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Inverse Substitutions

The Inverse Trigonometric Substitutions

Three very useful inverse trigonometric substitutions are
x =asinf, x=atanf, x = asech.

The inverse sine substitution: Integrals involving v/a?> — x? (where a > 0)
can frequently be reduced to a simpler form by the substitution

X = asinf = dx = acosf db.

Observe that v/ a2 — x2 makes sense only if —a < x < a, so the range of 0 is
—m/2 <60 < 7/2. Since cosf > 0 in this range, we have

Va2 — x2 =/a%(1 —sin? ) = Va2 cos? § = acos .



Inverse Substitutions

The Inverse Trigonometric Substitutions

1
Example. Evaluate /(5—x2)3/2 dx.

Solution.



Inverse Substitutions

The Inverse Trigonometric Substitutions

1
Example. Evaluate /(5)(2)3/2 dx.
Solution.
/ 1 dx Let x = v/5 sin 0.
(5 —x?)%2 Then dx = /5 cos @ db.



Inverse Substitutions

The Inverse Trigonometric Substitutions

1
Example. Evaluate /(5)(2)3/2 dx.
Solution.
/ 1 dx Let x = v/5 sin 0.
(5 —x?)%2 Then dx = /5 cos 6 db.

/ /5 cosf do

53/2¢cos3 0



Inverse Substitutions

The Inverse Trigonometric Substitutions

1
Example. Evaluate /(5)(2)3/2 dx.
Solution.
/ 1 dx Let x = v/5 sin 0.
(5 —x?)%2 Then dx = /5 cos 6 db.
_ / /5 cosf do
o 53/2 cos3 0

é/ sec?0.do

étanﬁ—&—C



Inverse Substitutions

The Inverse Trigonometric Substitutions

1
Example. Evaluate /(5)(2)3/2 dx.
Solution.
/ 1 dx Let x = v/5 sin 0.
(5 —x?)%2 Then dx = /5 cos 6 db.
_ /5 cosf do
o 53/2 cos3 0
= é /sec249d49
1
=—tanf+ C NG
5 X
0
V5 — x2



Inverse Substitutions

The Inverse Trigonometric Substitutions

1
Example. Evaluate /(5)(2)3/2 dx.
Solution.
/ 1 dx Let x = v/5 sin 0.
(5 —x?)%2 Then dx = /5 cos 6 db.
/ /5 cosf do
53/2¢cos3 0

é/ sec?0.do

zltanﬁ—&—C NG
5 X
1 X
= - C.
5\/5—x2+ 0
V5 — x2



Inverse Substitutions

The Inverse Trigonometric Substitutions

. N : . 1
The inverse tangent substitution: Integrals involving v/x2 + a2 or \/%
X+ a

(where a > 0) are often simplified by the substitution
X = atand = dx = asec? 6 df.

Since x can take any real value, we have —7/2 < 6 < 7/2, so sec > 0 and

Vx2 422 =+/a2tan? 0 + a2 = \/a2(tan2 6 + 1) = asec .




Inverse Substitutions

The Inverse Trigonometric Substitutions

1
Example. Evaluate /(1“‘9X2)2dX.

Solution.



Inverse Substitutions

The Inverse Trigonometric Substitutions

1
Example. Evaluate ——— dx.
P / (11 9x2)?
Solution.
1 J Let 3x = tan6.
/ (14 9x2)? X Then 3 dx = sec® 0 db.



Inverse Substitutions

The Inverse Trigonometric Substitutions

1
Example. Evaluate ——— dx.
P / (11 9x2)?
Solution.
1 J Let 3x = tan6.
/ (14 9x2)? X Then 3 dx = sec® 0 db.

1 [ sec’d
~3 / sec* 6 do

%/coszﬁdﬁ



Inverse Substitutions

The Inverse Trigonometric Substitutions

1
Example. Evaluate ——— dx.
P / (11 9x2)?
Solution.
1 J Let 3x = tan6.
/ (14 9x2)? X Then 3 dx = sec® 0 db.

1 sec? 6
B g/sec“ﬁ do
= %/coszﬁdﬁ

:1 6 +sinfcosf) + C
6



Inverse Substitutions

The Inverse Trigonometric Substitutions

1
Example. Evaluate ——— dx.
P / (11 9x2)?
Solution.
1 J Let 3x = tan@.
/ (14 9x2)? X Then 3 dx = sec? 0 d6.

1 sec? 6
B g/sec“ﬁ do
= %/coszﬁdﬁ

:1 6 +sinfcosf) + C
6




Inverse Substitutions

The Inverse Trigonometric Substitutions

1
Example. Evaluate | ————= dx.
P / (11 9x2)?
Solution.
1 J Let 3x = tan6.
/ (14 9x2)? X Then 3 dx = sec? 0 d6.
_ l/seczﬁ
T3/ sec*f
= %/coszedé
1 . c
= 6(9+sm9cos€) +
1, 1 3x 1
= —tan "(3x) + —~ + C
6 (3x) 6 /1+9x2 /14 9x2
_ 1 1 1 X
,6tan (3x)+21+9X2+C




Inverse Substitutions

The Inverse Trigonometric Substitutions

The inverse secant substitution: Integrals involving Vx> — a% (where a > 0)
can frequently be simplified by the substitution

X = asect = dx = asecOtan6 db.

Vx2— a2 = av/sec? — 1 = aV'tan2 0 = a| tan 6.

Observe that v/x2 — a2 makes sense only if x > a or x < —a.

e If x > a, then 0§9:sec’1§ = arccos 2 < 7, and tanf > 0.

o If x< —a, then § <60 =sec ! % =arccos 2 <, and tanf < 0.

In the first case v x2 — a2 = atan@; in the second case Vx2 — a2 = —atan®.



Inverse Substitutions

The Inverse Trigonometric Substitutions

Example. Evaluate dx, where a > 0.

|

Solution.



Inverse Substitutions

The Inverse Trigonometric Substitutions

Example. Evaluate dx, where a > 0.

1
/ Vx? — a2
Solution.

Case 1: Assume x > a. Set x = asecf, so
dx = asecftanf df and

VvV x%2 — a2 = atan0.



Inverse Substitutions

The Inverse Trigonometric Substitutions

Example. Evaluate dx, where a > 0.

1
/ Vx? — a2
Solution.

Case 1: Assume x > a. Set x = asecf, so
dx = asecftanf df and

VvV x%2 — a2 = atan0.

:>I:/sec9d0

=In|secd +tanf| + C



Inverse Substitutions

The Inverse Trigonometric Substitutions

Example. Evaluate dx, where a > 0.

/ 1
Vx2 _ 2
Solution.

Case 1: Assume x > a. Set x = asecf, so

dx = asecftanf df and

VvV x%2 — a2 = atan0.

:>I:/sec9d0

x2 — 32

=In|secd +tanf| + C




Inverse Substitutions

The Inverse Trigonometric Substitutions

Example. Evaluate / dx, where a > 0.

1
Vx2 _ 2
Solution.

Case 1: Assume x > a. Set x = asecf, so

dx = asecftanf df and

VvV x%2 — a2 = atan0.

:>I:/sec9d0

x2 — 32

=In|secd +tanf| + C

VE— R
a

4 +C 0
a

=hnlx+vx2—a|+C, G=C—1Ina

=In




Inverse Substitutions

The Inverse Trigonometric Substitutions

Example. Evaluate dx, where a > 0.

1
/ Vx? — a2
Solution.

Case 2: Now assume x < —a. Let u = —x, so
u> aand du = —dx.

x2 — 32




Inverse Substitutions

The Inverse Trigonometric Substitutions

Example. Evaluate dx, where a > 0.

|

Solution.
Case 2: Now assume x < —a. Let u = —x, so
u> aand du = —dx.
du
I U 2 _ 2
| = /mi Inlu+Vu?—2a+ G
X 2 _ 32
0
a



Inverse Substitutions

The Inverse Trigonometric Substitutions

Example. Evaluate dx, where a > 0.

/ 1
Vx2 — 2
Solution.

Case 2: Now assume x < —a. Let u = —x, so

u> aand du = —dx.

du
- _ - _ V2 — 2
| = /mi Inlu+Vu?—2a+ G
1 X+ V/x2 —a?
=1In : +G
—x+Vx2—a% x4+ /x2— a2 X —
x? — a
/X2 _ 2
N i L X2 = e
—23 2

=hx+vx2-—2+ G, G&G=GCG —2lna. a



Inverse Substitutions

The Inverse Trigonometric Substitutions

Example. Evaluate dx, where a > 0.

/ 1
Vx2 — 2
Solution.

Case 2: Now assume x < —a. Let u = —x, so

u> aand du = —dx.

du
- _ - _ V2 — 2
| = /mi Inlu+Vu?—2a+ G
1 X+ V/x2 —a?
=1In : +G
—x+Vx2—a% x4+ /x2— a2 X —
x? — a
/X2 _ 2
N i L X2 = e
—23 2

=hx+vx2-—2+ G, G&G=GCG —2lna. a
Therefore, in either case:

I=In|x+Vx2—2a%|+C N




Inverse Substitutions

The Inverse Trigonometric Substitutions

1

Example. Evaluate | ——dx
P / V2x — x?

Solution.

10



Inverse Substitutions

The Inverse Trigonometric Substitutions

1

Example. Evaluate | ——dx
P / V2x — x?
Solution.
dx

/\/2x17x2dxz/\/1—(1—2x+x2)

10



Inverse Substitutions

The Inverse Trigonometric Substitutions

1

Example. Evaluate | ——dx
P / V2x — x?

Solution.
/ 1 d / dx
- dx=
V2x — x? V1= (1-2x+x2)

10



Inverse Substitutions

The Inverse Trigonometric Substitutions

1

Example. Evaluate —dx
P / V2x — x?
Solution.
dx

/\/2)(17X2dxz/\/1(12x+x2)

Let u=x—1.

7/ dx
J 1= (x—1)? Then du = dx.

10



Inverse Substitutions

The Inverse Trigonometric Substitutions

1

Example. Evaluate —dx
P / V2x — x?
Solution.
dx

/\/2)(17X2dxz/\/1(12x+x2)

Let u=x—1.

B / dx

J 1= (x—1)? Then du = dx.
_/ du
) Vit

10



Inverse Substitutions

The Inverse Trigonometric Substitutions

Example. Evaluate / \/ﬁdx
Solution.
/ 1 dx — / dx
V2x — x2 V1= (1-2x+x2)
_ / dx Let u=x—1.
. \/m Then du = dx.

=sintu+ C=sin"Hx—-1)+C.

10



Inverse Substitutions

Other Inverse Substitutions

1

Example. Evaluate/:/idx.
P 1+ v2x

Solution.

11



Inverse Substitutions

Other Inverse Substitutions

! d
——dx.
1+ v2x

Solution. Let 2x = u?, so that 2dx = 2u du.

Example. Evaluate / :/

11



Inverse Substitutions

Other Inverse Substitutions

! d
——dx.
1+ v2x

Solution. Let 2x = u?, so that 2dx = 2udu. Then

u
| = d
/1—|—u “

Example. Evaluate / :/

11



Inverse Substitutions

Other Inverse Substitutions

! d
——dx.
1+ v2x

Solution. Let 2x = u?, so that 2dx = 2udu. Then

u
| = d
/1—|—u .
1 _
:/leu
1+ u

T

Example. Evaluate / :/

11



Inverse Substitutions

Other Inverse Substitutions

! d
——dx.
1+ v2x

Solution. Let 2x = u?, so that 2dx = 2udu. Then

u
| = d
/1—|—u .
1 _
:/leu
1+ u

. 1 Let v=1+u.
= 1—— | du
14+ u Then dv = du.

Example. Evaluate / :/

11



Inverse Substitutions

Other Inverse Substitutions

! d
——dx.
1+ v2x

Solution. Let 2x = u?, so that 2dx = 2udu. Then

u
| = d
/1—|—u !
1 _
:/leu
14+ u
_/(1_ 1 >du Let v=1+ u.
1+u Then dv = du.

dv
=u— [ —=u—Inlv|+C
v

Example. Evaluate / :/

11



Inverse Substitutions

Other Inverse Substitutions

! d
——dx.
1+ v2x

Solution. Let 2x = u?, so that 2dx = 2udu. Then

u
| = d
/1—|—u !
1 _
:/leu
14+ u
_/(1_ 1 >du Let v=1+ u.
1+u Then dv = du.

dv
=u— [ —=u—Inlv|+C
v

Example. Evaluate / :/

=V2x —In(1+v2x) + C.

11



Inverse Substitutions

Other Inverse Substitutions

2
X
Example. Evaluate / ———dXx.
-1/3 \3/ 3x+2

Solution.

12



Inverse Substitutions

Other Inverse Substitutions

2

X
Example. Evaluate / ————dx.
-1/3 \3/ 3x+2
Solution.
5 N Let 3x +2 = u°.
/ ————dx Then 3dx = 3u? du.
3
Jo1/3 V3 +2 x=-1/3=u=1,

X=2=y=2

12



Inverse Substitutions

Other Inverse Substitutions

2

X
Example. Evaluate / ————dx.
-1/3 \3/ 3x+2
Solution.
2 X
[ a
Jo13 V3x+2

2 3
:/ i 2u2du
J1 3u

1 2
:§/ (u* —2u) du
1

Let 3x +2 = .
Then 3dx = 3u? du.
x=-1/3=u=1,
X=2=u=2.

12



Inverse Substitutions

Other Inverse Substitutions

2

X
Example. Evaluate/ ————dx.
-1/3 \3/ 3x+2
Solution.
5 N Let 3x +2 = u°.
————dx Then 3dx = 3u? du.
'/1/3 V3x +2 === w=1
2 3
-2 _ _
_ / u 2 du XxX=2=u=2.
J1 3u
1 /2
= 5/1 (u* —2u) du
2
_1 <“5 _ u2>
315 1
16

12



Inverse Substitutions

Other Inverse Substitutions

1
EXamp'e. Evaluate /)(]-/2(14_)(1/3)(1)(

Solution.

13



Inverse Substitutions

Other Inverse Substitutions

1
EXamp'e. Evaluate /MdX

Solution.

/ 1 dx Let x = u®
x1/2(1 4 x1/3) Then dx = 6u° du.

13



Inverse Substitutions

Other Inverse Substitutions

1
EXamp'e. Evaluate /MdX

Solution.

/ 1 dx Let x = u®.
x1/2(1 4 x1/3) Then dx = 6u° du.

—6/ u® du —6/ u? du
B (14 u?) 1+ u?

13



Inverse Substitutions

Other Inverse Substitutions

1
EXamp'e. Evaluate /MdX

Solution.

6

/ 1 dx Let x = u°.
x1/2(1 4 x1/3) Then dx = 6u° du.
_ 6/ u® du _ 6/112du
u3(1 + u?) 1+ u?

i)

13



Inverse Substitutions

Other Inverse Substitutions

1

EXamp'e. EVaante /)(]-/2(14_)(1/3)(1)(

Solution.

S S d
X12(1+ x1/3)
—6/ u® du —6/ u? du
B w1+ u?) 1+ u?

1

Let x = u®.

Then dx = 6u° du.

=6(u—tan "t u) + C = 6(x"/® — tan~1(x'/%)) + C.

13



Inverse Substitutions

The tan(6/2) Substitution

This substitution is useful for integrals involving rational functions of cos and
sind.

14



Inverse Substitutions

The tan(6/2) Substitution

This substitution is useful for integrals involving rational functions of cos and

sinf.
o L0 1 1 1
=tan- ——» cos? = = = =
X "2 2 seCQg 1+tan2§ 1+ x2

14



Inverse Substitutions

The tan(6/2) Substitution

This substitution is useful for integrals involving rational functions of cos and

sind.
o f L0 1 1 1
x=tan- — cos? — = = =
2 2 sec?f 1+4tan?f 1+4x2
0 2 1— x2
§=2co?o —1=— 1=
cost=ccos3 L+ 2 1+

0 0 0 0 2
sin0:2sin§cos§ = 2tan§c052§ = 1+XX2

14



Inverse Substitutions

The tan(6/2) Substitution

This substitution is useful for integrals involving rational functions of cos and

sinf.
50 1 1 1

2_seCQg :l—i—tanzg T 14 x2

0 2 1—x2
cos s 5 1+ x2 1+ x2

0 0 0 0 2
sin0:2sin§cos§ = 2tan§c052§ = 1+XX2

1,
dxfisec §d9
0 2 dx
_ 2 _
[d9—2cos de 1522 ]

14



Inverse Substitutions

The tan(6/2) Substitution

In summary:

If x = tan(6/2), then

15



Inverse Substitutions

The tan(6/2) Substitution

Example. 1
—df
/ 2 + cos 6

16



Inverse Substitutions

The tan(6/2) Substitution

Example. 1
/7d9 Let x =tan(6/2). Th
2+ cosd et x = tan . Then
COSe_lfxz _ 2dx
14+ x2 14 X2

16



Inverse Substitutions

The tan(6/2) Substitution

Example. 1
/ mde Let x = tan(6/2). Then
1—x° 2 dx

14 x2’ :1+x2'

2 dx cosf =

16



Inverse Substitutions

The tan(6/2) Substitution

Example. 1
/mda Let x = tan(6/2). Then
COSe_lfxz _ 2dx
2dx T 14x2 14 x2
:/ 1+ x2

1—x?
2

+ 1+ x2

16



Inverse Substitutions

The tan(6/2) Substitution

Example. 1
/mda Let x = tan(6/2). Then
COSe_lfxz _ 2dx
2 dx T1ix2 T15x2
:/ 1+ x2
1—x?
2
+1+x2
=2 d
/3—|—x2 x
2
=——tan ' =+C

16



Inverse Substitutions

The tan(6/2) Substitution

Example. 1
/mda Let x = tan(6/2). Then
e_lfxz _ 2dx
2 dx sV =12 T14x2
:/ 14+ x2
1—x2
2
+1+x2
:2/3+ 2dx
2 1 X
=—tan - —+C
V3 3
2

16



Improper Integrals




Improper Integrals

Consider the integral

| = /ab f(x)dx.

17



Improper Integrals

Consider the integral

= /ab f(x)dx.

(i) We may have a = —oc or b = oo or both.

17



Improper Integrals

Consider the integral

= /ab f(x)dx.

(i) We may have a = —oc or b = oo or both.

(i) f may be unbounded as x approaches a or b or both.

17



Improper Integrals

Consider the integral

= /ab f(x)dx.

(i) We may have a = —oc or b = oo or both.

(i) f may be unbounded as x approaches a or b or both.

17



Improper Integrals

Consider the integral

= /ab f(x)dx.

(i) We may have a = —oc or b = oo or both.

(i) f may be unbounded as x approaches a or b or both.

Integrals satisfying (i) are called improper integrals of type I,

Integrals satisfying (ii) are called improper integrals of type II.

17



Improper Integrals

Improper Integrals of Type |

Example. Find the area of the region A lying under the curve y = 1/x? and
above the x-axis to the right of the line x = 1.

Solution.

18



Improper Integrals

Improper Integrals of Type |

Example. Find the area of the region A lying under the curve y = 1/x? and
above the x-axis to the right of the line x = 1.

Solution. We would like to calculate the area with an integral

<1
A:/ 7dX,
J1 X

which is improper of type |, since its interval of integration is infinite.

18



Improper Integrals

Improper Integrals of Type |

Example. Find the area of the region A lying under the curve y = 1/x? and
above the x-axis to the right of the line x = 1.

Solution.

y y

18



Improper Integrals

Improper Integrals of Type |

Example. Find the area of the region A lying under the curve y = 1/x? and
above the x-axis to the right of the line x = 1.

Solution.

y y

18



Improper Integrals

Improper Integrals of Type |

Example. Find the area of the region A lying under the curve y = 1/x? and
above the x-axis to the right of the line x = 1.

Solution.

y y

1 18



Improper Integrals

Improper Integrals of Type |

Example. Find the area of the region A lying under the curve y = 1/x? and
above the x-axis to the right of the line x = 1.

Solution.

y y

18



Improper Integrals

Improper Integrals of Type |

Example. Find the area of the region under the curve y = 1/x, above y =0,
and to the right of the line x = 1.

Solution.

y

19



Improper Integrals

Improper Integrals of Type |

Example. Find the area of the region under the curve y = 1/x, above y =0,
and to the right of the line x = 1.

Solution.

y This area is given by the improper
integral

oS} R
A= [T [T
1 X R—o0 [y X

19



Improper Integrals

Improper Integrals of Type |

Example. Find the area of the region under the curve y = 1/x, above y =0,
and to the right of the line x = 1.

Solution.

y This area is given by the improper
integral

oS} R
A= [T [T
1 X R—o0 [y X

19



Improper Integrals

Improper Integrals of Type |

Example. Find the area of the region under the curve y = 1/x, above y =0,
and to the right of the line x = 1.

Solution.

y This area is given by the improper
integral

oS} R
A= [T [T
1 X R—o0 [y X

. R
= RIl_)moo[ln [x]]1

Rlim (InR—1Inl) =00

19



Improper Integrals

Improper Integrals of Type |

Example. Find the area of the region under the curve y = 1/x, above y =0,
and to the right of the line x = 1.

Solution.

y For comparison, consider the area under
y = 1/x* on the same interval which is
equal to 1. Thus y = 1/x has an infinite
area over [1,00), while y = 1/x? has a
finite area, even though both curves

approach 0 as x — oo.

19



Improper Integrals

Improper Integrals of Type |

If f is continuous on [a,00), we define the improper integral of f over [a, c0)
as a limit of proper integrals:

/a T () dx = tim / " ) dx.



Improper Integrals

Improper Integrals of Type |

If f is continuous on [a,00), we define the improper integral of f over [a, c0)
as a limit of proper integrals:

/aoo f(x)dx = RIme/aR f(x) dx

Similarly, if f is continuous on (—o0, b], we define

b
/ f(x)dx = lim / f(x
— &9 R——



Improper Integrals

Improper Integrals of Type |

If f is continuous on [a,00), we define the improper integral of f over [a, c0)
as a limit of proper integrals:

/a T () dx = tim / " ) dx.

Similarly, if f is continuous on (—o0, b], we define

/b f(x)dx = Rﬂmoo/: f(x) dx.

— 00

In either case, if the limit exists (is a finite number), we say that the improper
integral converges; if the limit does not exist, we say that the improper integral
diverges. If the limit is co or —oo, we say that the improper integral diverges

to infinity or diverges to negative infinity, respectively.
20



Improper Integrals

Improper Integrals of Type |

o0
The integral / f(x) dx is, for f continuous on the real line, improper of type

— 00
| at both endpoints. We break it into two separate integrals:

/_ Z F(x) dx = /_ OOC F(x) dx + /0 () dx.

The integral on the left converges if and only if both integrals on the right
converge.

21



Improper Integrals

Improper Integrals of Type |

<1
Example. Evaluate /

—dx.
o 14 x2

Solution.

22



Improper Integrals

Improper Integrals of Type |

<1
Example. Evaluate /

—dx.
o 14 x2

Solution.

22



Improper Integrals

Improper Integrals of Type |

<1

Example. Evaluate / dx.

o 14 x2

Solution. By the (even) symmetry of the integrand, we have

> 1 o 1 > 1
—~ _dx = 4 ——d
/_Ool—o—xzx /_Ool—|—x2 X+/0 112

<1
:2/ RN
0 1+X2

22



Improper Integrals

Improper Integrals of Type |

<1

Example. Evaluate / dx.

o 14 x2

Solution. By the (even) symmetry of the integrand, we have

> 1 o 1 > 1
——dx = —d ——d
/_Ool—o—xzx /_Ool—|—x2 X+/0 112
>~ 1
:2/ SRS
0 1+X2

|
=2 Iim/ ——dx
R— 00 0 1+X2

22



Improper Integrals

Improper Integrals of Type |

<1

Example. Evaluate / dx.

o 14 x2

Solution. By the (even) symmetry of the integrand, we have

> 1 o 1 > 1
——dx = —d ——d
/_Ool—o—xzx /_Ool—|—x2 X+/0 112
>~ 1
:2/ SRS
0 1+X2

|
=2 Iim/ dx
R— 00 0 1+X2

=2 RIme [tan_l(x)]g

22



Improper Integrals

Improper Integrals of Type |

<1

Example. Evaluate / dx.

o 14 x2

Solution. By the (even) symmetry of the integrand, we have

> 1 o 1 > 1
——dx = —d ——d
/_Ool—o—xzx /_Ool—|—x2 X+/0 112
>~ 1
:2/ SRS
0 1+X2

R
=2 lim / dx
R— 00 0 1 =+ X2
. _1, \1R
=2 RIme [tan (x)]0

=2 lim (tan™'(R) — tan"'(0))

22
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Improper Integrals of Type |

<1

Example. Evaluate / dx.

o 14 x2

Solution. By the (even) symmetry of the integrand, we have

> 1 o 1 > 1
——dx = —d ——d
/_Ool—o—xzx /_Ool—|—x2 X+/0 112
>~ 1
:2/ SRS
0 1+X2

R
=2 lim / dx
R— 00 0 1 =+ X2
. _1, \1R
=2 RIme [tan (x)]0

=2 lim (tan™'(R) — tan"'(0))

=T
22



Improper Integrals

Improper Integrals of Type |

00 R
Example. / cosx dx = lim / cosxdx = lim sinR.
0 0

R—o0 R—o0

This limit does not exist (and it is not oo or —00), so all we can say is that the
given integral diverges.

y
y = cosXx

N A .

23



Improper Integrals

Improper Integrals of Type Il

If f is continuous on (a, b] and is possibly unbounded near a, we define the

/ab f(x) dx = lim. /Cb f(x) dx.

improper integral



Improper Integrals

Improper Integrals of Type Il

If f is continuous on (a, b] and is possibly unbounded near a, we define the

/ab f(x) dx = lim. /Cb f(x) dx.

Similarly, if f is continuous on [a, b) and is possibly unbounded near b, we

/ab f(x)dc= lim / f(x) dx.

These improper integrals may converge, diverge, diverge to infinity, or diverge

improper integral

define

to negative infinity.

24



Improper Integrals

Improper Integrals of Type Il

Example. Find the area of the region S lying under y = 1/./x, above the
x-axis, between x = 0 and x = 1.

Solution.
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Improper Integrals of Type Il

Example. Find the area of the region S lying under y = 1/./x, above the
x-axis, between x = 0 and x = 1.

Solution.

y
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Improper Integrals of Type Il

Example. Find the area of the region S lying under y = 1/./x, above the
x-axis, between x = 0 and x = 1.

1
Solution. The area A is given by A = / ——=dx, which is an improper integral

NES

0
of type Il since the integrand is unbounded at x = 0.

y

25
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Improper Integrals of Type Il

Example. Find the area of the region S lying under y = 1/./x, above the
x-axis, between x = 0 and x = 1.

1
Solution. The area A is given by A = / ——=dx, which is an improper integral

NES

0
of type Il since the integrand is unbounded at x = 0.

y 1
A= lim / x 12 dx

c—0F

25
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Improper Integrals of Type Il

Example. Find the area of the region S lying under y = 1/./x, above the
x-axis, between x = 0 and x = 1.

1
Solution. The area A is given by A = / ——=dx, which is an improper integral

0 VX
of type Il since the integrand is unbounded at x = 0.
y 1
A= lim / x 12 dx
c—0*t /.
1
= lim 2x'/?

25



Improper Integrals

Improper Integrals of Type Il

Example. Find the area of the region S lying under y = 1/./x, above the
x-axis, between x = 0 and x = 1.

1

Solution. The area A is given by A = \?dx7 which is an improper integral
0 X
of type Il since the integrand is unbounded at x = 0.
. 1
A= lim / x 712 dx
c—0*t /.
1
= lim 2x'/?
c—0t c
= lim (2 -2y/c)=2.
c—0+

25
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Improper Integrals of Type Il

Be alert on the singularities!

Consider the integral

/1 In |x| dx
J—1 \/1—X‘
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Improper Integrals of Type Il

Be alert on the singularities!

Consider the integral
Ln|x| dx

J—-1V 1—x '
This integral may seem like a definite integral, but it is improper at x = 0 and
x=1.

26



Improper Integrals

Improper Integrals of Type Il

Be alert on the singularities!

Consider the integral

/1 In |x| dx
J—-1V 1—x '
This integral may seem like a definite integral, but it is improper at x = 0 and

x = 1.

,1\/1—X_ ,1\/1—X 0 \/1—X ,1/2\/1—X'

Each integral on the right is improper of type |l because of a singularity at one

L in x| dx % In|x| dx /2 10 |x| dx L in x| dx
+ + | ——

endpoint.

26



Improper Integrals

Improper Integrals of Type Il

Example. Evaluate each of the following integrals or show that it diverges:

1

(a) /Olidx, (b) /02\/2X1jdx7 (©) /O In x dx.

Solution.
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Improper Integrals of Type Il

Example. Evaluate each of the following integrals or show that it diverges:
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Improper Integrals of Type Il

Example. Evaluate each of the following integrals or show that it diverges:

(a) /Olidx, (b) /02\/2X1jdx7 (©) /Ollnxdx.

Solution.

1 1
(a) / 1dx = lim / 1dx
0 X c—0t c X

27



Improper Integrals

Improper Integrals of Type Il

Example. Evaluate each of the following integrals or show that it diverges:
1

(a) /Olidx, (b) /02\/2X1jdx7 (©) /O In x dx.

Solution.

1

| 11
(a) / —dx = lim / —dx = lim Inx
0 X c—0t c X c—0t c

27



Improper Integrals

Improper Integrals of Type Il

Example. Evaluate each of the following integrals or show that it diverges:
1

(a) /Olidx, (b) /02\/2X1jdx7 (©) /O In x dx.

Solution.

1

| 11
(a) / —dx = lim / —dx = lim Inx
0 X c—0t c X c—0t c

=1 — 1 = 00.
an8+(0 nc)=oo

27



Improper Integrals

Improper Integrals of Type Il

Example. Evaluate each of the following integrals or show that it diverges:

(a) /Olidx, (b) /02\/2X1jdx7 (©) /Ollnxdx.

Solution.

21 2 1
(b)/o \/2X—X2dx:/o NS

27
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Improper Integrals of Type Il

Example. Evaluate each of the following integrals or show that it diverges:

(a) /Olidx, (b) /02\/2X1jdx7 (©) /Ollnxdx.

Solution.

dx Let u=x—1. Then du = dx.

e e =

27
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Improper Integrals of Type Il

Example. Evaluate each of the following integrals or show that it diverges:

(a) /Olidx, (b) /02\/2X1jdx7 (©) /Ollnxdx.

Solution.

dx Let u=x—1. Then du = dx.

e e =
- [ ==

27
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Improper Integrals of Type Il

Example. Evaluate each of the following integrals or show that it diverges:

(a) /Olidx, (b) /02\/2X1jdx7 (©) /Ollnxdx.

Solution.

dx Let u=x—1. Then du = dx.

e e =

(Notice that the integrand is even!)

L=
= | ——du
—1 1-—- LI2

27
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Improper Integrals of Type Il

Example. Evaluate each of the following integrals or show that it diverges:

(a) /Olidx, (b) /02\/2X1jdx7 (©) /Ollnxdx.

Solution.

dx Let u=x—1. Then du = dx.

21 2 1
0 V2x —x? 0 V1—(x—1)2
(Notice that the integrand is even!)

[
= ———du
—1 1-—- LI2
S |
=2 ———du
/0 V1—u?

27
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Improper Integrals of Type Il

Example. Evaluate each of the following integrals or show that it diverges:

(a) /Olidx, (b) /02\/2X1jdx7 (©) /Ollnxdx.

Solution.

dx Let u=x—1. Then du = dx.

2 1 2 1
0 V2x — x2 0 V1—(x—1)2
1
1
= ———du Notice that the integrand is even!
| = g )
o
=2 ——du
/0 V1—u?
=2 lim

¢ 1
[ g
c—1— Jo ]_ — U2

27
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Improper Integrals of Type Il

Example. Evaluate each of the following integrals or show that it diverges:
1

(a) /Olidx, (b) /02\/2X1jdx7 (©) /O In x dx.

Solution.

dx Let u=x—1. Then du = dx.

e e =

(Notice that the integrand is even!)

[
= ———du
—1 1-—- LI2
S |
=2 ———du
/0 V1—u?

=2 lim

¢ 1
[ g
c—1— Jo ]_ — U2

o . .1 c . .1 -
= 2CI_|>n117 [sin™!(u)], = 2c|—I>T* sin""(c) = . .



Improper Integrals

Improper Integrals of Type Il

Example. Evaluate each of the following integrals or show that it diverges:

(a) /Olidx, (b) /02\/2X1jdx7 (©) /Ollnxdx.

Solution.

1 1
(c) / Inxdx = lim / In x dx
0 c—0" /.

27
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Improper Integrals of Type Il

Example. Evaluate each of the following integrals or show that it diverges:

(a) /Olidx, (b) /02\/2X1jdx7 (©) /Ollnxdx.

Solution.

1

1 1
(c) / Inxdx = lim / Inxdx = lim [xInx — x]
0 c c—0*

c—0+

c

27
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Improper Integrals of Type Il

Example. Evaluate each of the following integrals or show that it diverges:

(a) /Olidx, (b) /02\/2X1jdx7 (©) /Ollnxdx.

Solution.

1

1 1
(c) / Inxdx = lim / Inxdx = lim [xInx — x]
0 c c—0*

c—0+

c

= lim(0—-1-clnc+c)

c—0F

27
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Improper Integrals of Type Il

Example. Evaluate each of the following integrals or show that it diverges:

1

(a) /Olidx, (b) /02\/2X1jdx7 (©) /O In x dx.

Solution.
1 1 1
(c)/lnxdx: lim / Inxdx = lim [xInx — x]
0 c—0" /. c—0t c
= lim(0—-1-clnc+c)
c—07t

Inc —00

=—-14+0— lim — -

+ clﬂn(‘)tr 1/C |: o0 :l

27
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Improper Integrals of Type Il

Example. Evaluate each of the following integrals or show that it diverges:

1

(a) /Olidx, (b) /02\/2X1jdx7 (©) /O In x dx.

Solution.
1 1 1
(c)/lnxdx: lim / Inxdx = lim [xInx — x]
0 c—0" /. c—0* c
= lim(0—-1-clnc+c)
c—0*

Inc —00

=—1+0— lim — —

+ CL”3+ 1/C |: oe] :l

1/c

=—-1— lim

=0+ —(1/c2) (by L'Hépital’s rule)
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Improper Integrals of Type Il

Example. Evaluate each of the following integrals or show that it diverges:

1

(a) /Olidx, (b) /02\/2X1jdx7 (©) /O In x dx.

Solution.
1 1 1
(c)/lnxdx: lim / Inxdx = lim [xInx — x]
0 c—0" /. c—0* c
= lim(0—-1-clnc+c)
c—0*

Inc —00

=—1+0— lim — —

+ CL”3+ 1/C |: oe] :l

1/c

- 1— lim —/=
0 —(1/c2)

=—-1— lim(-c)=-1

c—0*

(by L'Hépital’s rule)
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Improper Integrals

Theorem. p-integrals

If 0 < a < 0o, then

1-p

<1 d converges to 2
@) e p-1
a diverges to oo if p<1.

if p>1,




Improper Integrals

Theorem. p-integrals

If 0 < a < oo, then
al—p
(a) /°° ipdx converges to o if p>1,
a X diverges to oo if p<1.
at=r
(b) /a ipdx converges to — p if p<1,
0o X diverges to oo if p>1.




Improper Integrals

A Comparison Theorem for Integrals

Theorem. A comparison theorem for integrals

Let —oo < a < b < 00, and suppose that functions f and g are continuous on
the interval (a, b) and satisfy 0 < f(x) < g(x). If fab g(x)dx converges, then
fab f(x)dx also converges, and

/a ’ f(x) dx < / ’ g(x) dx.

Equivalently, if fab f(x)dx diverges to oo, then fab g(x)dx also diverges to cc.

J
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Improper Integrals

ge')
Example. Show that / e dx converges, and find an upper bound for its

0
value.

Solution. On [0, 1], we have 0 < e <1.
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ge')
Example. Show that / e dx converges, and find an upper bound for its

0
value.

Solution. On [0, 1], we have 0 < e <1. So

1 1
0< / e_xzdxg/ dx = 1.
0 0
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Improper Integrals

ge')
Example. Show that / e dx converges, and find an upper bound for its

0
value.

Solution. On [0, 1], we have 0 < e <1. So

1 1
0< / e_xzdxg/ dx = 1.
0 0

On [1,00), we have x> > x, so —x? < —x and 0 < e < e X

30



Improper Integrals

ge')
Example. Show that / e dx converges, and find an upper bound for its

0
value.

Solution. On [0, 1], we have 0 < e <1. So

1 1
0< / e_xzdxg/ dx = 1.
0 0

On [1,00), we have x> > x, so —x? < —x and 0 < e < e *. Thus,

oo 2 o0 e—x
0< / e X dx < / e *dx = lim
1 1 R—oo —1

30



Improper Integrals

ge')
Example. Show that / e dx converges, and find an upper bound for its

0
value.

Solution. On [0, 1], we have 0 < e <1. So

1 1
0< / e_xzdxg/ dx = 1.
0 0

On [1,00), we have x> > x, so —x? < —x and 0 < e < e *. Thus,

oo 2 o0 e—x
0< / e X dx < / e *dx = lim
1 1 R—oo —1 1

i 1 1 1
= lim (2 - =) ==,
R—oo \ e eR e

o0
— 2 . . .
Therefore, / e ™ dx converges, and its value is positve and less than or equal
0

R

t01+%. 30
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