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Lecture 24: Infinite Sequences and Series (Continued)




Infinite Series (Continued)

Alternating Series, Absolute and Conditional Convergence



Infinite Series (Continued)



Infinite Series

A series Y | a, of nonnegative terms converges if and only if its partial sums

are bounded from above.
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The Integral Test

Theorem. The Integral Test

Let {a,} be a sequence of positive terms. Suppose that a, = f(n), where f
is a continuous, positive, decreasing function of x for all x > N (N a positive

integer). Then the series > \ a, and the integral [,° f(x) dx either both
converge or both diverge.
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The Integral Test

Example. Show that the p-series
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(p a real constant) converges if p > 1, and diverges for p < 1.
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So the series converges by the Integral Test. 5
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The Integral Test

Example. Show that the p-series
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Solution. If p <1, then1—p > 0. Then,
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The series diverges by the Integral Test.
If p =1, we have the (divergent) harmonic series
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In conclusion, we have convergence for p > 1 but divergence for all other values
of p.
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positive, and decreasing for x > 1.
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Solution. Consider the function f(x) = — 1
X
positive, and decreasing for x > 1. To determine whether the series converges,

we evaluate the improper integral

oo

1
—d
/x2+1 x

1



The Integral Test

1
n?+1

Example. Show that the series Y, ( > converges.

. This function is continuous,

Solution. Consider the function f(x) = — 1
X
positive, and decreasing for x > 1. To determine whether the series converges,

we evaluate the improper integral

[e'e) t

1 .
/xz—&—ld)<7tllﬁrgc/x2 1dX
1 1



The Integral Test

1
n?+1

Example. Show that the series Y, ( > converges.

. This function is continuous,

Solution. Consider the function f(x) = — 1
X
positive, and decreasing for x > 1. To determine whether the series converges,

we evaluate the improper integral

e’} t

1 . 1 . —1 t
/de7tll)r2c/X27—HdX7tll>rgo [tan X]l
1 1



The Integral Test

1
n?+1

Example. Show that the series Y, ( > converges.

. This function is continuous,

Solution. Consider the function f(x) = — 1
X
positive, and decreasing for x > 1. To determine whether the series converges,

we evaluate the improper integral

e’} t
1 . 1 . —1 t
/mdx—tlﬂc/mdx—tl&[tan X]l
1 1
= lim (tan™'t —tan"11)
t— 00



The Integral Test

1
n?+1

Example. Show that the series Y, ( > converges.

. This function is continuous,

Solution. Consider the function f(x) = — 1
X
positive, and decreasing for x > 1. To determine whether the series converges,

we evaluate the improper integral

[e'e) t
1 1
/X2_~_1dx7tllﬁrgc/x2 1dxft|Lrgo[tan X]
1 1
— lim(tantt—tant1) =L T T
l)ngc(an an~"1) 5" 1= 1



The Integral Test

1
Example. Show that the series Y, ( 7 1> converges.
n
Solution. Consider the function f(x) = — 1 This function is continuous,
X

positive, and decreasing for x > 1. To determine whether the series converges,
we evaluate the improper integral
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Since the integral converges, by the Integral Test the series also converges.



Comparison Tests

Theorem. The Comparison Test

Let " an, Y. cn, and Y d, be series with nonnegative terms. Suppose that for
some integer N
d,<a,<cp,forall n>N.

(a) If > c, converges, then > a, also converges.

(b) If > d, diverges, then > a, also diverges.
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Comparison Tests

Example. Consider the series
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5
Since the harmonic series >~ (1/n) diverges, by the Comparison Test, part
(b), the series also diverges.



Comparison Tests

Example. Consider the series
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This series converges because its nth term
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is less than the nth term of the convergent p-series with p = 2.
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Comparison Tests

Example. Consider the series
— 1 1 1 1
Yo o=l+ 5 to g T
n! 1! 3!
n=0
Notice that the terms of this series are all positive and less than or equal to the

corresponding terms of
— 1 1 1
1 _— = 1 1 — J— “ e
D o =11ttt
n=0
which is a convergent geometric series. So by the Comparison Test, the given

series converges. We also have
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The fact that 3 is an upper bound for the partial sums of >~ (1/n!) does not

mean that the series converges to 3.
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convergent geometric series

So by the Comparison Test, the given series converges.
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Comparison Tests

The Limit Comparison Test

Theorem. Limit Comparison Test

Suppose that a, > 0 and b, > 0 for all n > N (N an integer).
LIf lim 27 = ¢ >0, then > a, and >_ b, both converge or both diverge.

Jm B,
2. If lim an _ 0 and > b, converges, then > a, converges.
n—oo n
3.0 lim 2% = oo and > b, diverges, then )" a, diverges.
n—oo n
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The Limit Comparison Test

Example. Which of the following series converge, and which diverge?
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The Limit Comparison Test

Example. Which of the following series converge, and which diverge?
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Solution. Let a, = (2n+1)/(n* + 2n+ 1).
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The Limit Comparison Test

Example. Which of the following series converge, and which diverge?
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(a)4+ +T6+ Z( +1)2 Z_:ln2+2n+1

Solution. Let a, = (2n+1)/(n* +2n+ 1). For large n, we expect a, to
behave like 2n/n? = 2/n since the leading terms dominate for large n, so

we let b, =1/n.
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The Limit Comparison Test
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The Limit Comparison Test
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The Limit Comparison Test
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The Limit Comparison Test

Example. Which of the following series converge, and which diverge?
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Solution. Let a, = (1L + nlnn)/(n* +5).
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The Limit Comparison Test

Example. Which of the following series converge, and which diverge?

1+2In2 1+3In3 1—|—4|n4 > 1+ nlnn
© —5—*—1 T =X T2is

Solution. Let a, = (14 nlnn)/(n®+5). For large n, we expect a, to
behave like (nlnn)/n?> = (In n)/n, which is greater than 1/n for n > 3, so
we let b, =1/n.
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The Limit Comparison Test

Example. Which of the following series converge, and which diverge?
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from the Limit Comparison Test, > a, also diverges.
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The Ratio and Root Tests

Theorem. The Ratio Test

Let Y a, be a series with positive terms and suppose that

. dn+1
lim 28 =
n—o0 an

Then
(a) the series converges if p < 1,

(b) the series diverges if p > 1 or p = o0,

(c) the test is inconclusive if p = 1.




The Ratio and Root Tests

Example. Investigate the convergence of the following series.

n=0 n=1

oo

(a)

Solution.
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The Ratio and Root Tests

Example. Investigate the convergence of the following series.

"4+5 = (2n)!
b
e 3n (b) HZ:; n'n!
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(a)

Solution. We apply the Ratio Test to each series.
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The Ratio and Root Tests

Example. Investigate the convergence of the following series.

"4+5 = (2n)!
b
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The Ratio and Root Tests

Example. Investigate the convergence of the following series.

"4+5 = (2n)!
b
e 3n (b) HZ:; n'n!

oo

(a)

Solution. We apply the Ratio Test to each series.

2"+5
(a) Let a, = 37—: Then

5

a1 _ 27045 3 2ml45 1 2T 1 21 2

a 31 2n+5 - 2745 35 3 1 3 3
2n

The series converges because p = 2/3 is less than 1.
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The Ratio and Root Tests

Example. Investigate the convergence of the following series.

"4+5 = (2n)!
b
e 3n (b) HZ:; n'n!

oo

(a)

Solution. We apply the Ratio Test to each series.

2"+5
(a) Let a, = 3—: . Then

5

a1 _ 27045 3 2ml45 1 2T 1 21 2

a 31 2n+5 - 2745 35 3 1 3 3
2n

The series converges because p = 2/3 is less than 1. This does not mean
that 2/3 is the sum of the series. In fact,

oo

. 2"4+5 2\" = /1)" 1 1 21
2 :;0(3> +5nz_0(3> R S

1
n=0 3 3
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Example. Investigate the convergence of the following series.
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b
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Example. Investigate the convergence of the following series.

"+5 = (2n)!
b
= 3n (b) HZ:; n'n!

oo

(a)

Solution. We apply the Ratio Test to each series.

(b) If a, = % then apy1 — m Thus,
a1 2+ 1) nln!

an  (n+D(n+1) (2n)
(2n+2)(2n+1)(2n)!  nln!

(n+1)(n+Dnlnl  (2n)!
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~ (h+1)(n+1)  n+1

— 4 as n — o0.

Since p =4 > 1, the series diverges.
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The Ratio and Root Tests

Theorem. The Root Test

Let > a, be a series with a, > 0 for n > N, and suppose that

lim /a, = p.

n— o0

Then (@) the series converges if p < 1, (b) the series diverges if p > 1 or

p = 00, and (c) the test is inconclusive if p = 1.

J




The Ratio and Root Tests

Example. Which of the following series converge, and which diverge?

[ee] n2 o0 2’7 o0 1 n
@Y BYn © Z(H)

Solution. We apply the Root Test to each series.

2

n

Ltn:—
(a) Let a 5
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Since p = % < 1, the series converges.
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Alternating Series, Absolute and Conditional Convergence

A series in which the terms are alternately positive and negative is an

alternating series. Here are three examples:

o0 1 1 1 1 1 (—1)m+
B e s O St A T
« LU 237475 + +
- 1 1 1 1 1
Rl e A e AR TR

(-1t =1-24+3-4+5— ..

n=1

« 3 ncos(m(n—1)) =

n=1

18



Alternating Series, Absolute and Conditional Convergence

A series in which the terms are alternately positive and negative is an

alternating series. Here are three examples:

s 1 1 1 1 1 (—1)"+
B e s O St A T
¢ LD »t3 sty T +
1 1 1 1 1

® (1o — 2y T
e e I T ATl Y s
e ncos(m(n—1))=Sn(-1)"1=1-2+3—-4+5—---.

n=1

n=1
We see from these examples that the terms of an alternating series can be

written in the form

where u, = |a,| > 0 for all n.

18



Alternating Series, Absolute and Conditional Convergence

Theorem. The Alternating Series Test (Leibniz's Test)

The series

oo

Z(—l)nHUn = Uy — Uy U3 — Uyt

n=1
converges if all three of the following conditions are satisfied:
1. The u,'s are all positive.

2. The positive u,'s are (eventually) nonincreasing: u, > up,41 for all
n > N, for some integer .

3. lim u, =0.
n—o0o




Alternating Series, Absolute and Conditional Convergence

Example. Determine whether the alternating harmonic series

oo

Z(_l)nJrl%

n=1

converges or diverges.

20



Alternating Series, Absolute and Conditional Convergence

Example. Determine whether the alternating harmonic series

oo

Z(_l)nJrl%

n=1

converges or diverges.

. 1
Solution. Let u, = —.
n

20



Alternating Series, Absolute and Conditional Convergence

Example. Determine whether the alternating harmonic series

oo

Z(_l)nJrl%

n=1

converges or diverges.

. 1 "
Solution. Let u, = —. Then the u,’s are all positive.
n

20



Alternating Series, Absolute and Conditional Convergence

Example. Determine whether the alternating harmonic series
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Solution. Let u, = —. Then the u,'s are all positive. Also, the sequence {u,}
n

is nonincreasing because

1
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S|

U, = — > = Upyq for all n > 1.
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Alternating Series, Absolute and Conditional Convergence

Example. Determine whether the alternating harmonic series

oo

Z(_l)nJrl%

n=1
converges or diverges.

. 1 "
Solution. Let u, = —. Then the u,'s are all positive. Also, the sequence {u,}

is nonincreasing because

1
>
“n+1

S|

U, = = Upyq for all n > 1.

Finally, lim u, = lim — = 0. Since all three conditions of the Alternating
n— o0 n—oo N

Series Test are satisfied, the series converges.
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Alternating Series, Absolute and Conditional Convergence

Example. Determine whether the series

oo

Z(_l)n+llnTn

n=3

converges or diverges.
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Example. Determine whether the series

oo

Z(_l)n+llnTn

n=3

converges or diverges.

. Inn .
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n

f(x) = InTx
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Example. Determine whether the series
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n=3

converges or diverges.

. Inn .
Solution. Let u, = —. Then the u,’s are all positive for n > 3. Let
n

I
f(x) = % Then o
—Inx

f'(x)—T<0forx2e.
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Alternating Series, Absolute and Conditional Convergence

Example. Determine whether the series

oo

Z(_l)n+1|nTn

n=3

converges or diverges.

. Inn .
Solution. Let u, = —. Then the u,’s are all positive for n > 3. Let
n

In x
f(x)=—Th
(x) - en o
f'(x):;izm{ < 0 for x > e.
Thus, f(x) is decreasing for x > e, which means that the sequence {u,} is

decreasing for n > 3.
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n

Inx

f(x) = - . Then

f'(x):% < 0 for x > e.
Thus, f(x) is decreasing for x > e, which means that the sequence {u,} is
decreasing for n > 3. Finally, I|m up, = nangc InT = 0 by L'Hépital's Rule.
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Alternating Series, Absolute and Conditional Convergence

Example. Determine whether the series

oo

Z(_l)n+1|nTn

n=3

converges or diverges.

. Inn .
Solution. Let u, = —. Then the u,’s are all positive for n > 3. Let
n

I
f(x)= r;x Then o
—Inx

f'(x):T<0forx2e.

Thus, f(x) is decreasing for x > e, which means that the sequence {u,} is

I
decreasing for n > 3. Finally, I|m up, = lim on_ 0 by L'Hopital’s Rule. In

n—oo N
conclusion, by the Alternatlng Serles Test, the series converges.
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Alternating Series, Absolute and Conditional Convergence

Error estimate for an alternating series

Consider a convergent alternating series

_1\n+1 _ _1)\k+1 - o
Z( )" up, Sn—Z( 1) g, nll_)moosn—L.
n=1 k=1

L
0 S1 R
+u

22
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Error estimate for an alternating series

Consider a convergent alternating series

n+1 _ k+1 ; _
Z(—l) Up, Sp = Z(—l) Uy, nIl_)mOO sp = L.
n=1 k=1
|L — S1|
>
5 R
0 I
— Uy
|L—51| < |U2‘.
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Alternating Series, Absolute and Conditional Convergence

Error estimate for an alternating series

Consider a convergent alternating series

o0 n
z:(—l)”“u,,7 Sp = z:(—l)k“u,<7 lim s, = L.
n=1 k=1 e
IL — snl
L
0 Sn Sn+1 R
‘un-ﬁ-l‘ - |5n+1 — Sp
L—s,| < |upit alternating series with u, | 0).
+
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Alternating Series, Absolute and Conditional Convergence

Error estimate for an alternating series

Theorem. Alternating Series Estimation Theorem

(o)
Suppose that the alternating series > (—1)""u, satisfies the conditions of the

n=1
Alternating Series Test. Then for n > N,
Sp=ty — Uy +uz— -+ (=1)"u,

approximates the sum L of the series with an error whose absolute value is at
most u,.1, the absolute value of the first unused term. Furthermore, the sum
L lies between any two successive partial sums s, and s,;1, and the remainder
LR,, = L — s, has the same sign as the first unused term (—1)""2u, ;.

23



Alternating Series, Absolute and Conditional Convergence

Error estimate for an alternating series

Example. Let us try the preceding theorem on a series whose sum we know.

) SERILEAPRE S S S NS S IS S S
on 2 4 8 16 32 64 128 256 ’
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Alternating Series, Absolute and Conditional Convergence

Error estimate for an alternating series

Example. Let us try the preceding theorem on a series whose sum we know.

> 1 1 1 1 1 1 1 1 1
D)= =1-+ -+ ———+— +

v 2n 24 816 32 64 128 256
Since this is a geometric series with ratio r = —%, its sum is
1
L=———=2/3
(-3

24



Alternating Series, Absolute and Conditional Convergence

Error estimate for an alternating series

Example. Let us try the preceding theorem on a series whose sum we know.

SgptogolplolploLo1o 11
- 2n 7 274 8 16 32 64 128 256
Since this is a geometric series with ratio r = —%, its sum is
1
. . . 1-(-3)
The eighth partial sum is
1 1 1 1 1 1 1 170
=1--+- -4+ ==+ = — =_— =0.6640625.
5 22 8716 32 "6a 128 256 004002
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Alternating Series, Absolute and Conditional Convergence

Error estimate for an alternating series

Example. Let us try the preceding theorem on a series whose sum we know.

i(l)”l—l 1+1 1+1 1+1 1:+1
- on 24 8 16 32 64 128 256
Since this is a geometric series with ratio r = —%, its sum is
1
[=—— =2/3.
- (-}

The eighth partial sum is

by b L9 eedn6as.

®=1-5t 3 8716 26 128 26
According to the Alternating Series Estimation Theorem, the error in using Sg
to approximate L is at most the absolute value of the first unused term, 1/256.
Indeed,
2 1
|Rg| = |L — Sg| = |= — 0.6640625| = 0.0026041666 ... < —— = 0.00390625.
3 256 24



Alternating Series, Absolute and Conditional Convergence

Absolute and Conditional Convergence

A series Y a, is said to be absolutely convergent if the series of absolute
values Y |a,| converges. If > a, converges but > |a,| diverges, then " a, is
said to be conditionally convergent.

25



Alternating Series, Absolute and Conditional Convergence

Absolute and Conditional Convergence

Example. Determine whether the series

is absolutely convergent, conditionally convergent, or divergent.
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Absolute and Conditional Convergence

Example. Determine whether the series

is absolutely convergent, conditionally convergent, or divergent.

Solution. Consider the series of absolute values

S |vry|-2 5

n=0 n=0

(1",
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Alternating Series, Absolute and Conditional Convergence

Absolute and Conditional Convergence

Example. Determine whether the series

is absolutely convergent, conditionally convergent, or divergent.

Solution. Consider the series of absolute values

S |vry|-2 5

n=0 n=0

(1",

This series converges (it is a geometric series with ratio r = 3 < 1).
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Alternating Series, Absolute and Conditional Convergence

Absolute and Conditional Convergence

Example. Determine whether the series

0o . 1
nz=o(_1) >

is absolutely convergent, conditionally convergent, or divergent.

Solution. Consider the series of absolute values

S |vry|-2 5

n=0 n=0

(1",

This series converges (it is a geometric series with ratio r = 2 < 1). Since the
series of absolute values converges, the original series is absolutely convergent.

26
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Absolute and Conditional Convergence

Example. Determine whether the alternating harmonic series

o0

Z(_l)n+l%

n=1

is absolutely convergent, conditionally convergent, or divergent.
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Absolute and Conditional Convergence

Example. Determine whether the alternating harmonic series
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- il =1
;(—1) = =;;
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Absolute and Conditional Convergence

Example. Determine whether the alternating harmonic series

o0

Z(_l)n+l%

n=1
is absolutely convergent, conditionally convergent, or divergent.

Solution. Consider the series of absolute values

- il =1
;(—1) = =;;

This series diverges (it is the harmonic series).
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Alternating Series, Absolute and Conditional Convergence

Absolute and Conditional Convergence

Example. Determine whether the alternating harmonic series

o0

Z(_l)n+l%

n=1
is absolutely convergent, conditionally convergent, or divergent.

Solution. Consider the series of absolute values

- il =1
;(—1) = =;;

This series diverges (it is the harmonic series). Since the original series
converges (by the Alternating Series Test) but the series of absolute values
diverges, the alternating harmonic series is conditionally convergent.

27



Alternating Series, Absolute and Conditional Convergence

Absolute and Conditional Convergence

Theorem. Absolute Convergence Test

If a series > a, is absolutely convergent, then it is convergent. That is, if
> |an| converges, then > a, also converges.
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Absolute and Conditional Convergence

Example. Determine whether the series

is absolutely convergent, conditionally convergent, or divergent.
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Alternating Series, Absolute and Conditional Convergence

Absolute and Conditional Convergence

Example. Determine whether the series

is absolutely convergent, conditionally convergent, or divergent.
Solution. Notice that this series contains both positive and negative terms, but
it is not an alternating series because the signs of the terms do not alternate.
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Absolute and Conditional Convergence

Example. Determine whether the series

is absolutely convergent, conditionally convergent, or divergent.
Solution. Notice that this series contains both positive and negative terms, but
it is not an alternating series because the signs of the terms do not alternate.

Consider the series of absolute values
o0

>

n=1

sinn
2

o0 .
B | sin n
= E ot
n=1

n
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Absolute and Conditional Convergence

Example. Determine whether the series

is absolutely convergent, conditionally convergent, or divergent.
Solution. Notice that this series contains both positive and negative terms, but
it is not an alternating series because the signs of the terms do not alternate.

Consider the series of absolute values
o0

>

n=1

sinn
2

o0 .
B Z | sin n
n? | n?
n=1

Since |sin n| <1 for all n, we have

0<|sinn| 1

n?2 — n?’
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Absolute and Conditional Convergence

Example. Determine whether the series

is absolutely convergent, conditionally convergent, or divergent.

Solution. Notice that this series contains both positive and negative terms, but
it is not an alternating series because the signs of the terms do not alternate.
Consider the series of absolute values

(oo} . o0 .

Z sinn Z | sin n
n? | n?

n=1 n=1

Since |sin n| <1 for all n, we have

0<|sinn| 1

n?2 — n?’

o0
1
The series ) — converges (p-series with p =2 > 1).
n=11
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Absolute and Conditional Convergence

Example. Determine whether the series

is absolutely convergent, conditionally convergent, or divergent.
Solution. Notice that this series contains both positive and negative terms, but
it is not an alternating series because the signs of the terms do not alternate.

Consider the series of absolute values
o0

>

n=1

sinn
2

o0 .
B Z | sin n
n? | n?
n=1

Since |sin n| <1 for all n, we have

0<|sinn| 1

n?2 — n?’

x 1

The series ) — converges (p-series with p = 2 > 1). By the Comparison Test,
n=11

the series of absolute values converges. 29
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Absolute and Conditional Convergence

Example. Determine whether the series

is absolutely convergent, conditionally convergent, or divergent.
Solution. Notice that this series contains both positive and negative terms, but
it is not an alternating series because the signs of the terms do not alternate.

Consider the series of absolute values
o0

>

n=1

sinn
2

o0 .
B Z | sin n
n? | n?
n=1

Since |sin n| <1 for all n, we have

0<|sinn| 1

n?2 — n?’

x 1

The series ) — converges (p-series with p = 2 > 1). By the Comparison Test,
n=11

the series of absolute values converges. Thus the original series also converges. 29
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