Il If G(z) is any antiderivative of f(x) on I, so that G'(z) = f(x) on

I, then for any b in I we have

b
/fmﬁzam—m@




The Fundamental Theorem of Calculus

To facilitate the evaluation of definite integrals using the Fundamental Theorem
of Calculus, we define the evaluation symbol:
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The Fundamental Theorem of Calculus

2
x*dzr and (b) / (2% — 3z + 2)dx.

-1

g

Example. Evaluate (a)/
0

16



The Fundamental Theorem of Calculus

2
x*dzr and (b) / (2% — 3z + 2)dx.

-1

g

Example. Evaluate (a)/
0

Solution.
¢ 1 1 a? d z°

3 3 2
=-a"—-00=— (b — =)
a 0 (because 3 =7 )
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The Fundamental Theorem of Calculus

2
x*dzr and (b) / (2% — 3z + 2)dx.

-1

g

Example. Evaluate (a)/
0

Solution.
1, 1 3 d x3

; =30~ 503 = % (because P z?).

a 1
(a) / 22dr = —a°
0 3

16



The Fundamental Theorem of Calculus

Example. Find the area A of the plane region lying above the z-axis and under

the curve y = 3z — 2.
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The Fundamental Theorem of Calculus

Example. Find the area A of the plane region lying above the z-axis and under

the curve y = 3z — 2.

yA
y = 3x —x?

v



The Fundamental Theorem of Calculus

Example. Find the area A of the plane region lying above the z-axis and under

the curve y = 3z — 2.

yA
y = 3x —x?




The Fundamental Theorem of Calculus

Example. Find the area of the plane region R lying above the line y = 1 and
below the curve y = 5/(x? + 1).
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The Fundamental Theorem of Calculus

Example. Find the area of the plane region R lying above the line y = 1 and
below the curve y = 5/(x? + 1).
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The Fundamental Theorem of Calculus

Example. Find the area of the plane region R lying above the line y = 1 and
below the curve y = 5/(x? + 1).

-2 2 x

25 25
A:/ de—Ax:Q/ ——dr —4
o a2 41 0 241

2

—4=10tan"'2 — 4.
0

=10tan 'z

18



The Fundamental Theorem of Calculus

1
Example. We have that <= In[a| = L if 2 # 0.
dx T

19



The Fundamental Theorem of Calculus

d 1. .
Example. We have that T In|z| = = if 2 # 0. It is incorrect, however, to state that
x x

1 .
/ d—l:ln|m|
@

even though 1/x is an odd function. In fact, 1/z is undefined and has no limit at

1

=0-0=0,

—1

x =0, and it is not integrable on [—1,0] or [0, 1].

19



The Fundamental Theorem of Calculus

d 1. .
Example. We have that T In|z| = = if 2 # 0. It is incorrect, however, to state that
x x
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@
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The Fundamental Theorem of Calculus

d 1. .
Example. We have that T In|z| = = if 2 # 0. It is incorrect, however, to state that
x x

1
/ d—x:ln|m|
@

even though 1/x is an odd function. In fact, 1/z is undefined and has no limit at
x =0, and it is not integrable on [—1,0] or [0, 1].

1
=0-0=0,

—1

Observe that

y
1
lim —dz = lim (—Inc) = oo,
c—0t J. T c—0t
d
and similarly lim —dr = —o0. -1
d—0—J_1 @

So both shaded regions in the figure :
have infinite area.
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The Fundamental Theorem of Calculus

Example. Find the derivatives of the following functions:

(a) F(m):/: e dt, (b) Gla) = 2> / e () H(r):/j e dt.

—4

20



The Fundamental Theorem of Calculus

Example. Find the derivatives of the following functions:

3

e (0 H(r):/z eV dt.

2

5z

(a) F(z) = /: eﬂgalt7 (b) G(z) = 1:2/

—4

Solution. (a) Observe that F'(z) = —/ e~""dt. Therefore, by the
3

_1-2

Fundamental Theorem, F’'(z) = ¢

20



The Fundamental Theorem of Calculus

Example. Find the derivatives of the following functions:

3

e (0 H(r):/z eV dt.

2

5z

(a) F(z) = /: ef'galt7 (b) G(z) = 1:2/

—4

Solution. (a) Observe that F'(z) = —/ e~""dt. Therefore, by the
3

Fundamental Theorem, F'(z) = ¢~

(b) By the Product Rule and the Chain Rule,

20



The Fundamental Theorem of Calculus

(c) Split the integral into a difference of two integrals in each of which the
variable x appears only in the upper limit.

7)3 .'l/'z
H(z) :/ e_tzdt—/ et dt.
0 0

H'(x) = 67(903)2(3332) - 67(22)2(217) =32% " — 2z " .

Then

21



The Fundamental Theorem of Calculus

Example. Evaluate lim chos <J7r> .

n—o0o N 2n

Solution.

22



The Fundamental Theorem of Calculus

Example. Evaluate lim chos <J7r> .

n—00 N,

Solution.

The sum involves values of cosx at the right Y

endpoints of the n subintervals of the partition

2 . — oS

0,5-,5%, -, 5= of the interval [0, 7/2]. ] y=coszw

Therefore Az = -
T 27w 37 ﬁ\
2n 21 2n 2n

22



The Fundamental Theorem of Calculus

Example. Evaluate lim chos <J7r> .

n—00 N,

Solution.
The sum involves values of cosx at the right 4
endpoints of the n subintervals of the partition
2 . — oS
0,5-,5%, -, 5= of the interval [0, 7/2]. ] y=coszw
Therefore Az = -
n . /2
. ™ Jm
lim — cos | =— | = coszdx
n—oco 21 JZI <2n> A
/2 x
—sinz| =1-0=1. 2 5 o i
0

22



The Fundamental Theorem of Calculus

Example. Evaluate lim chos <J7r> .

n—00 N,

Solution.
The sum involves values of cosx at the right 4
endpoints of the n subintervals of the partition
2 . — oS
0,5-,5%, -, 5= of the interval [0, 7/2]. ] y=coszw
Therefore Az = -
n . /2
. ™ Jm
lim — cos | =— | = coszdx
n—oco 21 JZI <2n> A
/2 x
—sinz| =1-0=1. 2 5 o i
0

1l g 2
H , lim — E s =— ) = —.
ence 1 St COb(Qn) ™
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The Method of Substitution

The indefinite integral of f(x) on interval I is

/f (x)+C onl,

provided F'(z) = f(x) for all z € I.

23



The Method of Substitution

Some elementary integrals
1. /ldx =x+C
2 L 5
3. x“dx = §x +C
2 3
Jxdx = gx +C
1
r _ raril _
7. /x dx——r+1x +C (r#-1)
1
9. /sinax dx = ——cosax + C
a
1
11. /5602 axdx = —tanax + C
a
1
13. [secax tanax dx = —secax + C
a

15. dx = sin™! ;ﬁ+c @ > 0)

1
/Vaz—xz
1
17. [e”" dx = - +C
a

1
19. /coshax dx = —sinhax + C
a

1

2. xdx=§x2+C
1 1

4. —de=——+c
X X
1

6. —dx=2/x+C
J—
1
—dx =In|x|+C
x

1
10. cosax dx = —sinax + C
a

1
12. csc?ax dx = —— cotax + C
a

14.

*
— e Y Y —

1
cscaxcotaxdx = ——cscax + C
a

1 1 1 X
16. /az_'_xzdx:‘;tan ;—i—C

18. /b"" dx = Lb‘”‘ +C
alnb

1
20. /sinhax dx = —coshax + C
€ 24



The Method of Substitution

Example. Combining elementary integrals

z® 3zt 823 5
g T+7*3I *71’4’0

(a) /(m4 — 323 + 822 — 62 — T)dx = 3

25



The Method of Substitution

Example. Combining elementary integrals

x® 3zt 8z
5

3 25 3 x
b 52%/5 — )d =2 - —tan ' =+ C
()/<l 2+ a2 ’ 8w \ﬁan V2

(a) /(m4 — 323 + 822 — 62 — T)dx =

25



The Method of Substitution

Example. Combining elementary integrals

x® 3zt 8z
5

3 25 3 x
b 52%/5 — )d =2 - —tan ' =+ C
()/<l 2+ a2 ’ 8w \ﬁan V2

4
(o) /(4cos5:c — 5sin3x)dr = B sin bz + gcos&r +C

(a) /(m4 — 323 + 822 — 62 — T)dx =

25



The Method of Substitution

Example. Combining elementary integrals

" ot 4 3
(a) /($4*3I’3+8l’2*6$*7)dzi%*%+%*3I2*71’+C

3 25 3 x
3/5 _ 8/5 1
(b)/('{'m/ 5 z)dac— 895/ ﬁtan +C

4
(o) /(4cos5:c — 5sin3x)dr = B sin bz + gcos&r +C

1 . 1 1 .
(d) / ( + a”) de = —Inlz|+ ——a™ + C, (a > 0).
T T mlna

25



The Method of Substitution

(x+1)3

Example. Find / dx.

Solution.

26



The Method of Substitution

(e 1 3
Example. Find / @D
X

Solution.

13 3 2 1
/(:c+ )dx:/m + 32° + 3x + i

€T x

26



The Method of Substitution

(e 1 3
Example. Find / @D
X

Solution.

13 3 2 1
/(:c+ )dx:/m + 32° + 3x + i

€T x

' 1
:/ (x2+3$+3+) dz
x

26



The Method of Substitution

(e 1 3
Example. Find / @D
X

Solution.

13 3 2 1
/(:c+ )dx:/m + 32° + 3x + i

€T x

' 1
:/ (x2+3$+3+) dz
x

1 . 3
= §x3+512+31’+1n|w\+0.

26
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