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Lecture 22: Infinite Sequences and Series

1



Outline

Sequences

Representing Sequences

Convergence and Divergence

Calculating Limits of Sequences

Commonly Occurring Limits

2



Sequences



Sequences

Representing Sequences

A sequence is a list of numbers

a1, a2, a3, . . . , an, . . .

in a given order. So each of a1, a2, a3 and so on represents a number. These are

the terms of the sequence.

For example, the sequence

2, 4, 6, 8, 10, . . . , 2n, . . .

has first term a1 = 2, second term a2 = 4, and nth term an = 2n. The integer n

is called the index of the term an, and indicates where an occurs in the list.

Order is important. The sequence 2, 4, 6, 8, . . . is not the same as the sequence

4, 2, 6, 8, . . ..
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Sequences

Representing Sequences

We can think of the sequence

a1, a2, a3, . . . , an, . . .

as a function that sends 1 to a1, 2 to a2, and in general sends the positive

integer n to the nth term an. More precisely, an infinite sequence of numbers

is a function whose domain is the set of positive integers.

The function

associated with the sequence

2, 4, 6, 8, 10, . . . , 2n, . . .

sends 1 to a1 = 2, 2 to a2 = 4, and so on. The general behavior of this

sequence is described by the formula an = 2n (or the function f (n) = 2n).
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Sequences

Representing Sequences

We can equally well make the domain the integers larger than a given number

n0, and we allow sequences of this type also. For example, the sequence

12, 14, 16, 18, 20, . . .

is described by the formula an = 10 + 2n. It can also be described by the

simpler formula bn = 2n, where the index n starts at 6 and increases. To allow

such simpler formulas, we let the first index of the sequence be any integer.
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Sequences

Representing Sequences

A sequence can be specified in three ways:

(i) By listing the first few terms, as in 2, 4, 6, 8, 10, . . . (if the pattern is

obvious).

(ii) By giving a formula for the nth term (also known as general term), as in

an = 2n.

(iii) By giving a recursive formula, which gives the first term and a rule for

finding each term from the previous one(s).

The terms of a sequence are usually listed in braces, for example

{an} = {2, 4, 6, 8, 10, . . .} or {an} = {2n}.
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Sequences

Representing Sequences

Sequences can be described by writing rules that specify their terms, such as

an =
√
n, bn = (−1)n+1 1

n
, cn =

n − 1

n
, dn = (−1)n+1,

or by listing terms:

{an} = {
√
1,
√
2,
√
3, . . . ,

√
n, . . .},

{bn} =

{
1,−1

2
,
1

3
,−1

4
, . . . , (−1)n+1 1

n
, . . .

}
,

{cn} =

{
0,

1

2
,
2

3
,
3

4
, . . . ,

n − 1

n
, . . .

}
,

{dn} = {1,−1, 1,−1, . . . , (−1)n+1, . . .}.

We also sometimes use the notation

{an} = {
√
n}∞n=1.
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Sequences

Representing Sequences

two ways to represent sequences graphically:
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Sequences

Convergence and Divergence

Definition.

The sequence {an} converges to the number L if for every positive number ϵ

there corresponds an integer N such that for all n,

n > N ⇒ |an − L| < ϵ.

If no such number L exists, we say that {an} diverges.

If {an} converges to L, we write lim
n→∞

an = L or simply an → L, and call L the

limit of the sequence.
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Sequences

Convergence and Divergence

Example. Show that (a) lim
n→∞

1

n
= 0 (b) lim

n→∞
k = k for any constant k

Solution.

(a) Let ϵ > 0 be given.

We want to find an integer N such that for all n > N,

|an − 0| =
∣∣∣∣1n − 0

∣∣∣∣ < ϵ.

This inequality will hold if (1/n) < ϵ, or equivalently, if n >
1

ϵ
. So if N is any

integer greater than 1/ϵ, the inequality holds for all n > N. This proves that 1/n

converges to 0.

(b) Let ϵ > 0 be given. We want to find an integer N such that for all n > N,

|an − k| = |k − k| < ϵ.

Since k − k = 0, we can use any positive integer N and the inequality holds for

all n > N. Thus, lim
n→∞

k = k.
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Sequences

Convergence and Divergence

Example. Show that the sequence {1,−1, 1,−1, . . . , (−1)n+1, . . .} diverges.

Solution. Suppose the sequence converges to some limit L. By choosing

ϵ = 1/2, we can find an integer N such that for all n > N, |an − L| < 1/2.

Since the number 1 appears repeatedly as every other term of the sequence, it

must lie within the distance ϵ = 1/2 of L. It follows that |L− 1| < 1/2, or

equivalently, 1/2 < L < 3/2. Similarly, since the number −1 also appears

repeatedly as every other term of the sequence, it must also lie within the

distance ϵ = 1/2 of L. So we must also have |L− (−1)| < 1/2, or equivalently,

−3/2 < L < −1/2. Combining these two inequalities, we find that

1

2
< L <

3

2
and − 3

2
< L < −1

2
.

However, there is no value of L that can satisfy both of these inequalities

simultaneously. Therefore, the sequence cannot converge.
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Sequences

Convergence and Divergence

Definition.

The sequence {an} diverges to infinity if for every number M there exists an

integer N such that for all n > N, an > M. If this condition holds, we write

lim
n→∞

an = ∞, or an → ∞.

Similarly if for every number m there is an integer N such that for all n > N,

an < m, we say that {an} diverges to negative infinity and write

lim
n→∞

an = −∞, or an → −∞.

14
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Sequences

Convergence and Divergence

an → ∞ an → −∞
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Sequences

Calculating Limits of Sequences

Theorem.

Let {an} and {bn} be sequences of real numbers, and let A and B be real

numbers. The following rules hold if limn→∞ an = A and limn→∞ bn = B:

1. Sum Rule: limn→∞(an + bn) = A+ B

2. Difference Rule: limn→∞(an − bn) = A− B

3. Constant Multiple Rule: limn→∞(kbn) = kB for any constant k

4. Product Rule: limn→∞(anbn) = AB

5. Quotient Rule: If B ̸= 0, then lim
n→∞

an
bn

=
A

B

16
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Sequences

Calculating Limits of Sequences

Example.

(a) lim
n→∞

(
−1

n

)

= −1 · lim
n→∞

1

n
= −1 · 0 = 0

by constant Multiple Rule and from the first example

(b) lim
n→∞

(
n − 1

n

)
= lim

n→∞

(
1− 1

n

)
= lim

n→∞
1− lim

n→∞

1

n
= 1− 0 = 1

by difference Rule and from the first example

(c) lim
n→∞

(
5

n2

)
= 5 lim

n→∞

1

n
lim

n→∞

1

n
= 5 · 0 · 0 = 0

by Product Rule

(d) lim
n→∞

(
4− 7n6

n6 + 3

)
= lim

n→∞

(4/n6 − 7)

1 + (3/n6)
=

0− 7

1 + 0
= −7

by Sum and Quotient Rules
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Sequences

Calculating Limits of Sequences

Theorem. The Sandwich Theorem for Sequences

Let {an}, {bn}, and {cn} be sequences of real numbers. If an ≤ bn ≤ cn holds

for all n greater than some index N, and if limn→∞ an = limn→∞ cn = L, then

limn→∞ bn = L also.

18



Sequences

Calculating Limits of Sequences

Example. Since 1/n → 0, we know that

(a)
cos n

n
→ 0

because − 1

n
≤ cos n

n
≤ 1

n
;

(b)
1

2n
→ 0 because 0 ≤ 1

2n
≤ 1

n
;

(c) (−1)n
1

n
→ 0 because − 1

n
≤ (−1)n

1

n
≤ 1

n
.
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Sequences

Calculating Limits of Sequences

Example. Calculate the limit of the sequence {an} =

{
n!

nn

}
.

Solution. We can write

an =
n!

nn
=

1 · 2 · 3 · · · n
n · n · · · n

=
1

n
· 2
n
· 3
n
· · · n

n
.

Notice that each factor
k

n
≤ 1 for k = 2, 3, . . . , n. So we have

0 ≤ n!

nn
≤ 1

n
.

By the Sandwich Theorem, since
1

n
→ 0, we have

n!

nn
→ 0.
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Sequences

Calculating Limits of Sequences

Theorem. The Continuous Function Theorem for Sequences

Let {an} be a sequence of real numbers. If an → L and if f is a function that

is continuous at L and defined at all an, then f (an) → f (L).
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Sequences

Calculating Limits of Sequences

Example. Show that
√
(n + 1)/n → 1.

We know that (n + 1)/n → 1.Since f (x) =
√
x is continuous, we have

f ((n + 1)/n) → f (1), or
√
(n + 1)/n →

√
1 = 1.

Example. Show that lim
n→∞

21/n = 1.

We know that lim
n→∞

1/n = 0.Since f (x) = 2x is continuous, we have

lim
n→∞

f (1/n) = f (0), or lim
n→∞

21/n = 20 = 1.

22
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Sequences

Calculating Limits of Sequences

Theorem.

Suppose that f (x) is a function defined for all x ≥ n0 and that {an} is a

sequence of real numbers such that an = f (n) for n ≥ n0. Then

lim
x→∞

f (x) = L ⇒ lim
n→∞

= L.
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Sequences

Calculating Limits of Sequences

Example. Show that lim
n→∞

ln n

n
= 0.

Let an =
ln n

n
. If f (x) =

ln x

x
, then f (x) is a continuous function for x ≥ 1 and

an = f (n).Thus

lim
n→∞

ln n

n
= lim

x→∞

ln x

x
= lim

x→∞

1

x
= 0.

L’Hôpital’s rule
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Sequences

Calculating Limits of Sequences

Example. Does the sequence whose nth term is

an =

(
n + 1

n − 1

)n

converge? If so, find lim
n→∞

an.

Solution. The limit leads to the indeterminate form 1∞.

We can apply

l’Hôpital’s rule if we first change the form to ∞ · 0 by taking the natural

logarithm of an:

ln an = ln

(
n + 1

n − 1

)n

= n ln

(
n + 1

n − 1

)
.
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ln an = lim
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n ln

(
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n − 1

)

∞ · 0 form

= lim
n→∞

ln

(
n + 1

n − 1

)
1/n

0

0
form

= lim
n→∞

−2/(n2 − 1)

−1/n2
L’Hôpital’s rule

= lim
n→∞

2n2

n2 − 1
= 2. ⇒ an = e ln an → e2.
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L’Hôpital’s rule

= lim
n→∞

2n2

n2 − 1
= 2. ⇒ an = e ln an → e2.

26



Sequences

Calculating Limits of Sequences

Example. Does the sequence whose nth term is

an =

(
n + 1

n − 1

)n

converge? If so, find lim
n→∞

an.

Solution. lim
n→∞

ln an = lim
n→∞

n ln

(
n + 1

n − 1

)
∞ · 0 form

= lim
n→∞

ln

(
n + 1

n − 1

)
1/n

0

0
form

= lim
n→∞

−2/(n2 − 1)

−1/n2
L’Hôpital’s rule

= lim
n→∞

2n2

n2 − 1
= 2. ⇒ an = e ln an → e2.

26



Sequences

Calculating Limits of Sequences

Example. Does the sequence whose nth term is

an =

(
n + 1

n − 1

)n

converge? If so, find lim
n→∞

an.

Solution. lim
n→∞

ln an = lim
n→∞

n ln

(
n + 1

n − 1

)
∞ · 0 form

= lim
n→∞

ln

(
n + 1

n − 1

)
1/n

0

0
form

= lim
n→∞

−2/(n2 − 1)

−1/n2
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L’Hôpital’s rule

= lim
n→∞

2n2

n2 − 1
= 2. ⇒ an = e ln an → e2.

26



Sequences

Calculating Limits of Sequences

Example. Does the sequence whose nth term is

an =

(
n + 1

n − 1

)n

converge? If so, find lim
n→∞

an.

Solution. lim
n→∞

ln an = lim
n→∞

n ln

(
n + 1

n − 1

)
∞ · 0 form

= lim
n→∞

ln

(
n + 1

n − 1

)
1/n

0

0
form

= lim
n→∞

−2/(n2 − 1)

−1/n2
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Sequences

Commonly Occuring Limits

Theorem.

The following six sequences converge to the limits listed below:

1. lim
n→∞

ln n

n
= 0

2. lim
n→∞

n
√
n = 1

3. lim
n→∞

x1/n = 1 (x > 0) 4. lim
n→∞

xn = 0 (|x | < 1)

5. lim
n→∞

(
1 +

x

n

)n

= ex (any x) 6. lim
n→∞

xn

n!
= 0 (any x)

In Formulas (3) through (6), x remains fixed as n → ∞ !
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Sequences

Commonly Occuring Limits

Example.

(a)
ln(n2)

n
=

2 ln n

n
−→ 2 · 0 = 0

(b)
n
√
n2 = n2/n = (n1/n)2 −→ (1)2 = 1

(c) n
√
3n = 31/n n1/n −→ 1 · 1 = 1

(d)
(
− 1

2

)n −→ 0

(e)

(
n − 2

n

)n

=

(
1 +

−2

n

)n

−→ e−2

(f)
100n

n!
−→ 0
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