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Sequences

Bounded Monotonic Sequences

A sequence {a,} is bounded from above if there exists a number M such
that a,, < M for all n. The number M is an upper bound for {a,}. If M
is an upper bound for {a,} but no number less than M is an upper bound for
{an}, then M is the least upper bound for {a,}.
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Bounded Monotonic Sequences

A sequence {a,} is bounded from above if there exists a number M such
that a,, < M for all n. The number M is an upper bound for {a,}. If M
is an upper bound for {a,} but no number less than M is an upper bound for
{an}, then M is the least upper bound for {a,}.

A sequence {a,} is bounded from below if there exists a number m such that
ap > m for all n. The number m is a lower bound for {a,}. If m is a lower
bound for {a,,} but no number greater than m is a lower bound for {a,,}, then
m is the greatest lower bound for {a,,}.



Sequences

Bounded Monotonic Sequences

A sequence {a,} is bounded from above if there exists a number M such
that a,, < M for all n. The number M is an upper bound for {a,}. If M
is an upper bound for {a,} but no number less than M is an upper bound for
{an}, then M is the least upper bound for {a,}.

A sequence {a,} is bounded from below if there exists a number m such that
ap > m for all n. The number m is a lower bound for {a,}. If m is a lower
bound for {a,,} but no number greater than m is a lower bound for {a,,}, then
m is the greatest lower bound for {a,,}.

If {a,,} is bounded from above and below, then {a,} is a bounded sequence.
If {a,,} is not bounded, then it is an unbounded sequence.



Sequences

Bounded Monotonic Sequences

Example.

(a) The sequence 1,2,3,...,n,... has no upper bound since it eventually
surpasses every number M. However, it is bounded below by every real
number less than or equal to 1. The number m = 1 is the greatest lower
bound for this sequence.



Sequences

Bounded Monotonic Sequences

Example.

(a) The sequence 1,2,3,...,n,... has no upper bound since it eventually
surpasses every number M. However, it is bounded below by every real
number less than or equal to 1. The number m = 1 is the greatest lower
bound for this sequence.

(b) The sequence 3, %, %,..., 7%, .. is bounded above by every number

greater than or equal to 1. The number M = 1 is the least upper bound for

this sequence. It is also bounded below by every number less than or equal

to % The number m = % is the greatest lower bound for this sequence.



Sequences

Bounded Monotonic Sequences

A sequence {a,} is nondecreasing if a, < a,1 for all n. Thatis, a1 < ag <
az < ---. The sequence is nonincreasing if a,, > a, 1 for all n. The sequence
{a,} is monotonic if it is either nondecreasing or nonincreasing.
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Bounded Monotonic Sequences

Example.

(a) The sequence 1,2,3,...,n,... s



Sequences

Bounded Monotonic Sequences

Example.

(a) The sequence 1,2,3,...,n,... is nondecreasing.
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Bounded Monotonic Sequences

Example.

(a) The sequence 1,2,3,...,n,... is nondecreasing.

123 -
(b) The sequence 3,5, 4,..., 57, is



Sequences

Bounded Monotonic Sequences

Example.

(a) The sequence 1,2,3,...,n,... is nondecreasing.

_n_

12 3 : :
(b) The sequence 3,%,9,..., -4, .- is nondecreasing.



Sequences

Bounded Monotonic Sequences

Example.
(a) The sequence 1,2,3,...,n,... is nondecreasing.
12 3 n : :
(b) The sequence 3,%,9,..., 747+ is nondecreasing.
(c) The sequence 1,%,%,...,2%,... is



Sequences

Bounded Monotonic Sequences

Example.
(a) The sequence 1,2,3,...,n,... is nondecreasing.
123 n - -
(b) The sequence 3,%,9,..., 747+ is nondecreasing.
(c) The sequence 1, %, %, . QL, ... is nonincreasing.



Sequences

Bounded Monotonic Sequences

Example.

()
(b)
)
)

C

—~

(d

The sequence 1,2,3,...,n,... is nondecreasing.

12 3 n . .
The sequence 3,5, %, ..., e IS nondecreasing.
The sequence 1, %, %, R QL, ... Is nonincreasing.
The constant sequence 3,3,3,...,3,...is



Sequences

Bounded Monotonic Sequences

Example.
(a) The sequence 1,2,3,...,n,... is nondecreasing.
(b) The sequence 3,%,5,..., 745, ... is nondecreasing.
(c) The sequence 1, %, %, . QL, ... is nonincreasing.
(d) The constant sequence 3,3,3,...,3,... is both nondecreasing

and nonincreasing.



Sequences

Bounded Monotonic Sequences

Example.
(a) The sequence 1,2,3,...,n,... is nondecreasing.
(b) The sequence 3,%,5,..., 745, ... is nondecreasing.
(c) The sequence 1, %, %, . QL, ... is nonincreasing.
(d) The constant sequence 3,3,3,...,3,... is both nondecreasing

and nonincreasing.

(e) The sequence 1,—1,1,—1,...1is



Sequences

Bounded Monotonic Sequences

Example.

(a)
(b)
c)

)

—~

(d

()

The sequence 1,2,3,...,n,... is nondecreasing.
123 n . .
The sequence 3,5, %, ..., e IS nondecreasing.
The sequence 1, %, %, R %7 ... Is nonincreasing.
The constant sequence 3,3,3,...,3,... is both nondecreasing

and nonincreasing.

The sequence 1,—1,1,—1,... is not monotonic.



Sequences

Bounded Monotonic Sequences

Theorem. The Monotonic Sequence Theorem

If a sequence {a,} is both bounded and monotonic, then the sequence con-

verges.
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Bounded Monotonic Sequences

2 1

Example. Determine whether the sequence 2 — — — o is monotonic and
n

bounded.
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Bounded Monotonic Sequences

2 1
Example. Determine whether the sequence 2 — — — o is monotonic and
n
bounded.
2

1
Solution. Leta, =2— —— — forn=1,2,3,....
n 2"



Sequences

Bounded Monotonic Sequences

2 1
Example. Determine whether the sequence 2 — — — o is monotonic and
n
bounded.
. 2 1
Solution. Leta, =2— —— — forn=1,2,3,....
n 2"
e Monotonicity:

2 1 2 1
pi—an = (2-—— — —)(2-2_ =
1 ( nt1 2n+1) ( n 2%)
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Bounded Monotonic Sequences

2 1
Example. Determine whether the sequence 2 — — — o is monotonic and
n
bounded.
. 2 1
Solution. Leta, =2— —— — forn=1,2,3,....
n 2"
e Monotonicity:

5 2 1 , 2 1 2 1y
Apg1—Cp = -—— |- (2= )| =t
“ n+1 20l no 2 n(n+1) 20+l

for all n > 1.



Sequences

Bounded Monotonic Sequences

2 1
Example. Determine whether the sequence 2 — — — o is monotonic and
n
bounded.
. 2 1
Solution. Leta, =2— —— — forn=1,2,3,....
n 2"
e Monotonicity:

5 2 1 , 2 1 2 1y
Apg1—Cp = -—— |- (2= )| =t
“ n+1 20l no 2 n(n+1) 20+l

for all n > 1. Thus, a, 41 > a, for all n and the sequence is increasing.



Sequences

Bounded Monotonic Sequences

) 2 1. :
Example. Determine whether the sequence 2 — — — — is monotonic and
n

271
bounded.
. 2 1
Solution. Leta, =2— —— — forn=1,2,3,....
n 2"
e Monotonicity:

5 2 1 , 2 1 2 1y
Apg1—Cp = -—— |- (2= )| =t
“ n+1 20l no 2 n(n+1) 20+l

for all n > 1. Thus, a, 41 > a, for all n and the sequence is increasing.

e Boundedness: Since the sequence is increasing, it is bounded below by its
first term: a; = —1/2.



Sequences

Bounded Monotonic Sequences

) 2 1. :
Example. Determine whether the sequence 2 — — — — is monotonic and
n

271
bounded.

2 1
Solution. Let a, =2 — — — on forn=1,2,3,....
n n

e Monotonicity:

5 2 1 5 2 1 2 n 1 -0
Apg1— Ay = -—— |- (2--—-= ) =t —
“ n+1 20l no 2 n(n+1) 20+l
for all n > 1. Thus, a, 41 > a, for all n and the sequence is increasing.

e Boundedness: Since the sequence is increasing, it is bounded below by its

first term: a; = —1/2. The sequence is also bounded above since
2 1
n — 4 — — S 2
a om
for all n > 1.



Sequences

Bounded Monotonic Sequences

) 2 1. :
Example. Determine whether the sequence 2 — — — — is monotonic and
n

271
bounded.

2 1
Solution. Let a, =2 — — — on forn=1,2,3,....
n n

e Monotonicity:

5 2 1 5 2 1 2 n 1 -0
Apg1— Ay = -—— |- (2--—-= ) =t —
“ n+1 20l no 2 n(n+1) 20+l
for all n > 1. Thus, a, 41 > a, for all n and the sequence is increasing.

e Boundedness: Since the sequence is increasing, it is bounded below by its

first term: a; = —1/2. The sequence is also bounded above since
2 1
n=2-C oo <2
a om

for all n > 1. Thus, the sequence is bounded.



Sequences

Bounded Monotonic Sequences

) 2 1. :
Example. Determine whether the sequence 2 — — — — is monotonic and
n

271
bounded.

2 1
Solution. Let a, =2 — — — on forn=1,2,3,....
n n

e Monotonicity:

5 2 1 , 2 1 2 1y
Apg1—Cp = -—— |- (2= )| =t
“ n+1 20l no 2 n(n+1) 20+l

for all n > 1. Thus, a, 41 > a, for all n and the sequence is increasing.

e Boundedness: Since the sequence is increasing, it is bounded below by its

first term: a; = —1/2. The sequence is also bounded above since
2 1
n=2-C oo <2
a om

for all n > 1. Thus, the sequence is bounded. By the Monotonic Sequence

Theorem, the sequence converges. 8
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Infinite Series

Given a sequence of numbers {a,}, an expression of the form
a1 taztaz+-tan+o
is called an infinite series.
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Given a sequence of numbers {a,}, an expression of the form
a1 taztaz+-tan+o
is called an infinite series. The number a, is the nth term of the series.



Given a sequence of numbers {a,}, an expression of the form
a1 taztaz+-tan+o
is called an infinite series. The number a, is the nth term of the series. The

sequence {sy} defined by
S1 = a1

S2 = a1 + az

: n
Sn:a1+a2+"'+an:§ Qg
k=1

is the sequence of partial sums of the series, the number s,, being the nth partial
sum.



Infinite Series

Given a sequence of numbers {a,}, an expression of the form
a1 +az+as+-+an+-
is called an infinite series. The number a, is the nth term of the series. The
sequence {sy} defined by
S1 = a1

S2 = a1 + az

n
Sp=a1taz+ - +an = g Qg
k=1

is the sequence of partial sums of the series, the number s,, being the nth partial
sum. If the sequence of partial sums {s,} converges to a limit L, then we say that
the series converges and that its sum is L. In this case, we write

a1+a2+-~~+an+~--zzan=L.
n=1



Infinite Series

Given a sequence of numbers {a,}, an expression of the form
a1 +az+as+-+an+-
is called an infinite series. The number a, is the nth term of the series. The
sequence {sy} defined by
S1 = a1

S2 = a1 + az

n
Sp=a1taz+ - +an = g Qg
k=1

is the sequence of partial sums of the series, the number s,, being the nth partial
sum. If the sequence of partial sums {s,} converges to a limit L, then we say that
the series converges and that its sum is L. In this case, we write

a1+a2+-~~+an+~--zzan=L.
n=1

If the sequence of partial sums of the series does not converge, then we say that the
series diverges.



Infinite Series

1+1+1+1+ =7
2 4 8 o

10



Infinite Series

1+ ! + ! + ! + =7
2 4 8 o
Partial sum Value Suggestive .expression
for partial sum
First: s1=1 1 2—1
1 3 1
: =1+ - — 92— =
Second S + 5 5 5
1 1 7 1
Third: =14+-+4+- - 9_ =
" ity 1 1
1 1 1 2" —1 1
nth: Sn = 1+§+Z++ 271,—1 277,—1 2 - 277,—1

10



Infinite Series

1+ ! + ! + ! 4o =7
2 4 8 o
Partial sum Value Suggestive .expression
for partial sum
First: s1=1 1 9_1
1 3 1
: =1+ - — 92— =
Second S9 + 5 5 >
1 1 7 1
Third: =14+-+- - 9_ =
" 83 + 3 + 1 1 1
1 1 1 2" —1 1
nth: Sp=1+=-+-+ -+ 9 _




Infinite Series

Geometric Series

Geometric series are series of the form
o0
2 n—1 o n—1
a-+ar—+ar”+---+ar +-~-—§ ar
n=1

in which a and r are fixed real numbers and a # 0. The series can also be
written as Y ar”.

11



Infinite Series

Geometric Series

Geometric series are series of the form
o0
2 n—1 o n—1
a-+ar—+ar”+---+ar +-~-—§ ar
n=1

in which a and r are fixed real numbers and a # 0. The series can also be
written as ZZOZO ar™. The ratio r can be positive, as in

il 1nil+ —1/2,a=1
21 2 o TEAS A=

or negative, as in

R + 1n71+ =-1/3,a=1
3 9 3 . r= , 4 =

11



Infinite Series

Geometric Series

Geometric series are series of the form
o0
2 n—1 o n—1
a-+ar—+ar”+---+ar +-~-—§ ar
n=1

in which a and r are fixed real numbers and a # 0. The series can also be
written as ZZO:O ar™. The ratio r can be positive, as in

1+1+1+ + 1 ”*1+ =1/2,a=1
2 "1 2 o TEAS e
or negative, as in
1 1—1—1 + L ”*1+ =-1/3,a=1
515 3 . r= ,a=

If » =1, the nth partial sum of the geometric series is
sp=a+a(l)+a(1)? +---+a(1)" ! = na, and the series diverges because
lim,,_, $, = £00, depending on the sign of a. If r = —1, the series diverges

because the nth partial sums alternate between a and 0.
11



Infinite Series

Geometric Series

Suppose that |r| # 1.

12
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Geometric Series

Suppose that |r| # 1.

Sp=a+ar+ar®+---+ar"!

12
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Geometric Series

Suppose that |r| # 1.

Sp=a+ar+ar®+---+ar"!

T8y = ar +ar* +ard + -+ ar”

12



Infinite Series

Geometric Series

Suppose that |r| # 1.

Sp=a+ar+ar®+---+ar"!
_ 2 3 n
TS, =ar +ar” +ar® +---+ar

Sp — TSy, =a—ar”

12



Infinite Series

Geometric Series

Suppose that |r| # 1.

Sp=a+ar+ar®+---+ar"!

T8y = ar +ar* +ard + -+ ar”
Sp — TSy, =a—ar”

Sp(l=r)=a(l —7r")

12



Infinite Series

Geometric Series

Suppose that |r| # 1.

Sp=a+ar+ar®+---+ar"!

rsp,=ar+ar>+ar®+ -+ ar®
Sp — TSy, =a—ar”
Sp(l=r)=a(l —7r")
17,77/
Snza( 7r )7 (T?él)

1—r

12



Infinite Series

Geometric Series

Suppose that |r| # 1.

Sp=a+ar+ar®+---+ar"!

rsp,=ar+ar>+ar®+ -+ ar®
Sp — TSy, =a—ar”
Sp(l=r)=a(l —7r")
17,77/
Snza( 7r )7 (T?él)

1—r

a/(l—r):

o0

a
Zar”_lzl_r, Ir| < 1.

n=1

If || > 1, the series diverges.

If |r| < 1, the geometric series a + ar +ar? + -+« +ar™ 1 +...

converges to

12



Infinite Series

Geometric Series

Example. The geometric series with a = 1/9 and r = 1/3 is

13



Infinite Series

Geometric Series

Example. The geometric series with a = 1/9 and r = 1/3 is

111 /"t 19
wratexs) -

1

G

13



Infinite Series

Geometric Series

Example. The geometric series with a = 1/9 and r = 1/3 is

111 /" 19
rrtat=2s(s) “roam

Example. Consider the series

— (-1)"5 5 5
2 T TS
n=0

This series is a geometric series with @ =5 and r = —1/4.

1

G

13



Infinite Series

Geometric Series

Example. The geometric series with a = 1/9 and r = 1/3 is

00 1 (1>nl 1/9 71

3 T 1-(1/3) 6

Example. Consider the series

= (=1)"5 5 5
—5_Z 4 2 _ ...
Z 4n 4 * 16
n=0
This series is a geometric series with a = 5 and » = —1/4. It converges to
5
- =4

1—r 1—(-1/4)

13



Infinite Series

Geometric Series

Example. You drop a ball from a meters above a flat surface. Each time the
ball hits the surface after falling a distance h, it rebounds to a distance rh,
where 7 is positive but less than 1. Find the total distance the ball travels up

and down.

Solution.

14
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Example. You drop a ball from a meters above a flat surface. Each time the
ball hits the surface after falling a distance h, it rebounds to a distance rh,
where 7 is positive but less than 1. Find the total distance the ball travels up

and down.

Solution.
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Infinite Series

Geometric Series

Example. You drop a ball from a meters above a flat surface. Each time the
ball hits the surface after falling a distance h, it rebounds to a distance rh,
where 7 is positive but less than 1. Find the total distance the ball travels up

and down.

Solution.
The total distance is

s = a+2ar + 2ar?® 4 2ar3 + - -

This sum is 2ar/(1—7).

ar

14




Infinite Series

Geometric Series

Example. You drop a ball from a meters above a flat surface. Each time the
ball hits the surface after falling a distance h, it rebounds to a distance rh,
where 7 is positive but less than 1. Find the total distance the ball travels up

and down.

Solution.
The total distance is
2ar 1+7r

=a .
1—1r 1—r

s = a+2ar + 2ar® +2ar® + -+ = a+

This sum is 2ar/(1—7).

ar

14




Infinite Series

Geometric Series

Example. You drop a ball from a meters above a flat surface. Each time the
ball hits the surface after falling a distance h, it rebounds to a distance rh,
where 7 is positive but less than 1. Find the total distance the ball travels up
and down.

Solution.

The total distance is

) 2ar 1+7r
s = a+2ar + 2ar® + 2ar® + -+ = a+ ar =a +7.
1—r 1—r

This sum is 2ar/(1—7).

ar [--{----

If a =6 m and r = 2/3, for instance, the distance is

Y N O S O A W _ L 2/3) (53 _
o (i) 0

14



Infinite Series

Geometric Series

Example. Express the repeating decimal 5.232323. .. as the ratio of two
integers.

15



Infinite Series

Geometric Series

Example. Express the repeating decimal 5.232323. .. as the ratio of two
integers.

Solution. From the definition of a decimal number, we get a geometric series:

23 23 23
5232323, =54 o0 4 =0 =0
100 T ooz oo "

15



Infinite Series

Geometric Series

Example. Express the repeating decimal 5.232323. .. as the ratio of two
integers.

Solution. From the definition of a decimal number, we get a geometric series:

23 23 23
5232323, =54 o0 4 =0 =0
100 T ooz oo "

23 1 1
=5+ — (14— — 4. =1,r=1/1
+100 ( +100+1002+ ) a=1,r=1/100

1/(1—0.01)

15
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Geometric Series

Example. Express the repeating decimal 5.232323. .. as the ratio of two
integers.

Solution. From the definition of a decimal number, we get a geometric series:

23 23 23
5232323, =54 o0 4 =0 =0
100 T ooz oo "

23 1 1
=5+ — (14— — 4. =1,r=1/1
+ ( +100+1002+ ) a=1,r=1/100

1/(1—0.01)
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Infinite Series

Geometric Series

Example. Express the repeating decimal 5.232323. .. as the ratio of two
integers.

Solution. From the definition of a decimal number, we get a geometric series:

23 23 23
5232323, =54 o0 4 =0 =0
100 T ooz oo "

23 1 1
=5+ — (14— — 4. =1,r=1/1
+ ( +100+1002+ ) a=1,r=1/100

1/(1—0.01)

5o B (1 5,28 _5I8
2T 100\099) "7 T 99 99

15



Infinite Series

o0
1
Example. Find the sum of the "telescoping” series _ .
n; n(n+1)

16



Infinite Series

o0
1
Example. Find the sum of the "telescoping” series _ .
n; n(n+1)

Solution. 1 B 1 1

nin+1) n n+l

16



Infinite Series

9 1
Example. Find the sum of the "telescoping” series _
p ping” nZl T 1)
Solution. 1 1 1
n(n+1) “n on+1

-y sy ()
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Infinite Series

9 1
Example. Find the sum of the "telescoping” series _
p ping” nZl T 1)
Solution. 1 1 1
n(n+1) “n on+1

-y sy ()

and the kth partial sum is

16



Infinite Series

o0
1
Example. Find the sum of the "telescoping” series _—
nzl n(n + )

Solution. 1 1 1
n(n+1) “n on+1

-y sy ()

PR (E N W (SO I (U DRI (L
P12 2 3 3 4 k k+1)°

16



Infinite Series

9 1
Example. Find the sum of the "telescoping” series 1)
p ping” nZl TPy
Solution. 1 1 1
n(n+1) “n on+1

-y sy ()

and the kth partial sum is

-G D (D -rk)

16



Infinite Series

o0
1
Example. Find the sum of the "telescoping” series _—
nzl n(n + )

Solution. 1 1 1
n(n +1) n n+l

-y sy ()

and the kth partial sum is

-G -D (D -rk)

Removing parentheses and canceling adjacent terms of opposite sign collapses

the sum to

16



Infinite Series

o0
1
Example. Find the sum of the "telescoping” series _—
nzl n(n + )

Solution. 1 1 1
n(n +1) n n+l

-y sy ()

and the kth partial sum is

-G -D (D -rk)

Removing parentheses and canceling adjacent terms of opposite sign collapses

the sum to 1

k+1
We now see that s — 1 as k — oco. The series converges, and its sum is 1.

sp=1-—

16



Infinite Series

The nth-Term Test for a Divergent Series

oo
If > a, converges, then a,, — 0.
n=1

17



Infinite Series

The nth-Term Test for a Divergent Series

oo
If > a, converges, then a,, — 0.
n=1

From this theorem, we get a useful test for divergence:

The nth-Term Test for Divergence

o0
> ay, diverges if lim a, fails to exist or is different from zero.
’I’L::l n—oo

17



Infinite Series

The nth-Term Test for a Divergent Series

Example. The following are examples of divergent series.

(o]
(a) > n? diverges because n? — co.
n=1

18



Infinite Series

The nth-Term Test for a Divergent Series

Example. The following are examples of divergent series.

(o]
(a) > n? diverges because n? — co.
n=1

n+1

& 1
(b) > nrl diverges because

n=1 n n

— 1. lim, ,ca, #0

18



Infinite Series

The nth-Term Test for a Divergent Series

Example. The following are examples of divergent series.

(o]
(a) > n? diverges because n? — co.
n=1

< n41 1
(b) > % diverges because nz — 1. lim, .o a, #0
n=1
o0
(c) > (—1)"*! diverges because lim,, o, (—1)""! does not exist.
n=1

18



Infinite Series

The nth-Term Test for a Divergent Series

Example. The following are examples of divergent series.

(o]
(a) > n? diverges because n? — co.

n=1
& 1 1
(b) 21 % diverges because nz — 1. lim, oo an #0

(c) > (—1)"*! diverges because lim,, o, (—1)""! does not exist.

n=1
co -n 1
(d) 71]2:31 s diverges because lim,, ﬁ =35 # 0.

18



Infinite Series

Combining Series

If > a, = A and ) b, = B are convergent series, then
1. Sum Rule: > (an +by) => an+> b, =A+ B

19
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Combining Series

If > a, = A and ) b, = B are convergent series, then
1. Sum Rule: Y (an +by) =>a,+>.b,=A+ B
2. Difference Rule: Y (an —bp) => an —> . b, =A—B

19
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Combining Series

If > a, = A and ) b, = B are convergent series, then
1. Sum Rule: > (an +by) => an+> b, =A+ B
2. Difference Rule: Y (an —bp) => an —> . b, =A—B
3. Constant Multiple Rule: > (ka,) = k> a, = kA for any constant k
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Infinite Series

Combining Series

If > a, = A and ) b, = B are convergent series, then
1. Sum Rule: > (an +by) => an+> b, =A+ B
2. Difference Rule: Y (an —bp) => an —> . b, =A—B
| 3. Constant Multiple Rule: Y (kay) = k> a, = kA for any constant k

1. Every nonzero constant multiple of a divergent series diverges.
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Combining Series

If > a, = A and ) b, = B are convergent series, then
1. Sum Rule: > (an +by) => an+> b, =A+ B
2. Difference Rule: Y (an —bp) => an —> . b, =A—B
3. Constant Multiple Rule: > (ka,) = k> a, = kA for any constant k

1. Every nonzero constant multiple of a divergent series diverges.

2. If 3" a, converges and >_ b, diverges, then > (a, +b,) and > (a, — b,)
both diverge.

\ J
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Infinite Series

Combining Series

If > a, = A and ) b, = B are convergent series, then

1.
2.
3.

Sum Rule: Y (an +by) => an+> b, =A+ B
Difference Rule: > (an, —bn) =Y an—> b, =A—B
Constant Multiple Rule: Y (kay) = k> a, = kA for any constant k

\

. Every nonzero constant multiple of a divergent series diverges.

If > a,, converges and > b, diverges, then > (a, + b,) and > (a, — by,)
both diverge.

7

Caution: Remember that > (a,, + b,) can converge when > a,, and >_ b,, both
diverge. For example, > a, =14+1+1+--- and

> by =(=1)+(=1)+(=1) +--- both diverge, but

S (an+b,) =0+0+4+0+--- converges to 0.
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Infinite Series

Combining Series

Example.
N
Z 6n—1

n=1
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Infinite Series

Combining Series

Example.

3 -1 1 1
Z 6n—1 - Z 2n—1 B 6n—1
n=1 n=1
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Infinite Series

Combining Series

Example.

3t — S 1
Zl gn—1 Z (271 1 n—l)
[eS) [eS) 1
Z B Zl 6n—1

Difference Rule
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Infinite Series

Combining Series

Example.

3 -1 1 1
Z 6n—1 - Z 2n—1 B 6n—1
n=1 n=1

Difference Rule

I
NE
=l
‘\
o
Tb—*

Geometric Series with a =1 and r =1/2,1/6
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Infinite Series

Combining Series

Example.

3 -1 1 1
Z 6n—1 - Z 2n—1 B 6n—1
n=1 n=1

Difference Rule

I
NE
=l
‘\
o
Tb—*

n=1 2 n=1
B 1 1 . ) .
= 1= (1/2) 1= (1/6) Geometric Series with a =1 and r =1/2,1/6
B 6 4
=2-=x
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Infinite Series

Adding or Deleting Terms

We can add a finite number of terms to a series or delete a finite number of
terms without altering the series’ convergence or divergence, although in the
case of convergence this will usually change the sum. If >"°° | a,, converges,
then Y, a, converges for any k > 1 and

Zan=a1+a2+--~+ak—1+zan-

n=1 n=k
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Infinite Series

Adding or Deleting Terms

We can add a finite number of terms to a series or delete a finite number of
terms without altering the series’ convergence or divergence, although in the
case of convergence this will usually change the sum. If >"°° | a,, converges,
then Y, a, converges for any k > 1 and

Zan=a1+a2+--~+ak—1+zan-

n=1 n=k

. 0o o)
Conversely, if >~ , a,, converges for any k > 1, then > " | a,, converges.

o0

11 1 1 =1
n7157_5+%+125+n§5n

and
f:i_ f:i R
5n o \&=5n) 50 25 125
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Infinite Series

Reindexing

—a1+a2+a3+-~~

I
]
S
il
>
!

= Z Qp4p = Q1 + a2 +ag+---

o'}
D> an
n=1

') e’}
D>
n=1

Reindexing a series means to change the index of summation by adding or
subtracting a constant h and adjusting the terms accordingly. This does not
change the value of the series, since the sequence of partial sums remains the

Same.
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Infinite Series

Reindexing

S [eS)
> an= Y ann=a1+az+az+-
n=1 n=1+h

o0 o0
E On = E Onth =01 + a2 +az+---
n=1 n=1—h

Example. We can write the geometric series

Z 1 :1+1_~_1+...

2n—1 2 4
n=1
as oS o0 )
1 1 1
Z ﬁ’ Z on—>5" or even Z on+4d”
n=0 n=>5 n=—4

The partial sums remain the same no matter what indexing we choose.
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