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Lecture 18: Integration (Continued)




The Method of Substitution

Trigonometric Integrals

Area of Plane Regions



The Method of Substitution



The Method of Substitution

9 flg() = '((x)) £'()




The Method of Substitution




The Method of Substitution

Let u = g(x). Then du/dx = g'(x), or in differential form, du = g’(x)dx.



The Method of Substitution

Let u = g(x). Then du/dx = g'(x), or in differential form, du = g’(x)dx.
Thus,

/f/(g( dx—/f’ u)+ C = f(g(x)) + C.



The Method of Substitution

Example. Find the indefinite integrals:

(a)/ X_dx, (b) /de7 (©) /exmdx.

x24+1 X

Solution.



The Method of Substitution

Example. Find the indefinite integrals:
X sin(31nx) N
(a) dx, (b) | ————=dx, (c) [ €V1+ eXdx.

x24+1 X

Solution. (a) Let u = x?>+ 1. Then du = 2x dx.



The Method of Substitution

Example. Find the indefinite integrals:
X sin(31nx) N
(a) dx, (b) | ————=dx, (c) [ €V1+ eXdx.

x24+1 X

Solution. (a) Let u= x?>+ 1. Then du = 2xdx. So

X g1 fdu
J %72



The Method of Substitution

Example. Find the indefinite integrals:

(a)/ X_dx, (b) /de7 (©) /exmdx.

x24+1 X

Solution. (a) Let u= x?>+ 1. Then du = 2xdx. So

X 1 [du 1 1 5

=Inyx2+1+C.



The Method of Substitution

Example. Find the indefinite integrals:

(a)/ X_dx, (b) /de7 (©) /exmdx.

x24+1 X

Solution. (b) Let u =3Inx. Then du = %dx.



The Method of Substitution

Example. Find the indefinite integrals:

(a)/ X_dx, (b) /de7 (©) /exmdx.

x24+1 X

Solution. (b) Let u =3Inx. Then du = %dx. So

/7S|n(3lnx)dx: 1/sinudu
X 3



The Method of Substitution

Example. Find the indefinite integrals:

(a)/ X_dx, (b) /de7 (©) /exmdx.

x24+1 X

Solution. (b) Let u =3Inx. Then du = %dx. So

in(31 1 1 1
/sm(X7nx)dX: g/sinuduz—gcosuﬁ-cz—§C05(3|”X)+C'



The Method of Substitution

Example. Find the indefinite integrals:
X sin(31nx) N
(a) dx, (b) | ————=dx, (c) [ €V1+ eXdx.

x24+1 X

Solution.  (c) Let v =1+ e*. Then dv = e*dx.



The Method of Substitution

Example. Find the indefinite integrals:

(a)/ X_dx, (b) /de7 (©) /exmdx.

x24+1 X

Solution.  (c) Let v =1+ e*. Then dv = e*dx. So

/eX\/1+exdx:/v1/2dv



The Method of Substitution

Example. Find the indefinite integrals:

(a)/ X_dx, (b) /de7 (©) /exmdx.

x24+1 X

Solution.  (c) Let v =1+ e*. Then dv = e*dx. So

2 2
/exmdx = /v1/2dv =3V HC=S+eyltC



The Method of Substitution

Example. Find the indefinite integrals:

1 dx
(2) /x2+4x+5dx’ (b)/ e2x — 1

Solution.



The Method of Substitution

Example. Find the indefinite integrals:

1 dx
(2) /x2+4x+5dx’ (b) / e2x — 1
Solution.

()/ 1 J _/ dx
V] erax+57 T ) x+22+1



The Method of Substitution

Example. Find the indefinite integrals:

1 dx
(2) /x2+4x+5dx’ (b) / e2x — 1
Solution.

1 dx
— dx= | ——— L = 2 Th =
(a) /x2+4x+5dx /(x+2)2+1 et t=x+ en dt = dx



The Method of Substitution

Example. Find the indefinite integrals:

1 dx
(2) /x2+4x+5dx’ (b) / e2x — 1
Solution.

1 dx
— dx= | ——— L = 2 Th =
(a) /x2+4x+5dx /(x+2)2+1 et t=x+ en dt = dx

_/ dt
) 241



The Method of Substitution

Example. Find the indefinite integrals:

1 dx
(2) /x2+4x+5dx’ (b) / e2x — 1
Solution.

1 dx
— dx= | ——— L = 2 Th =
(a) /x2+4x+5dx /(x+2)2+1 et t=x+ en dt = dx

_/ dt
) 241

=tan 't+ C=tan"}(x+2) + C.



The Method of Substitution

Example. Find the indefinite integrals:

1 dx
(2) /x2+4x+5dx’ (b)/ e2x — 1

Solution.

0 [ = ne



The Method of Substitution

Example. Find the indefinite integrals:

1 dx
(2) /x2+4x+5dx’ (b)/ e2x — 1

Solution.

(b)/ dx _/ dx
Ve —1 ) ei—e 2
e *dx



The Method of Substitution

Example. Find the indefinite integrals:

1 dx
(2) /x2+4x+5dx’ (b)/ e2x — 1

Solution.

(b)/ dx _/ dx
Ve —1 ) ei—e 2
e *dx

Let u = e X Then du = —e™ *dx



The Method of Substitution

Example. Find the indefinite integrals:

1 dx
(2) /x2+4x+5dx’ (b)/ e2x — 1

Solution.

(b)/ dx _/ dx
Ve —1 ) ei—e 2
e *dx

Vi@
" du
N _/ Vi—i2

Let u = e X Then du = —e™ *dx



The Method of Substitution

Example. Find the indefinite integrals:

1 dx
(2) /x2+4x+5dx’ (b)/ e2x — 1

Solution.

(b)/ dx _/ dx
Ve —1 ) ei—e 2
e *dx

B / du
B V1—u?
= —sin tu+C=—sin"He ™)+ C.

Let u = e X Then du = —e™ *dx



The Method of Substitution

Theorem. Substitution in a definite integral

Suppose that g is a differentiable function on [a, b] that satisfies g(a) = A and
g(b) = B. Also suppose that f is continuous on the range of g. Then

/ " F(g(x))e' () dx = / ) du.




The Method of Substitution

8
Example. Evaluate the integral / :/
0



The Method of Substitution

8
vV 1
Example. Evaluate the integral /:/ de.
o Vx+1
dx
Solution. METHOD |I. Let u =+/x+ 1. Then du = ———. If x =0, th
ution et u X en du NeEn| X en

u=1:if x =28, then u=3.



The Method of Substitution

8
v 1
Example. Evaluate the integral /:/ de.
0 vVx+1
dx
Solution. METHOD I. Let u = v/x+ 1. Then du = ———. If x =0, th
ution et u X en du NeEn| X en
u=1;if x=28, then u=3. Thus
3 3
/:2/ cosudu = 2sinu| = 2sin3 —2sin1.
1 1




The Method of Substitution

8
vV 1
Example. Evaluate the integral / :/ de.
0 vVx+1

Solution. METHOD Il. We use the same substitution as in Method I, but
we do not transform the limits of integration from x values to u values. Hence,
we must return to the variable x before substituting in the limits:

x=8 x—8
| =2 / cosudu=2sinu

x=0

8
=2sin3 —2sin1.
0

=2sinvx+1

x=0




The Method of Substitution

2
Example. Find the area of the region bounded by y = (2 + sin g) cosg, the

x-axis, and the lines x = 0 and x = 7.

Solution.



The Method of Substitution

2
Example. Find the area of the region bounded by y = (2 + sin g) cosg, the

x-axis, and the lines x = 0 and x = 7.

Solution. Since y > 0 when 0 < x < 7, the required area is

B X\ 2 X
A= <2+ i 7> Zd
/0 sin 5 cos 3 X



The Method of Substitution

2
Example. Find the area of the region bounded by y = (2 + sin g) cosg, the

x-axis, and the lines x = 0 and x = 7.

Solution. Since y > 0 when 0 < x < 7, the required area is

A :/0 <2+sin g) cos%dx, Let v =2 +sin g Then dv = Ecosgdx



The Method of Substitution

2
Example. Find the area of the region bounded by y = (2 + sin g) cosg, the

x-axis, and the lines x =0 and x = 7.
Solution. Since y > 0 when 0 < x < 7, the required area is

A :/0 <2+sin g) cos%dx, Let v =2 +sin g Then dv = Ecosgdx

3
:2/ vzdv:gv3
9 3

3
= %(27 -8) = ? square units.

2



The Method of Substitution

2
Example. Find the area of the region bounded by y = (2 + sin g) cosg, the

x-axis, and the lines x =0 and x = 7.
Solution. Since y > 0 when 0 < x < 7, the required area is

A :/0 <2+sin g) cos%dx, Let v =2 +sin g Then dv = Ecosgdx

3
:2/ vzdv:gv3
9 3

3

2 - %(27 -8) = ? square units.

y .oX 2 X
y = 2+sm§ cos —

2

ol



The Method of Substitution

Trigonometric Integrals

Integrals of tangent, cotangent, secant, and cosecant
/tanxdx =In|secx| + C,
/‘cotxdx =In|sinx|+ C = —In|cscx|+ C,
/secxdx = In|secx +tan x| + C,
/

cscxdx = —In|cscx + cotx| + C = In|escx — cot x| + C.



The Method of Substitution

Trigonometric Integrals

sin x
° /tande:/ dx
Cos X

10



The Method of Substitution

Trigonometric Integrals

sin x .
° /tanxdx = / dx Let u=cosx. Then du = —sin x dx
Cos X

10



The Method of Substitution

Trigonometric Integrals

sin x .
° /tanxdx = / dx Let u=cosx. Then du = —sin x dx
Cos X

d
= [ %= o+
u

= —In|cosx|+ C =n

‘+C—In|secx|+C.

COs X

10



The Method of Substitution

Trigonometric Integrals

The integral of sec x can be evaluated by rewriting it in the form

t
/secxdxz/secx(secx+ anx)dx

sec x + tan x

and using the substitution u = secx + tan x = du = (sec x(sec x + tan x)) dx.
The integral of cscx can be evaluated similarly.

11



The Method of Substitution

Trigonometric Integrals

We now consider integrals of the form
/ sin™ x cos” x dx.

Case 1. If either m or n is positive odd integer, the integral can be done easily
by substitution.

12



The Method of Substitution

Trigonometric Integrals

We now consider integrals of the form
/ sin™ x cos” x dx.

Case 1. If either m or n is positive odd integer, the integral can be done easily
by substitution.

Example. Evaluate (a) /sin3xcosgxdx and (b) /cos5 ax dx.

12



The Method of Substitution

Trigonometric Integrals

We now consider integrals of the form
/ sin” x cos” x dx.

Case 1. If either m or n is positive odd integer, the integral can be done easily
by substitution.

Example. Evaluate (a) /sin3xc058xdx and (b) /cos5 ax dx.

Solution. (a) /sin3 x cos® x dx

12



The Method of Substitution

Trigonometric Integrals

We now consider integrals of the form
/ sin” x cos” x dx.

Case 1. If either m or n is positive odd integer, the integral can be done easily
by substitution.

Example. Evaluate (a) /sin3xc058xdx and (b) /cos5 ax dx.

Solution. (a) /sin3 x cos® x dx = /(1 — cos’ x) cos® x sin x dx

12



The Method of Substitution

Trigonometric Integrals

We now consider integrals of the form
/sinm x cos” x dx.

Case 1. If either m or n is positive odd integer, the integral can be done easily
by substitution.

Example. Evaluate (a) /sin3xcossxdx and (b) /cos5 ax dx.

Solution. (a) /sin3 x cos® x dx = /(1 — cos’ x) cos® x sin x dx

u = cosx = du = —sinx dx

12



The Method of Substitution

Trigonometric Integrals

We now consider integrals of the form
/sinm x cos” x dx.

Case 1. If either m or n is positive odd integer, the integral can be done easily
by substitution.

Example. Evaluate (a) /sin3xcossxdx and (b) /cos5 ax dx.

Solution. (a) /sin3 x cos® x dx = /(1 — cos’ x) cos® x sin x dx

u = cosx = du = —sinxdx :—/(1—u2)u8du:/(u10—u8)du

U11 U9 COS11 X COS9 X

11 9 o1 9

[
|
|
|

Jr

(@)
|

+ C.

12



The Method of Substitution

Trigonometric Integrals

We now consider integrals of the form
/ sin” x cos” x dx.

Case 1. If either m or n is positive odd integer, the integral can be done easily
by substitution.

Example. Evaluate (a) /sin3xc058xdx and (b) /cos5 ax dx.

Solution. (b) /c055 ax dx = /(1 — sin” ax)? cos ax dx

12



The Method of Substitution

Trigonometric Integrals

We now consider integrals of the form
/sinm x cos” x dx.

Case 1. If either m or n is positive odd integer, the integral can be done easily
by substitution.

Example. Evaluate (a) /sin3xcossxdx and (b) /cos5 ax dx.

Solution. (b) /c055 ax dx = /(1 — sin” ax)? cos ax dx

u = sin ax = du = acos ax dx

12



The Method of Substitution

Trigonometric Integrals

We now consider integrals of the form
/sinm x cos” x dx.

Case 1. If either m or n is positive odd integer, the integral can be done easily
by substitution.

Example. Evaluate (a) /sin3xcossxdx and (b) /cos5 ax dx.

Solution. (b) /c055 ax dx = /(1 — sin” ax)? cos ax dx

. 1 1
u = sinax = du = acos ax dx :;/(1—u2)2du:5/(1—2u2—|—u4)du

12



The Method of Substitution

Trigonometric Integrals

We now consider integrals of the form
/sinm x cos” x dx.

Case 1. If either m or n is positive odd integer, the integral can be done easily
by substitution.

Example. Evaluate (a) /sin3xcossxdx and (b) /cos5 ax dx.

Solution. (b) /cos5 ax dx = /(1 — sin” ax)? cos ax dx
. 1 1
u=sinax = du = acosaxdx = g/(l — ) du= ;/(1 — 20 4 u*)du
1 20 WP
=-|lu——F+— C
a (u 3 + 5 ) +
1/ 2sin®ax  sin® ax
= — | sinax — + + C.
a 3 5 12



The Method of Substitution

Trigonometric Integrals

Case 2. If the powers of sin x and cos x are both even, we can make use of the
double-angle formulas

1 1
cos? x = 5(1 +cos2x) and sin®x = 5(1 — €os 2x).

13



The Method of Substitution

Trigonometric Integrals

Case 2. If the powers of sin x and cos x are both even, we can make use of the
double-angle formulas

1 1
cos? x = 5(1 +cos2x) and sin®x = 5(1 — €os 2x).

Example. Evaluate /sin4xdx.

13



The Method of Substitution

Trigonometric Integrals

Case 2. If the powers of sin x and cos x are both even, we can make use of the
double-angle formulas

1 1
cos? x = 5(1 +cos2x) and sin®x = 5(1 — €os 2x).

Example. Evaluate /sin4xdx.

Solution.

/sin4xdx: %/(1—cos2x)2 dx

13



The Method of Substitution

Trigonometric Integrals

Case 2. If the powers of sin x and cos x are both even, we can make use of the
double-angle formulas

1 1
cos? x = 5(1 +cos2x) and sin®x = 5(1 — €os 2x).

Example. Evaluate /sin4xdx.

Solution.

/sin4xdx: %/(1—cos2x)2 dx = %/(1—2cos2x+cos22x> dx

13



The Method of Substitution

Trigonometric Integrals

Case 2. If the powers of sin x and cos x are both even, we can make use of the
double-angle formulas

1 1
cos? x = 5(1 +cos2x) and sin®x = 5(1 — €os 2x).

Example. Evaluate /sin4xdx.

Solution.
/sin4xdx = l/(1 — cos2x)2 dx = 1/ <1 — 2cos2x -+ cos’ 2x> dx
4 4
1 . 1
=2 (x—sm2x—|— 5/(1—|—cos4x) dx)

13



The Method of Substitution

Trigonometric Integrals

Case 2. If the powers of sin x and cos x are both even, we can make use of the
double-angle formulas

1 1
cos? x = 5(1 +cos2x) and sin®x = 5(1 — €os 2x).

Example. Evaluate /sin4xdx.

Solution.

/sin4xdx: %/(1—cos2x)2 dx = %/(1—2cos2x+cos22x> dx

= % (x—sin2x+%/(1+cos4x)dx)

L (x—sin2x+%<x+%sin4x)> +C

:fx—%sin2x+%sin4x+é+0

I
= N

13



The Method of Substitution

Trigonometric Integrals

/sec'"xtan"xdx or /csc'"xcot"xdx, unless m is odd and n is even.

14



The Method of Substitution

Trigonometric Integrals

/sec'"xtan"xdx or /csc'"xcot"xdx, unless m is odd and n is even.

Example. Evaluate the following integrals:
(a) /tan2xdx (b)/sec4tdt (c)/sec3xtan3xdx.

Solution.

14



The Method of Substitution

Trigonometric Integrals

/sec'"xtan"xdx or /csc'"xcot"xdx, unless m is odd and n is even.

Example. Evaluate the following integrals:
(a) /tan2xdx (b)/sec4tdt (c)/sec3xtan3xdx.
Solution.

(a) /tan2xdx:/(sec2x—1)dx:tanx—x+C.

14



The Method of Substitution

Trigonometric Integrals

/sec'"xtan"xdx or /csc'"xcot"xdx, unless m is odd and n is even.

Example. Evaluate the following integrals:
(a) /tan2xdx (b)/sec4tdt (c)/sec3xtan3xdx.
Solution.

(a) /tan2xdx:/(sec2x—1)dx:tanx—x+C.

(b) /sec‘lt“dt:/(lthan2 t)sec’ t dt

14



The Method of Substitution

Trigonometric Integrals

/sec'"xtan"xdx or /csc'"xcot"xdx, unless m is odd and n is even.

Example. Evaluate the following integrals:
(a) /tan2xdx (b) /sec4tdt (c) /sec3xtan3xdx.
Solution.

(a) /tan2xdx = /.(sec2x —1)dx =tanx —x+ C.

(b) /sec4 tdt = /(1 +tan’ t)sec® tdt Let u = tant. Then du = sec’ t dt

14



The Method of Substitution

Trigonometric Integrals

/sec'"xtan"xdx or /csc'"xcot"xdx, unless m is odd and n is even.

Example. Evaluate the following integrals:
(a) /tan2xdx (b) /sec4tdt (c) /sec3xtan3xdx.
Solution.

(a) /tan2xdx = /.(sec2x —1)dx =tanx —x+ C.

(b) /sec4 tdt = /(1 +tan’ t)sec® tdt Let u = tant. Then du = sec’ t dt

3
:/(1+u2)du:u+%+C
tan®t

=tant +

+C,

14



The Method of Substitution

Trigonometric Integrals

/sec'"xtan"xdx or /csc'"xcot"xdx, unless m is odd and n is even.

Example. Evaluate the following integrals:
(a) /tan2xdx (b)/sec4tdt (c)/sec3xtan3xdx.
Solution.

(c) /sec3xtan3xdx

2 2
:/sec x(sec” x — 1) sec x tan x dx

14



The Method of Substitution

Trigonometric Integrals

/sec'"xtan"xdx or /csc'"xcot"xdx, unless m is odd and n is even.

Example. Evaluate the following integrals:
(a) /tan2xdx (b)/sec4tdt (c)/sec3xtan3xdx.
Solution.

(c) /sec3 xtan® x dx

= /sec2 X(sec2x —1)secxtanxdx Let u = secx. Then du = sec x tan x dx

14



The Method of Substitution

Trigonometric Integrals

/sec'"xtan"xdx or /csc'"xcot"xdx, unless m is odd and n is even.

Example. Evaluate the following integrals:
(a) /tan2xdx (b)/sec4tdt (c)/sec3xtan3xdx.
Solution.

(c) /sec3 xtan® x dx

= /sec2 X(sec2x —1)secxtanxdx Let u = secx. Then du = sec x tan x dx

5 3
4 2 u u
= - du=— ——+C
/(u u’) du 5 3+
5

3
sec’ x  sec’ x
= — C.
5 3 +

14



Area of Plane Regions




Areas of Plane Regions

b
a b z /a f(x)dx = Ay — Az

A>

15



Areas of Plane Regions

y A
y =|f(x)]
y=fx) LTI
Aq // Az w
a X b :
A>

b
/ f(X)dX = Al — A2

b
/ ‘f(X)|dX:A1—|—A2

16



Areas of Plane Regions

Example. The area bounded by y = cosx, y =0, x =0, and x = 37/2 is

ya

A

N+

N

[SIE]

=y

17



Areas of Plane Regions

Example. The area bounded by y = cosx, y =0, x =0, and x = 37/2 is

3r/2
A:/O | cos x| dx - 5 = o8

-
A

N+

N

[SIE]

=y

17



Areas of Plane Regions

Example. The area bounded by y = cosx, y =0, x =0, and x = 37/2 is

3r/2
A:/O | cos x| dx - 5 = o8

/2 31/2 \
= / cosxdx+/ (— cos x) dx
0 /2 \\/

N+

N

[SIE]

=y

17



Areas of Plane Regions

Example. The area bounded by y = cosx, y =0, x =0, and x = 37/2 is

3r/2
A:/O | cos x| dx - 5 = o8

/2 3m/2 \
= / cosxdx+/ (— cos x) dx

0 /2
2 \/

0 w/2
=(1-0)—(—1—1) = 3 square units.

N+

N

[SIE]

=y

/2

=sinx —sinx

17



Areas of Plane Regions

Areas Between Two Curves

A=

b

[£(x) — g(x)] dx

18



Areas of Plane Regions

Example. Find the area between the curves y = x?> — 2x and y = 4 — x2.

19



Areas of Plane Regions

Example. Find the area between the curves y = x?> — 2x and y = 4 — x2.

r

To find the points of intersection:
ox2—2x:y:4—x2

=2x" —2x—4=0

=2(x—-2)(x+1)=0

=x=2o0r x=—1.
19




Areas of Plane Regions

Example. Find the area between the curves y = x?> — 2x and y = 4 — x2.

r

To find the points of intersection:

o X’ —2x=y=4-x

=2x>—2x—4=0
=2(x—2)(x+1)=0

=x=2o0r x=—1.

So the shaded area is

A:/ ((4—x%) — (x* = 2x)) dx

-1

19



Areas of Plane Regions

20



Areas of Plane Regions

Example. Find the area of the plane region lying to the right of the parabola
x = y? — 12 and to the left of the straight line y = x.

21



Areas of Plane Regions

Example. Find the area of the plane region lying to the right of the parabola
x = y? — 12 and to the left of the straight line y = x.

x=y2-12

To find the points of intersection:
ey —12=x=y
=y —y-12=0
= (y—=4)(r+3)=0
=y=4o0ry=-3.




Areas of Plane Regions

Example. Find the area of the plane region lying to the right of the parabola

x = y? — 12 and to the left of the straight line y = x.

x=y2-12

To find the points of intersection:
ey —12=x=y
=y —y-12=0
= (y—=4)(r+3)=0
=y=4o0ry=-3.

So the shaded area is

A:/Z<y—(y2—12)>dy

2 3
y Yy
== —-—"=+12
343 .
= —6 square units.

4

-3

21



Areas of Plane Regions

Example. Find the area of the plane region lying to the right of the parabola

x = y? — 12 and to the left of the straight line y = x.

x=y2-12

To find the points of intersection:
ey —12=x=y
=y —y-12=0
= (y—=4)(r+3)=0
=y=4o0ry=-3.

So the shaded area is

A:/Z<y—(y2—12)>dy

2 3
y Yy
== —-—"=+12
343 .
= —6 square units.

4

-3

We can find the same area by integrating
in the x direction:

A:/j3 (\/12+x— (—\/12+x)> dx

12

+ /4 (V12 + x — x)dx.

J =3

21
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