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Plane region whose Cylindrical solid based on region

area we know Volume = base area X height = Ah
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Volumes By Slicing

The volume of a solid of integrable cross-sectional area A(x) from x = a to
x = b is the integral of A from a to b,

V= /abA(x) dx.



Volumes By Slicing

Solids of Revolution: The Disk Method

If the region R bounded by y = f(x),y = 0,x = a, and x = b is rotated about
the x-axis, then the cross-section of the solid generated in the plane
perpendicular to the x-axis at x is a circular disk of radius |f(x)|.




Volumes By Slicing

Solids of Revolution: The Disk Method

If the region R bounded by y = f(x),y = 0,x = a, and x = b is rotated about
the x-axis, then the cross-section of the solid generated in the plane
perpendicular to the x-axis at x is a circular disk of radius |f(x)|. The area of
this cross-section is A(x) = m(f(x))?, so the volume of the solid of revolution is

V= 7r/:(f(x))2 dx.




Volumes By Slicing — Solids of Revolution

Solids of Revolution: The Disk Method

Example. (The volume of a ball) Find the volume of a solid ball having
radius a.

Solution.
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Solids of Revolution: The Disk Method

Example. (The volume of a ball) Find the volume of a solid ball having
radius a.
Solution.

The ball is a solid of revolution
generated by rotating the semicircle

y = v a? — x2 about the x-axis.
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Solids of Revolution: The Disk Method

Example. (The volume of a ball) Find the volume of a solid ball having
radius a.
Solution.

The ball is a solid of revolution
generated by rotating the semicircle

y = Vv a? — x2 about the x-axis. Thus,
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Solids of Revolution: The Disk Method

Example. (The volume of a ball) Find the volume of a solid ball having
radius a.
Solution.

The ball is a solid of revolution
generated by rotating the semicircle

y = Vv a? — x2 about the x-axis. Thus,
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V:7r/ ( a2f><2)2dx:27r/ (a® — x?)dx

—a 0




Volumes By Slicing — Solids of Revolution

Solids of Revolution: The Disk Method

Example. (The volume of a ball) Find the volume of a solid ball having
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Solids of Revolution: The Disk Method

Example. (The volume of a ball) Find the volume of a solid ball having
radius a.
Solution.

The ball is a solid of revolution
generated by rotating the semicircle

y = Vv a? — x2 about the x-axis. Thus,
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Solids of Revolution: The Washer Method
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Solids of Revolution: The Washer Method

%

The cross-sections of the solid of revolution generated here are washers, not
-b

disks, so the integral / A(x)dx leads to a slightly different formula.
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Solids of Revolution: The Washer Method
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Washer

The cross-sections of the solid of revolution generated here are washers, not
-b

disks, so the integral / A(x)dx leads to a slightly different formula.

a

b b
V= / A(x)dx = / T ([R(x))? = [r(x)]?) dx.



Volumes By Slicing — Solids of Revolution

Solids of Revolution

Example. A ring-shaped solid is generated by rotating the finite plane region R
bounded by the curve y = x? and the line y = 1 about the line y = 2. Find its
volume.
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Solids of Revolution

Example. A ring-shaped solid is generated by rotating the finite plane region R

bounded by the curve y = x? and the line y = 1 about the line y = 2. Find its
volume.
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Solids of Revolution

Example. A ring-shaped solid is generated by rotating the finite plane region R

bounded by the curve y = x? and the line y = 1 about the line y = 2. Find its
volume.

[ cross-sectional area = m(2 — x?)? — m(1)? ]
o

(3 —4x* + x)
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Solids of Revolution

Example. A ring-shaped solid is generated by rotating the finite plane region R

bounded by the curve y = x? and the line y = 1 about the line y = 2. Find its
volume.

[ cross-sectional area = m(2 — x?)? — m(1)? ]
=T

(3 —4x* + x)

1
Vv :71'/ (3—4x2+x4)dx
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Solids of Revolution

Example. A ring-shaped solid is generated by rotating the finite plane region R
bounded by the curve y = x? and the line y = 1 about the line y = 2. Find its

volume.
- cross-sectional area = (2 — x?)? — w(1)?
=7m(3 — 4%+ x)
1
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1
y=2
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Solids of Revolution

Example. A ring-shaped solid is generated by rotating the finite plane region R
bounded by the curve y = x? and the line y = 1 about the line y = 2. Find its

volume.
- cross-sectional area = (2 — x?)? — w(1)?
=7m(3 — 4%+ x)
1
Vv :71'/ (3—4x2+x4)dx
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Volumes By Slicing

Solids of Revolution

Example. Find the volume of the solid generated by rotating the region to the
right of the y-axis and to the left of the curve x = 2y — y? about the y-axis.
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Volumes By Slicing

Solids of Revolution

Example. Find the volume of the solid generated by rotating the region to the
right of the y-axis and to the left of the curve x = 2y — y? about the y-axis.

dy
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Volumes By Slicing

Solids of Revolution

Example. Find the volume of the solid generated by rotating the region to the
right of the y-axis and to the left of the curve x = 2y — y? about the y-axis.

x=2y—)* [ cross-sectional area = 7(2y — y?)? ]

dy m(4y® — 4y> + y*)
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Volumes By Slicing

Solids of Revolution

Example. Find the volume of the solid generated by rotating the region to the
right of the y-axis and to the left of the curve x = 2y — y? about the y-axis.

x=2y-y* | cross-sectional area = 7(2y — y?)?
dy

m(4y® — 4y> + y*)

v

2
W/ (ay* — 4y* + y")dy
0

4y . N\
71'(3 y+5

32 32
= — —16+ —
167
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Volumes By Slicing

Solids of Revolution: Cylindrical Shells

Some volumes are difficult to compute using the washer method.

12



Volumes By Slicing

Solids of Revolution: Cylindrical Shells

Some volumes are difficult to compute using the washer method.

e Example: rotate the region between

y
y=2af— y:2x2fx3 and y=0
It about the y-axis.
xp =7 xg="1?
0 S, X
2
=
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Volumes By Slicing

Solids of Revolution: Cylindrical Shells

Some volumes are difficult to compute using the washer method.

e Example: rotate the region between

y
y=2x2—x3 y:2x27><3 and y =0
It ) ) about the y-axis.
xp =17 xp=1
e Slicing perpendicular to the y-axis
produces washers.
0 S, X
2
=
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Solids of Revolution: Cylindrical Shells
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Volumes By Slicing

Solids of Revolution: Cylindrical Shells

Some volumes are difficult to compute using the washer method.

e Example: rotate the region between

y
y=2x2—x3 y:2x27><3 and y =0
It ) ) about the y-axis.
xp =17 xp=1
e Slicing perpendicular to the y-axis
produces washers.
5 — e But the inner and outer radii require
= 2 solving

y:2x2—x3

for x in terms of y.

e This is a cubic equation, so inversion is
not easy.

We use a different method (called cylindrical shells) to compute such volumes!
12



Volumes By Slicing

Solids of Revolution: Cylindrical Shells

13



Volumes By Slicing

Solids of Revolution: Cylindrical Shells

The figure shows a cylindrical shell (a can without a top or bottom) with inner
radius r1, outer radius r», and height h.

13



Volumes By Slicing

Solids of Revolution: Cylindrical Shells

The figure shows a cylindrical shell (a can without a top or bottom) with inner
radius r1, outer radius r>, and height h. The volume of this shell is

V =n(r3 —rf)h
= 7r(r2 — I’1)(I’2 + rl)h

=27 (rlg,é) (r2 — r1)h

= 2m(average radius)(thickness)(height) = 2nr h A,. 13




Volumes By Slicing

Solids of Revolution: Cylindrical Shells

circumference 27 x

[dV: 2rx - f(x) - _dx ]
Z <L -

R y = /()

—~—
Circumference Height Thickness

dx —| |« R ’

< / T

a

The volume of the solid obtained by rotating the plane region
0 <y <f(x),0<a<x < b about the y-axis is

b
V= 27r/ xf(x)dx; x:shell radius f(x) : shell height
Ja
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Volumes By Slicing

Solids of Revolution

Example. (The volume of a torus) A disk of radius a has centre at the point
(b,0), where b > a > 0. The disk is rotated about the y-axis to generate a
torus (a doughnut-shaped solid). Find its volume.

15



Volumes By Slicing

Solids of Revolution

Example. (The volume of a torus) A disk of radius a has centre at the point
(b,0), where b > a > 0. The disk is rotated about the y-axis to generate a
torus (a doughnut-shaped solid). Find its volume.

y=E—GoBE

b+a

shell at x (b—a<x< b+ a)
has radius x and height y/a2 — (x — b)2 15
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Solids of Revolution

Example. (The volume of a torus) A disk of radius a has centre at the point
(b,0), where b > a > 0. The disk is rotated about the y-axis to generate a
torus (a doughnut-shaped solid). Find its volume.

y b+a

V=2x2r xy/a* — (x — b)? dx

y=a2=(x—b)? b—a

b+a

shell at x (b—a<x< b+ a)
has radius x and height y/a2 — (x — b)2 15
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Solids of Revolution

Example. (The volume of a torus) A disk of radius a has centre at the point
(b,0), where b > a > 0. The disk is rotated about the y-axis to generate a
torus (a doughnut-shaped solid). Find its volume.

y b+a
V=2x2r xy/a* — (x — b)? dx

v = V@GP b—a
Let u = x — b. Then du = dx.

b+a

shell at x (b—a<x< b+ a)
has radius x and height y/a2 — (x — b)2 15
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Solids of Revolution

Example. (The volume of a torus) A disk of radius a has centre at the point
(b,0), where b > a > 0. The disk is rotated about the y-axis to generate a
torus (a doughnut-shaped solid). Find its volume.

y b+a

V=2x2r xy/a* — (x — b)? dx
y=Va—G-b? b=
Let u = x — b. Then du = dx.

:47T/ (u+ b)Va? — u?du

—a

b+a

shell at x (b—a<x< b+ a)
has radius x and height y/a2 — (x — b)2 15
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Solids of Revolution

Example. (The volume of a torus) A disk of radius a has centre at the point
(b,0), where b > a > 0. The disk is rotated about the y-axis to generate a
torus (a doughnut-shaped solid). Find its volume.
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V=2x2r x\/m dx
y=a>=(x-b? b—a
Let u = x — b. Then du = dx.

:47T/ (u+ b)Va? — u?du
:47r</ uv a? — u?du
= * +b \/32—u2du)

b+a

shell at x (b—a<x< b+ a)
has radius x and height y/a2 — (x — b)2 15
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Solids of Revolution

Example. (The volume of a torus) A disk of radius a has centre at the point
(b,0), where b > a > 0. The disk is rotated about the y-axis to generate a
torus (a doughnut-shaped solid). Find its volume.
y b+a
V=2x2r x\/m dx
y=a>=(x-b? b—a
Let u = x — b. Then du = dx.

:47T/ (u+ b)Va? — u?du
:47r</ uv a? — u?du
= * +b \/32—u2du)

b+a
b—a 7T32 2 2
=0+44nb—— =27"a"b.
shell at x (b—a<x< b+ a) 2
has radius x and height y/a2 — (x — b)2 15




Volumes By Slicing

Solids of Revolution

Y y =28 Y
If region R —>
is rotated about y=f(x
1
a x p X X
use plane slices use cylindrical shells
the x-axis b P 2 d
V=n| ()= (f@)?)dx vV =2x [ y(k®)—h()dy
a c
use cylindrical shells use plane slices
the y-axis

b d
v =2n [ X (g0) - f()dx  V=n f (k) = (h(y))?) dy
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Volumes By Slicing

Solids of Revolution

Shell Formula for Revolution About a Vertical Line

b
V:/ - sh(-all sf.\ell dx
2 radius height

17



Volumes By Slicing

Solids of Revolution

Example. The triangular region bounded by y = x, y =0, and x=a >0 is
rotated about the line x = b > a. Find the volume of the solid generated.

18
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Volumes By Slicing

Solids of Revolution

Example. The triangular region bounded by y = x, y =0, and x =a >0 is
rotated about the line x = b > a. Find the volume of the solid generated.

y
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More Volumes By Slicing

Example. Verify the formula for the volume of a pyramid with rectangular base
of area A and height h.

19



More Volumes By Slicing

Example. Verify the formula for the volume of a pyramid with rectangular base
of area A and height h.

From similar triangles OLM and OPQ,
the area of the rectangular cross-section

at x is
X

Alx) = <E>2A.

19



More Volumes By Slicing

Example. Verify the formula for the volume of a pyramid with rectangular base

of area A and height h.

From similar triangles OLM and OPQ,
the area of the rectangular cross-section
at x is )
X
Ax) = (3) A
(=5

Thus, the volume of the pyramid is

h 3h
oo [ G as 23]

1
= -Ah.
3

19



More Volumes By Slicing

Example. A tent has a circular base of radius a metres and is supported by a
horizontal ridge bar held at height b metres above a diameter of the base by
vertical supports at each end of the diameter. The material of the tent is
stretched tight so that each cross-section perpendicular to the ridge bar is an
isosceles triangle. Find the volume of the tent.

20
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More Volumes By Slicing

Example. A tent has a circular base of radius a metres and is supported by a
horizontal ridge bar held at height b metres above a diameter of the base by
vertical supports at each end of the diameter. The material of the tent is
stretched tight so that each cross-section perpendicular to the ridge bar is an
isosceles triangle. Find the volume of the tent.

Thus, the volume of the tent is

V:/ b\/82—X2dX=b/ v a2 — x2dx
—a

—a

[A(X) = Ve )b = bm] 2
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Arc Length and Surface Area

How can we find the length of the following curve?

21



Arc Length and Surface Area

Subdivide the curve into many pieces and join successive points of division by
straight line segments. Adding more points produces a closer approximation of
the curve.

y

A

22




Arc Length and Surface Area
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Arc Length and Surface Area
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Arc Length and Surface Area

3 P

Now, by the Mean Value Theorem, there is a point ¢, with xx_1 < cx < Xk,
such that
Ayk = f/(Ck)AXk.

23



Arc Length and Surface Area

3 P

Bl
>

=
o
=
R

k-1

Now, by the Mean Value Theorem, there is a point ¢, with xx_1 < cx < Xk,
such that
Ayk = f/(Ck)AXk.

n n b
lim E Ly = lim E 1+ [F(ck)]PAx, = / V14 [f(x)]Pdx
n—o00 n—oo
k=1 k=1 a

23



Arc Length and Surface Area

If f" is continuous on [a, b], then the length (arc length) of the curve y = f(x)
from the point A = (a, f(a)) to the point B = (b, f(b)) is the value of the

integral
L_/ \/mdx—/ ,/1+ dy

24



Arc Length and Surface Area

x3

1
Example. Find the length of the graph of f(x) = 0 + —,1<x<4

Solution.

25



Arc Length and Surface Area

x3

1
Example. Find the length of the graph of f(x) = 0 + —,1<x<4

Solution.

2
1

f! :Xi_i
° F(x) 4 X2

25



Arc Length and Surface Area

X3 1
Example. Find the length of the graph of f(x) = 0 + —,1<x<4
Solution. .
=X _ 1
o f'(x) = 7 e
2 1 2 4
ol—|—[f(x)]—1—|—<xj 7) =1+(%—§+7)

25



Arc Length and Surface Area

x3

1
Example. Find the length of the graph of f(x) = 0 + —,1<x<4

Solution.

The length of the graph over [1,4] is
2

x2

3 4
S AL A S A
12 x|, \12 3 12

25



Arc Length and Surface Area

Example. (The circumference of an ellipse) Find the circumference of the
y2
b2
y

ellipse X— + == =1, where a> b > 0.

e
N

26



Arc Length and Surface Area

elllpse -+ ro_

Example. (The circumference of an ellipse) Find the circumference of the
2 2
i X 12 =1, where a> b > 0.

y

2
b y—b\/l—% g a2 — x2,

> X

26



Arc Length and Surface Area

elllpse -+ ro_

Example. (The circumference of an ellipse) Find the circumference of the
2 2
i X 12 =1, where a> b > 0.

y 2
b _ X _ b o 2, dy _ b X
y=0by/1 g~ ; a X X ; a2—x2
2
y
—a a\X :>1+<d7) 3232 X2
4
_at— (a2 - b)X°
T a%(a? - x?)
—b

26



Arc Length and Surface Area

elllpse -+ ro_

Example. (The circumference of an ellipse) Find the circumference of the
2 2
i X 12 =1, where a> b > 0.

y 2
b _ X _ b o 2, dy _ b X
y=0by/1 g~ ; a X X ; a2—x2
2
y
—a a\X :>1+<d7) 3232 X2
4
_at— (a2 - b)X°
T a%(a? - x?)
—b

a 4 (32 — b2)x2
524/ vat— (a2 - b
0 a

22 _ 2
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Arc Length and Surface Area

Example. (The circumference of an ellipse) Find the circumference of the

ellipse X— + Y _ =1, where a> b > 0.

b2
y 2
/\b — _L:é 2 __ 2 ﬂ _é X
y=0by/1 g~ ; a2 — x X ; a2—x2
2
ly X
- a :>1+<d7) 3232 x2
4
_a*( b2)2
- a(a® —x2)
—b

a /2% (32 — b2)x2
5:4/ #dx Let x = asint. Then dx = acost dt.
0 ava? — x2
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Arc Length and Surface Area

Example. (The circumference of an ellipse) Find the circumference of the

eIIipseX——i-y——l where a > b > 0.

b2
Y d b
b = by/1 4/7_X dy _ b x
dx a+/a2 — x2
dy b X
=1 =14 =———
- 4y + <dx) t e 0
S X
347(32 b2) 2
a?(a® — x2)
—b
/a 227b2 )
s= 4/ dX Let x = asint. Then dx = acos t dt.
ava? — x2
/2 \/a“ (a2 — b2)a2sin? t /2
—4/ acostdt:4/ \/a2 — (a2 — b2)sin® t dt
a(acost) 0

26



Arc Length and Surface Area

Example. (The circumference of an ellipse) Find the circumference of the

2
X
elllpse——i-);—z—l where a > b > 0.
Y dy b x
4b y=>b\/1-— \/ 2 x2 - =
dx a+/a2 — x2
dy b X
1 =14+ 5———
—a a = +<dx) +3232 2
4
_at— (a2 - b)X°
T a%(a? - x?)
—b
\/W
5—4/ dx Let x = asint. Then dx = acost dt.
ava? — x2

/2 \/a“ (a2 — b2)a2sin? t /2
—4/ acostdt:4/ \/a2 — (a2 — b2)sin® t dt
a(acost 0

/2
_43/ sin? t dt
26




Arc Length and Surface Area

Example. (The circumference of an ellipse) Find the circumference of the

2
X
elllpse——i-);—z—l where a > b > 0.
Y [ x® b d b
b —b 1_X7:, 2 52, a b X
Y 2 VT dx aya?—x?
ly b2 X2
1 - =14+ 5 ———
—a a = +<d) +3232,X2
4
_at— (a2 - b)X°
T a%(a? - x?)
—b
Vo = (@ =)
5—4/ dx Let x = asint. Then dx = acost dt.
ava? — x2

/2 \/a“ (a2 — b2)a2sin? t /2
—4/ acostdt—4/ \/a2 — (a2 — b2)sin® t dt
a(acost
/2 2
_43/

/2 2 — b
sin? t dt = 4a V1—e2sin’tdt; e= " — (eccentrici%).
a



Arc Length and Surface Area

Formula for the Length of x = g(y), c <y < d.

If g’ is continuous on [c, d], then the Iength of the curve x = g(y) from the
point A= (g(c), c) to the point B = (g(d), d) is the value of the integral

L= [ VTR OR e - /\/u (%) &




Arc Length and Surface Area

Example. Find the length of the graph of f(x) = (x/2)%3, 0 < x < 2.

~ Y= (5)2/3
2
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Arc Length and Surface Area

Example. Find the length of the graph of f(x) = (x/2)%3, 0 < x < 2.

y The derivative

T~ X\ 2/3

) v (1)-1 <2>”3
(2,1) dx 3 \2 2)  3\«x

is not defined at x = 0, so we cannot find

the curve's length.
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Arc Length and Surface Area

Example. Find the length of the graph of f(x) = (x/2)%3, 0 < x < 2.
y The derivative
_ 1/3
1+ 2 QZEG) VIO _1(2
(2,1) dx 3\2 2 3 \x

is not defined at x = 0, so we cannot find
the curve's length.

> X We therefore rewrite the equation to

express x in terms of y:

2/3
yz(%) :>y3/2:§¢><:2y3/2.
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Arc Length and Surface Area

Example. Find the length of the graph of f(x) = (x/2)%3, 0 < x < 2.

y The derivative

1 2 dr _2(x)P (1)1 2\"”
(2,1) dx  3\2 2] 3 \x
is not defined at x = 0, so we cannot find

the curve's length.
> X We therefore rewrite the equation to

express x in terms of y:

2/3
yz(%) :>y3/2:§¢><:2y3/2.

dx 3\ 12 1/2
dy (2)y g

is continuous on [0, 1].
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Arc Length and Surface Area

Example. Find the length of the graph of f(x) = (x/2)%3, 0 < x < 2.
y 23 The derivative
L G 27PN 1(2)”
(2,1) dx ~ 3\2 2) 7 3 \«x

is not defined at x = 0, so we cannot find
the curve's length.

> X We therefore rewrite the equation to

express x in terms of y:

2/3
)/—(*) :>y3/2*§é><*2y3/2

d
d< . (3\ 12 a2 L= x dy \/1+9 dy
— =25y =3
dy 2
is continuous on [0, 1]. = %% 1—|—9y)3/2 (10\/ 0—1)~2.27.
0
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Arc Length and Surface Area

The Differential Formula for Arc Length

If y = f(x) and if f’ is continuous on [a, b], then by the Fundamental Theorem
of Calculus we can define a new function

s(x) = / JIFTFOR dt.

The function s is called the arc length function for y = f(x).
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Arc Length and Surface Area

The Differential Formula for Arc Length

If y = f(x) and if f’ is continuous on [a, b], then by the Fundamental Theorem
of Calculus we can define a new function

s(x) = / JIFTFOR dt.

The function s is called the arc length function for y = f(x).

ds ; dy\’
o 1+ [f(x)]?= 1+(dx).
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Arc Length and Surface Area

The Differential Formula for Arc Length

If y = f(x) and if f’ is continuous on [a, b], then by the Fundamental Theorem
of Calculus we can define a new function

s(x) = / JIFTFOR dt.

The function s is called the arc length function for y = f(x).

ds ; dy\’
o 1+ [f(x)]?= 1+(dx).

Then the differential of arc length is

d 2
ds = 1/1+ (y) dx
dx

= +/dx2 + dy2.
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Arc Length and Surface Area

Areas of Surfaces of Revolution

The surface generated by revolving the
graph of a nonnegative function y = f(x),
a < x < b, about the x-axis. The surface
is a union of bands like the one swept out
by the arc PQ.
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Arc Length and Surface Area

Areas of Surfaces of Revolution

The line segment joining P and Q sweeps
out a frustum of a cone.

The surface generated by revolving the
graph of a nonnegative function y = f(x),
a < x < b, about the x-axis. The surface
is a union of bands like the one swept out
by the arc PQ.
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Arc Length and Surface Area

Areas of Surfaces of Revolution

The line segment joining P and Q sweeps
out a frustum of a cone.

& Frustum surface area:

_ o FOko1) + F(04) VO E By
The surface generated by revolving the =2 2 (Axi)? + (Ayx)
graph of a nonnegative function y = f(x), =7 (F(x_1) + F(xx)) V(Bxx)? + (Dyk)?

a < x < b, about the x-axis. The surface
is a union of bands like the one swept out
by the arc PQ.
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Arc Length and Surface Area

Areas of Surfaces of Revolution

The line segment joining P and Q sweeps
out a frustum of a cone.

& Frustum surface area:

_ o FOko1) + F(04) VO E By
The surface generated by revolving the =2 2 (Axi)? + (Ayx)
graph of a nonnegative function y = f(x), =7 (F(x_1) + F(xx)) V(Bxx)? + (Dyk)?

a < x < b, about the x-axis. The surface

is a union of bands like the one swept out A
by the arc PQ. / 2rf(x)\/1+ [f(x)]? dx
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Arc Length and Surface Area

Areas of Surfaces of Revolution

Example. (Surface Area of a Sphere) Find the area of the surface of a
sphere of radius a.
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Arc Length and Surface Area

Areas of Surfaces of Revolution

Example. (Surface Area of a Sphere) Find the area of the surface of a
sphere of radius a.

Solution. Such a sphere can be generated by rotating the semicircle with

equation y = va? — x?, (—a < x < a), about the x-axis.
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Arc Length and Surface Area

Areas of Surfaces of Revolution

Example. (Surface Area of a Sphere) Find the area of the surface of a
sphere of radius a.

Solution. Such a sphere can be generated by rotating the semicircle with
equation y = va? — x?, (—a < x < a), about the x-axis.

dy X X

& VaZ-x2  y

31



Arc Length and Surface Area

Areas of Surfaces of Revolution

Example. (Surface Area of a Sphere) Find the area of the surface of a
sphere of radius a.

Solution. Such a sphere can be generated by rotating the semicircle with

equation y = va? — x?, (—a < x < a), about the x-axis.

dy X X

Nz
:>S—27T/ y\ll—i—
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Arc Length and Surface Area

Areas of Surfaces of Revolution

Example. (Surface Area of a Sphere) Find the area of the surface of a
sphere of radius a.

Solution. Such a sphere can be generated by rotating the semicircle with

equation y = va? — x?, (—a < x < a), about the x-axis.

dy X X

Nz
:>S—27T/ y“l—i— dx
—a

:47r/ VvV y? 4+ x2 dx
0
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Arc Length and Surface Area

Areas of Surfaces of Revolution

Example. (Surface Area of a Sphere) Find the area of the surface of a
sphere of radius a.

Solution. Such a sphere can be generated by rotating the semicircle with

equation y = va? — x?, (—a < x < a), about the x-axis.

dy X X

Nz
:>S—27T/ y“l—i— dx
—a

:47r/ VvV y? 4+ x2 dx
0
a a
:477/ Va2 dx = 4m ax
0

0

= 47 a’.
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Arc Length and Surface Area

Areas of Surfaces of Revolution

Area of a surface of revolution

If f/(x) is continuous on [a, b] and the curve y = f(x) is rotated about the
x-axis, the area of the surface of revolution so generated is

x=b b
S=27r/ |y|ds=2n/ [ f)|V1+ (f'(x))?dx.
X=a a
If the rotation is about the y-axis, the surface area is
x=b b
S:2n/ |x|ds:2n/ [x|v/1+ (f/(x))2dx.
xX=a a

If g’(y) is continuous on [c, d] and the curve x = g(y) is rotated about the
x-axis, the area of the surface of revolution so generated is

y=d d
s=2n [ " plas=2x [ VTGO dy.
y=c @
If the rotation is about the y-axis, the surface area is

y=d d
s=2n [ " palds =21 [ 1eIVIT @OD dy. »
y @

=C



Arc Length and Surface Area

Areas of Surfaces of Revolution

Example. Find the surface area of a parabolic reflector whose shape is
obtained by rotating the parabolic arc y = x?, 0 < x < 1, about the y-axis.

Solution.
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Arc Length and Surface Area

Areas of Surfaces of Revolution

Example. Find the surface area of a parabolic reflector whose shape is
obtained by rotating the parabolic arc y = x?, 0 < x < 1, about the y-axis.

Solution.

(1,1
y=x?
ds
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Arc Length and Surface Area

Areas of Surfaces of Revolution

Example. Find the surface area of a parabolic reflector whose shape is
obtained by rotating the parabolic arc y = x?, 0 < x < 1, about the y-axis.

Solution.
. The arc length element for the parabola

y = x?is ds = /1 + 4x2 dx.

(1,1
y=x?
ds
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Arc Length and Surface Area

Areas of Surfaces of Revolution

Example. Find the surface area of a parabolic reflector whose shape is
obtained by rotating the parabolic arc y = x?, 0 < x < 1, about the y-axis.

Solution.

. The arc length element for the parabola
y = x?is ds = /1 + 4x2 dx. So the
required surface area is

1n

1
y=x? S:27r/ x\V/' 1+ 4x2 dx
0

ds
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Arc Length and Surface Area

Areas of Surfaces of Revolution

Example. Find the surface area of a parabolic reflector whose shape is
obtained by rotating the parabolic arc y = x?, 0 < x < 1, about the y-axis.

Solution.

. The arc length element for the parabola
y = x?is ds = /1 + 4x2 dx. So the
required surface area is

1n

1
y=x? S:27r/ x\V/' 1+ 4x2 dx
0

x Let u = 1 + 4x>. Then du = 8x dx.

ds
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Arc Length and Surface Area

Areas of Surfaces of Revolution

Example. Find the surface area of a parabolic reflector whose shape is
obtained by rotating the parabolic arc y = x?, 0 < x < 1, about the y-axis.

Solution.

. The arc length element for the parabola
y = x?is ds = /1 + 4x2 dx. So the
required surface area is

1n

1
y=x? S:27r/ x\V/' 1+ 4x2 dx
0

x Let u = 1 + 4x>. Then du = 8x dx.

5
:E/ ut’? du
41

ds
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Arc Length and Surface Area

Areas of Surfaces of Revolution

Example. Find the surface area of a parabolic reflector whose shape is
obtained by rotating the parabolic arc y = x?, 0 < x < 1, about the y-axis.

Solution.

. The arc length element for the parabola
y = x?is ds = /1 + 4x2 dx. So the
required surface area is

1n

y=x* —27r/ x\V/' 1+ 4x2 dx

ds
x Let u = 1 + 4x>. Then du = 8x dx.
5
:E/ u'’? du
4 )1
= 2ot = (5v5-1)
ft| = % (5vE-1).
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