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Lecture 25: Infinite Sequences and Series (Continued)




Power Series
The Radius of Convergence of a Power Series
Differentiation and Integration of Power Series

Operations on Power Series

Taylor and Maclaurin Series
Taylor Series for Some Elementary Functions

Other Maclaurin and Taylor Series
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A power series about = = 0 is a series of the form
o0
n __ 2 n
chx =co+cx+cx+---+cpx .
n=0

A power series about z = a is a series of the form

ch(x—a)":co—i—cl(x—a)—i—cQ(x—a)z—|—'~—|—cn(m—a)”+-~~

n=0

in which the center a and the coefficients c,, are constants.



Power Series

Example. Consider the following power series about = = 0:

Zx”:1+x+x2+az3+---+x"+~--.

n=0



Power Series

Example. Consider the following power series about = = 0:

Zx”:1+w+x2+x3+---+x"+~--.

n=0

This is a geometric series with first term 1 and ratio r = x.



Power Series

Example. Consider the following power series about = = 0:

Zx”:1+w+x2+x3+---+x"+~--.

n=0

This is a geometric series with first term 1 and ratio » = x. The series converges
if x| <1 and diverges if |z| > 1.



Power Series

Example. Consider the following power series about = = 0:
[e'e]
Zx”’:1+w+m2+x3+---+x"+~-- .
n=0

This is a geometric series with first term 1 and ratio » = x. The series converges
if x| < 1 and diverges if || > 1. When it converges, its sum is given by

- 1
Zw” =——, |z| <1
n=0 l—z
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Power Series

Example. Consider the following power series:

1;(:1:2)+i(:1:2)2+~~+<;) (x—2)" + -



Power Series

Example. Consider the following power series:

1 1 9 n\" n
17§($72)+1(ZE72) +-~-+<2) (x—=2)"+---
. . . "
Notice that a = 2, and the coefficients are given by ¢, = (—2> .



Power Series

Example. Consider the following power series:

1;(:1:2)+i(w2)2+~~+<;) (x—2)" + -

1 n
Notice that a = 2, and the coefficients are given by ¢, = (—2> . Thisis a

: . 1
geometric series with first term 1 and ratio r = 75(1 —2).



Power Series

Example. Consider the following power series:

1;(:1:2)+i(w2)2+~~+<;) (x—2)" + -

1 n
Notice that a = 2, and the coefficients are given by ¢, = (—2> . Thisis a

geometric series with first term 1 and ratio r = 75(1 —2). The series

converges if
1
‘—2(m—2))<1 = |jz—-2|<2 = 0<z<A4,

and diverges if |2 — 2| > 2.



Power Series

Example. Consider the following power series:

1;(:1:2)+i(w2)2+~~+<;) (x—2)" + -

1 n
Notice that a = 2, and the coefficients are given by ¢, = (—2> . Thisis a

geometric series with first term 1 and ratio r = 75(1 —2). The series

converges if
1
‘—2(m—2))<1 = |jz—-2|<2 = 0<z<A4,

and diverges if |z — 2| > 2. When it converges, its sum is given by

ad 1\" 1 2
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Example. For what values of = do the following power series converge?



Power Series

Example. For what values of = do the following power series converge?

n 11‘ xT xT
(a)z —l‘—?—‘r?—"'



Power Series

Example. For what values of = do the following power series converge?

> " .1‘2 .1‘3
_177,—17: o .
@ Y o= GG

Solution. Apply the Ratio Test to the series > |uy,|, where w,, is the nth term
of the power series in question.



Power Series

Example. For what values of = do the following power series converge?
™ x x
a n 1% =r— .
(a) Z >+

Solution. Apply the Ratio Test to the series > |uy,|, where w,, is the nth term
of the power series in question.
(a) Let u, = (—1)""ta"/n.
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Example. For what values of = do the following power series converge?

> " .1‘2 .1‘3
_177,—17: o .
@ Y o= GG

Solution. Apply the Ratio Test to the series > |uy,|, where w,, is the nth term

of the power series in question.

(a) Let u, = (—1)""'a"/n. Then,

Up41
U,

L = lim

n—r o0
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Example. For what values of = do the following power series converge?
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Solution. Apply the Ratio Test to the series > |uy,|, where w,, is the nth term
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(a) Let u, = (—1)""'a"/n. Then,
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Example. For what values of = do the following power series converge?

> " .1‘2 .1‘3
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@ Y o= GG

Solution. Apply the Ratio Test to the series > |uy,|, where w,, is the nth term
of the power series in question.
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Power Series

Example. For what values of z do the following power series converge?
™ x x
(a)z nl —p— 4 ...

Solution. Apply the Ratio Test to the series > |uy,|, where w,, is the nth term
of the power series in question.
(a) Let u, = (—1)""'a"/n. Then,

Up i1 xn—&-l

L = lim

n—r o0

= lim
n—oo

lim ——z| = |z
= lim x| = |x|.
n+1l x n—oon + 1

By the Ratio Test, the series converges if L = |x| < 1 and diverges if

L=|z|>1.

Un



Power Series

Example. For what values of z do the following power series converge?
™ x x
(a)z nl —p— 4 ...

Solution. Apply the Ratio Test to the series > |uy,|, where w,, is the nth term
of the power series in question.
(a) Let u, = (—1)""'a"/n. Then,

1
Up 41 n+

L = lim

n—r o0

= lim
n—oo

=| = lim ——z| = |z
. = lim x| = |x|.
n+1l x n—oon + 1
By the Ratio Test, the series converges if L = |x| < 1 and diverges if

Un

L = |z| > 1. Now we need to check the endpoints = —1 and z = 1.



Power Series

Example. For what values of z do the following power series converge?
™ x x
(a)z nl —p— 4 ...

Solution. Apply the Ratio Test to the series > |uy,|, where w,, is the nth term
of the power series in question.
(a) Let u, = (—1)""'a"/n. Then,

n+1
L= lim [% = lim 2= tim =) = Ja.
n—00 | Uy n—oo|n+1 x n—oo n 4+ 1
By the Ratio Test, the series converges if L = |x| < 1 and diverges if
L = |z| > 1. Now we need to check the endpoints = —1 and z = 1.

o0
—1)" 1
r=1: Z L converges (by alternating series test).
n
n=1



Power Series

Example. For what values of z do the following power series converge?
™ x x
(a)z nl —p— 4 ...

Solution. Apply the Ratio Test to the series > |uy,|, where w,, is the nth term
of the power series in question.
(a) Let u, = (—1)""'a"/n. Then,

n+1
L= lim [% = lim 2= tim =) = Ja.
n—00 | Uy n—oo|n+1 x n—oo n 4+ 1
By the Ratio Test, the series converges if L = |x| < 1 and diverges if
L = |z| > 1. Now we need to check the endpoints = —1 and z = 1.

o0
—1)" 1
r=1: g L converges (by alternating series test).
n

oo
x=—1: Z — diverges (negative of harmonic series).
n

n=1



Power Series

Example. For what values of z do the following power series converge?
™ x x
(a)z nl —p— 4 ...

Solution. Apply the Ratio Test to the series > |uy,|, where w,, is the nth term
of the power series in question.

(a) Let u, = (—1)""'a"/n. Then,
xn—&-l

L= lim [2* = fim M= fim |z| = |z
n—00 | Uy n—oo|n+1 x n—oo n 4+ 1
By the Ratio Test, the series converges if L = |x| < 1 and diverges if
L = |z| > 1. Now we need to check the endpoints = —1 and z = 1.

o0
—1)" 1
r=1: g L converges (by alternating series test).
n

oo

x=—1: Z — diverges (negative of harmonic series).
n

n=1

So the given power series converges for —1 < = < 1 and diverges elsewhere. 7
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Example. For what values of = do the following power series converge?
2n—1 3 5

x x T
b n 1 _ v I
()Z m_1 "7 37

Solution. Apply the Ratio Test to the series > |uy,|, where w,, is the nth term

of the power series in question.
2n—1

(b) Let u, = (—1)»—122"

2n—1"
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Example. For what values of = do the following power series converge?
2n—1 3 5

x x T
b 711 _ v I
()Z m_1 "7 37

Solution. Apply the Ratio Test to the series > |uy,|, where w,, is the nth term
of the power series in question.
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(b) Letu, = (~1)""'2" . Then,
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Example. For what values of = do the following power series converge?
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b 711 _ v I
()Z m_1 "7 37

Solution. Apply the Ratio Test to the series > |uy,|, where w,, is the nth term
of the power series in question.

(b) Letw, = (-1)"" “Czn " Then,
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Example. For what values of = do the following power series converge?
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Solution. Apply the Ratio Test to the series > |uy,|, where w,, is the nth term
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Example. For what values of = do the following power series converge?
2n—1 3 5

x x T
b 711 _ v I
()Z m_1 "7 37

Solution. Apply the Ratio Test to the series > |uy,|, where w,, is the nth term
of the power series in question.

(b) Letw, = (-1)"" “Czn " Then,
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Power Series

Example. For what values of z do the following power series converge?
2n—1 3 5

x x T
b 711 _ v I
()Z m_1 "7 37

Solution. Apply the Ratio Test to the series > |uy,|, where w,, is the nth term
of the power series in question.

2n—1

(b) Letu, = (~1)""'2" . Then,

Unp+1
Un

22t on — 1 2n —
——| = lim
on+1 a2n1 n—oo 2n + 1
By the Ratio Test, the series converges absolutely if L = 22 < 1 and diverges if
L=2z>>1.

L = lim

n— o0

= lim

n— oo

‘ ‘2 2.
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Example. For what values of z do the following power series converge?
2n—1 3 5

x x T
b 711 _ v I
()Z m_1 "7 37

Solution. Apply the Ratio Test to the series > |uy,|, where w,, is the nth term
of the power series in question.
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(b) Letu, = (~1)""'2" . Then,

Unp+1
Un

22t on — 1 2n —
——| = lim
on+1 a2n1 n—oo 2n + 1
By the Ratio Test, the series converges absolutely if L = 22 < 1 and diverges if
L =22 > 1. Now we need to check the endpoints 2 = —1 and = = 1.

L = lim

n— o0

= lim
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Power Series

Example. For what values of z do the following power series converge?
2n—1 3 5

x x T
b 711 _ v I
()Z m_1 "7 37

Solution. Apply the Ratio Test to the series > |uy,|, where w,, is the nth term

of the power series in question.
2n—1

(b) Letu, = (~1)""'2" . Then,

Up+1 2t op 1 2n —

L= lim = lim ——| = lim \ |2 = 22,
n—00 | Uy, n—oo | 2n + 1 m2n—1 n—oo 2n + 1
By the Ratio Test, the series converges absolutely if L = 22 < 1 and diverges if
L =22 > 1. Now we need to check the endpoints 2 = —1 and = = 1.

1)71 1
r=1: -~ converges (by alternating series test
nzl ST ges (by g )-
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Example. For what values of z do the following power series converge?
2n—1 3 5

x x T
b 711 _ v I
()Z m_1 "7 37

Solution. Apply the Ratio Test to the series > |uy,|, where w,, is the nth term

of the power series in question.
2n—1

(b) Letu, = (~1)""'2" . Then,

Up+1 2t op 1 2n —

L= lim = lim ——| = lim HQ z2.
n—00 | Uy, n—oo | 2n + 1 m2n—1 n—oo 2n + 1
By the Ratio Test, the series converges absolutely if L = 22 < 1 and diverges if
L =22 > 1. Now we need to check the endpoints 2 = —1 and = = 1.

1)71 1
r=1: -~ converges (by alternating series test
nzl ST ges (by g )-

x=—1: converges (by alternating series test).
T WE:l 5, ] converge (by rnating series test)
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Example. For what values of z do the following power series converge?
2n—1 3 5

x x T
b 711 _ v I
()Z m_1 "7 37

Solution. Apply the Ratio Test to the series > |uy,|, where w,, is the nth term

of the power series in question.
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r=1: -~ converges (by alternating series test
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x=—1: converges (by alternating series test).
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So the given power series converges for —1 < x < 1 and diverges elsewhere. 7



Power Series

Example. For what values of = do the following power series converge?
=" 2 a3
c =1 — 4+ —
(€ D p=l+a++5+
n=0
Solution. Apply the Ratio Test to the series > |uy,|, where w,, is the nth term
of the power series in question.
(c) Letu,=2%

n!”
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Example. For what values of = do the following power series converge?
=" 2 a3
c =l+2+ —+ =
(€ D p=l+a++5+
n=0
Solution. Apply the Ratio Test to the series > |uy,|, where w,, is the nth term
of the power series in question.
(c) Letwu, = 2. Then,

Un+1
Unp,

L = lim

n—oo
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Example. For what values of = do the following power series converge?
=" 2 a3
c =l+2+ —+ =
(€ D p=l+a++5+
n=0
Solution. Apply the Ratio Test to the series > |uy,|, where w,, is the nth term
of the power series in question.
(c) Letwu, = 2. Then,

L = lim

n—oo
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Example. For what values of = do the following power series converge?
=" 2 a3
c =l+2+ —+ =
(€ D p=l+a++5+
n=0
Solution. Apply the Ratio Test to the series > |uy,|, where w,, is the nth term
of the power series in question.
(c) Letwu, = 2. Then,

n+1

T n!
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= 0 for all z.
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Example. For what values of = do the following power series converge?
=" 2 a3
c =l+2+ —+ =
(€ D p=l+a++5+
n=0
Solution. Apply the Ratio Test to the series > |uy,|, where w,, is the nth term
of the power series in question.
(c) Letwu, = 2. Then,

zntl n!

(n+1) 2

Un+1
Unp,

— im0 for all 2

n—oo 1 +

L = lim

n—oo

= lim

n—oo

By the Ratio Test, the series converges absolutely for all x.



Power Series

Example. For what values of = do the following power series converge?

o0
(d) Zn!m" =1+a+222+3023 4.
n=0
Solution. Apply the Ratio Test to the series ) |uy|, where u,, is the nth term
of the power series in question.
(d) Let u,, =nla™.
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Example. For what values of = do the following power series converge?

o0
(d) Zn!m" =1+a+222+3023 4.
n=0
Solution. Apply the Ratio Test to the series ) |uy|, where u,, is the nth term
of the power series in question.
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Example. For what values of = do the following power series converge?

o0
(d) Zn!m" =1+a+222+3023 4.
n=0
Solution. Apply the Ratio Test to the series ) |uy|, where u,, is the nth term
of the power series in question.
(d) Let u,, =nla™. Then,
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Example. For what values of z do the following power series converge?

o0
(d) Zn!m" =1+a+222+3023 4.
n=0
Solution. Apply the Ratio Test to the series ) |uy|, where u,, is the nth term
of the power series in question.
(d) Let u,, =nla™. Then,

(n+ 1)lan+!

n!zn

. Un+1
L= lim |2t

n—oo

= lim

n—oo

= lim |z|(n+1) = cofor all z # 0.

Un n—oo

By the Ratio Test, the series diverges for all x # 0. For x = 0, the series is just
1.



Power Series

Theorem. The Convergence Theorem for Power Series

If the power series ZZOZO ant™ = ag + a1z + asx® + - -+ converges at a point
x = ¢ # 0, then it converges absolutely for every x such that |z| < |¢|. If the
series diverges at a point = d, then it diverges for every x such that |z| > |d].




Power Series

The Radius of Convergence of a Power Series

Corollary

The convergence of the series Y ¢,,(x —a)™ is described by one of the following
three cases:

e There is a positive number R such that the series diverges for = with
|z — a|] > R but converges absolutely for z with |z — a|] < R The series
may or may not converge at either of the endpoints x = a — R and
r=a+ R.

e The series converges absolutely for all z (R = o0).

e The series converges at 2 = a and diverges elsewhere (R = 0).

\.




Power Series

The Radius of Convergence of a Power Series

Corollary

The convergence of the series Y ¢,,(x —a)™ is described by one of the following

three cases:

e There is a positive number R such that the series diverges for = with
|z — a|] > R but converges absolutely for z with |z — a|] < R The series
may or may not converge at either of the endpoints x = a — R and
r=a+ R.

e The series converges absolutely for all z (R = o0).

e The series converges at 2 = a and diverges elsewhere (R = 0).

\. J

The number R is called the radius of convergence of the power series, and the
interval of radius R centered at = a is called the interval of convergence. If
the series converges for all values of x, we say its radius of convergence is
infinite. If it converges only at « = a, we say its radius of convergence is zero.



Power Series

The Radius of Convergence of a Power Series

Example. Determine the centre, radius, and interval of convergence of

;(nzﬂ)?)n_n; 3) r1\""3) -

Solution.

10
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The Radius of Convergence of a Power Series

Example. Determine the centre, radius, and interval of convergence of

— (2z+5)" <~ [2\" 1 5\ "
2 n
Solution. Let a,, = m

10
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The Radius of Convergence of a Power Series

Example. Determine the centre, radius, and interval of convergence of

— (2z+5)" = 2\" 1 5\"
;(nzﬂ)?w —; 3) wri\"T2)
2 n
Solution. Let a, — 229" Then
(n?2+1)3"
Uit (n2 + 1)377,
o |~ GZ2n s 2z 20

10
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The Radius of Convergence of a Power Series

Example. Determine the centre, radius, and interval of convergence of

— (2z+5)" = 2\" 1 5\"
;(nzﬂ)?)n_n; 3) wri\"T2)
2 n
Solution. Let a, = 229" rhen,
(n?2+1)3"
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a, (TLQ+2’I’L+2)3"+1|$+ | 3|CC+ ‘

10
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The Radius of Convergence of a Power Series

Example. Determine the centre, radius, and interval of convergence of

— (2z+5)" = 2\" 1 5\"
;(nzﬂ)?)n_n; 3) wri\"T2)
2 n
Solution. Let a, = 229" rhen,
(n?2+1)3"
(pt1 (n? +1)3" 1
= 2 5 — =2 5[.
a, (TLQ+2’I’L+2)3"+1|$+ | 3|CC+ ‘

By the Ratio Test, the series converges if

1
—12 5l <1
3| x + 5|

10
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The Radius of Convergence of a Power Series

Example. Determine the centre, radius, and interval of convergence of

— (2z+5)" = 2\" 1 5\"
;(nzﬂ)?)n_n; 3) wri\"T2)
2 n
Solution. Let a, = 229" rhen,
(n?2+1)3"
(pt1 (n? +1)3" 1
= 2 5 — =2 5[.
a, (TLQ+2’I’L+2)3"+1|$+ | 3|CC+ ‘

By the Ratio Test, the series converges if

1
§|2z+5|<1 = [2x+5|<3

10
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The Radius of Convergence of a Power Series

Example. Determine the centre, radius, and interval of convergence of

— (2z+5)" = 2\" 1 5\"
;(nzﬂ)?)n_n; 3) wri\"T2)
2 n
Solution. Let a, = 229" rhen,
(n?2+1)3"
(pt1 (n? +1)3" 1
= 2 5 — =2 5[.
a, (TLQ+2’I’L+2)3"+1|$+ | 3|CC+ ‘

By the Ratio Test, the series converges if

1
g|2z+5|<1 = |2z45|<3 = —d<z<-1,

10
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The Radius of Convergence of a Power Series

Example. Determine the centre, radius, and interval of convergence of

— (2z+5)" = 2\" 1 5\"
;(nzﬂ)?)n_n; 3) wri\"T2)
2 n
Solution. Let a, = 229" rhen,
(n?2+1)3"
(pt1 (n? +1)3" 1
= 2 5 — =2 5[.
a, (TLQ+2’I’L+2)3"+1|$+ | 3|CC+ ‘

By the Ratio Test, the series converges if

1

g|2z+5| <l = [2z+45]<3 = —d<z<-I,
and it diverges if z > —1 or x < —4.

10



Power Series

The Radius of Convergence of a Power Series

Example. Determine the centre, radius, and interval of convergence of

;(nzﬂ)?)n_n; 3) r1\""3) -

Solution.
We need to check separately the endpoints x = —4 and x = —1:
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Power Series
The Radius of Convergence of a Power Series

Example. Determine the centre, radius, and interval of convergence of
— (2z+5)" = 2\" 1 5\"
;(nzﬂ)?)n_n; 3) r1\""3) -

Solution.
We need to check separately the endpoints x = —4 and x = —1:

[ee} _1 n
e At © = —4, the series becomes ( _‘_)1, which converges by the
n=0 "N

Alternating Series Test.

10



Power Series

The Radius of Convergence of a Power Series

Example. Determine the centre, radius, and interval of convergence of

Z(#H)ﬁ%n‘ﬂ% 3) wri\"T3)

n=0

Solution.
We need to check separately the endpoints x = —4 and x = —1:

[ee} _1 n
e At © = —4, the series becomes )
n=0 "N

, which converges by the

Alternating Series Test.

—_

o0
e At © = —1, the series becomes , which converges by
n=0

n?+1
> 1

Comparison test with the p-series »® — (p=2>1).
n=1"1
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Power Series

The Radius of Convergence of a Power Series

Example. Determine the centre, radius, and interval of convergence of

Z(#H)ﬁ%n‘ﬂ% 3) wri\"T3)

n=0

Solution.
We need to check separately the endpoints x = —4 and x = —1:

[ee} _1 n
e At © = —4, the series becomes )
n=0 "N

, which converges by the

Alternating Series Test.

—_

o0
e At © = —1, the series becomes , which converges by
n=0

n?+1

x 1

Comparison test with the p-series »® — (p=2>1).
n=1"1

Thus, the series converges for —4 < x < —1 and diverges elsewhere.

10



Power Series

The Radius of Convergence of a Power Series

Example. Determine the centre, radius, and interval of convergence of

Z(#H)ﬁ%n‘ﬂ% 3) wri\"T3)

n=0

Solution.
We need to check separately the endpoints x = —4 and x = —1:

[ee} _1 n
e At © = —4, the series becomes )
n=0 "N

, which converges by the

Alternating Series Test.

1
n?+1
< 1

Comparison test with the p-series »® — (p=2>1).
n=1"1

o0
e At © = —1, the series becomes , which converges by
n=0

Thus, the series converges for —4 < x < —1 and diverges elsewhere. Therefore,
the centre is —5/2, the radius is 3/2, and the interval of convergence is
[—4, —1]. 10



Power Series

Differentiation and Integration of Power Series

Theorem. Term-by-Term Differentiation Theorem

If >~ cn(x — a)™ has radius of convergence R > 0, it defines a function

f(m):ch(x—a)” on the interval a—R<z<a+ R.
n=0

This function f has derivatives of all orders inside the interval, and we obtain
the derivatives by differentiating the original series term by term:

f(z) = Z ne,(z —a)" Y, f(z) = Z n(n —1)ey(z —a)" 2,
n=1 n=2

Each of these derived series converges at every point of the interval a — R <
r<a+ R.

11



Power Series

Differentiation and Integration of Power Series

Theorem. Term-by-Term Integration Theorem

Suppose that

= Z ez —a)”
n=0

converges for a — R <z < a+ R (R > 0). Then, for every z in this interval,
& _ A, \n+1
I
n=0 n+

converges, and
n+1

/f dx—ch - o

fora—R<z<a+R.

12



Power Series

Differentiation and Integration of Power Series

Example. Find power series representations for the functions

1

1
(a) m (b) m (c) In(1+x)

by starting with the geometric series

1 >~ .
— = n=1 2yt 4+ (Hl<z<l
T Z x +r+a”+a°+ ( x<1)
n=0
and using differentiation, integration, and substitution as necessary. Where is

each series valid?

13



Power Series

Differentiation and Integration of Power Series

1 & .
1 x:Zx’L:1+z+x2+$3+~-~ (-l<z<1)
- n=0

Solution.

14



Power Series

Differentiation and Integration of Power Series

1 & .
1 x:Zx’L:1+z+x2+$3+~-~ (-l<z<1)
- n=0

Solution.

(a)

14



Power Series

Differentiation and Integration of Power Series

1 & .
1 x:Zx’L:1+z+x2+$3+~-~ (-l<z<1)
- n=0

Solution.
(a) Differentiate the above geometric series term by term to obtain

an =14 20432 442+ (—l<z<]).

1—x

(b)

14



Power Series

Differentiation and Integration of Power Series

1 & .
1 x:Zx’L:1+z+x2+m‘3+~-~ (-l<z<1)
- n=0

Solution.
(a) Differentiate the above geometric series term by term to obtain

=2 an‘ =1420+32° +42 +--- (-1<ax<]).
— 1)

(b) Differentiate the result in (a) term by term to obtain
2 oo

e = Zn(n— Da™ 2 =246z + 1222 +202° +--- (-1 <z <1).
-z

n=2

14



Power Series

Differentiation and Integration of Power Series

1 & .
1 x:Zx’L:1+z+x2+m‘3+~-~ (-l<z<1)
- n=0

Solution.
(a) Differentiate the above geometric series term by term to obtain

=2 an‘ =1420+32° +42 +--- (-1<ax<]).
— 1)

(b) Differentiate the result in (a) term by term to obtain

2 o0
(e =Y nn-1)a"?=2+46x+120" +202° + -+ (-1<z<1).
n=2

Now divide by 2:
1 = —1
- wa”* =143c+622+102% +--- (-1<z<1).

FEE



Power Series

Differentiation and Integration of Power Series

1 & .
1 x:Zx’L:1+z+x2+$3+~-~ (-l<z<1)
- n=0

Solution.

(c)

14



Power Series

Differentiation and Integration of Power Series

1 & .
1 x:Zx’L:1+z+x2+$3+~-~ (-l<z<1)
- n=0

Solution.
(c) Substitute —t in place of = in the original geometric series:

1 = ,
—1_”:Z(—t)"/:l—t+t2—t3+--- (-1<t<1)
n=0

14



Power Series

Differentiation and Integration of Power Series

1 & .
1 x:Zx’L:1+z+x2+$3+~-~ (-l<z<1)
- n=0

Solution.
(c) Substitute —t in place of = in the original geometric series:

oo

1 ,
m:Z(—t)"/:l—t+t2—t3+--- (-1<t<1)

n=0

Integrating from 0 to x, where |z| < 1, gives

x 1
In(l1+42) = / dt
0

1+4+¢

14



Power Series

Differentiation and Integration of Power Series

1 & .
1 x:Zx’L:1+z+x2+$3+~-~ (-l<z<1)
- n=0

Solution.
(c) Substitute —t in place of = in the original geometric series:

oo

1 ,
m:Z(—t)"/:l—t+t2—t3+--- (-1<t<1)

n=0
Integrating from 0 to x, where |z| < 1, gives

In(1 + ) / L= f2+t3
n xr) = _— ={t—1 _— ..
o 1+t 3

14



Power Series

Differentiation and Integration of Power Series

1 & .
1 x:Zx’L:1+z+x2+$3+~-~ (-l<z<1)
- n=0

Solution.
(c) Substitute —t in place of = in the original geometric series:

oo

1 ,
m:Z(—t)"/:l—t+t2—t3+--- (-1<t<1)

n=0
Integrating from 0 to x, where |z| < 1, gives

In(1 + ) / L= f2+t3
n xr) = _— ={t—1 _— ..
o 1+t 3

er
3

iL‘Z
=r - —
2

14



Power Series

Differentiation and Integration of Power Series

1 & .
1 x:Zx’L:1+z+x2+m‘3+~-~ (-l<z<1)
- n=0

Solution.
(c) Substitute —t in place of = in the original geometric series:

1 = ,
—1_”:Z(—t)"/:l—t+t2—t3+--- (-1<t<1)
n=0

Integrating from 0 to x, where |z| < 1, gives

x 1 ) t3
ln(1+x):/ — dt=t—t2 = ...
0

14+t 3
0
22 23
= I — ? + ? — e
or, equivalently,
> (_1)7171‘,1/,71
In(l+42z) = , —l<zxz<l.
a4 =3 CL )



Power Series

Differentiation and Integration of Power Series

Example. Use the geometric series of the previous example to find a power
series representation for tan=!(x).

15



Power Series

Differentiation and Integration of Power Series

Example. Use the geometric series of the previous example to find a power
series representation for tan=!(x).

Solution. Substitute —t2 for = in the geometric series.

15



Power Series

Differentiation and Integration of Power Series

Example. Use the geometric series of the previous example to find a power
series representation for tan~!(x).

Solution. Substitute —t2 for x in the geometric series. Since 0 < 2 < 1 for
[t| < 1, we have

oo

1 .
s D ==t = (Sl <t <),
n=0

15



Power Series

Differentiation and Integration of Power Series

Example. Use the geometric series of the previous example to find a power
series representation for tan~!(x).

Solution. Substitute —t2 for x in the geometric series. Since 0 < 2 < 1 for
[t| < 1, we have

oo

1 .
s D ==t = (Sl <t <),
n=0

Now integrate from 0 to x, where |z| < 1:

15



Power Series

Differentiation and Integration of Power Series

Example. Use the geometric series of the previous example to find a power

series representation for tan~!(x).

Solution. Substitute —t2 for x in the geometric series. Since 0 < 2 < 1 for

[t| < 1, we have

oo

2
1+t n=0

Now integrate from 0 to x, where |z| < 1:

1 :
=D ()=l

(-l<t<1).

x 1 x
tanfl(x):/ dt:/ (I—t?+t" =0+ — .. )dt
0 0

14 ¢2

15



Power Series

Differentiation and Integration of Power Series

Example. Use the geometric series of the previous example to find a power

series representation for tan~!(x).

Solution. Substitute —t2 for x in the geometric series. Since 0 < 2 < 1 for

[t| < 1, we have

oo

1 ny2n 2 4 6
HtQ:Z(&)t =124+t =t 4 ... (—1<t<]).
n=0
Now integrate from 0 to x, where |z| < 1:
tan*l(x):/z ! dt—/m(l—t2+t4—t6+t8— )dt
o 1+ 0
x3+a:5 :c7+
N
3 ) 7

15



Power Series

Differentiation and Integration of Power Series

Example. Use the geometric series of the previous example to find a power
series representation for tan~!(x).

Solution. Substitute —t2 for x in the geometric series. Since 0 < 2 < 1 for
[t| < 1, we have

oo

1 .
s D ==t = (Sl <t <),
n=0

Now integrate from 0 to x, where |z| < 1:

x 1 x
tanfl(x):/ 7dt:/ (I—t?+t" =0+ — .. )dt
0 0

14 1¢2

x3+x5 £L‘7+

3 5 7
27L+1

T (-l<ax<l).

M8

n:O 15



Power Series

Operations on Power Series

Example. Find a series representation of f(x) =1/(2+ ) in powers of z — 1.
What is the interval of convergence of this series?

16



Power Series

Operations on Power Series

Example. Find a series representation of f(x) =1/(2+ ) in powers of z — 1.
What is the interval of convergence of this series?

Solution. Let t =z — 1.

16



Power Series

Operations on Power Series

Example. Find a series representation of f(x) =1/(2+ ) in powers of z — 1.
What is the interval of convergence of this series?

Solution. Lett =2 — 1. Then, z =t + 1 and we have

16



Power Series

Operations on Power Series

Example. Find a series representation of f(x) =1/(2+ ) in powers of z — 1.
What is the interval of convergence of this series?

Solution. Lett =2 — 1. Then, z =t + 1 and we have

16



Power Series

Operations on Power Series

Example. Find a series representation of f(z) =1/(2+ x) in powers of  — 1.

What is the interval of convergence of this series?

Solution. Lett =2 — 1. Then, z =t + 1 and we have

—_

1 1
24z 34+t 3 1+%
2

1 t ot 3
=—(1—-=-4 =4 —1<t/3<1
3< sTg T ) (-1<t/3<1)

16



Power Series

Operations on Power Series

Example. Find a series representation of f(z) =1/(2+ x) in powers of  — 1.
What is the interval of convergence of this series?

Solution. Lett =2 — 1. Then, z =t + 1 and we have

1 111
2+c 3+t 3 1+ g
1 t3
=3 7 §+ (-1<t/3<1)
=> (-1 3n+1 (-3 <t<3)

3
I
=]

16



Power Series

Operations on Power Series

Example. Find a series representation of f(z) =1/(2+ x) in powers of  — 1.
What is the interval of convergence of this series?

Solution. Lett =2 — 1. Then, z =t + 1 and we have
1

1 1
3+t :
( L t3+> (~1<t/3<1)

C».'J\ [y
—
ww

32 33

=> (-1 3n+1 (-3 <t<3)

n=0
- Z(_n"(‘g%)n (—2<z<4).
n=0

16



Taylor and Maclaurin Series




Taylor and Maclaurin Series

The main idea

To approximate a (possibly nonpolynomial) function f near a
point a by a polynomial.

Why? Because polynomials are easy to compute, manipulate,
differentiate, and integrate.

17



An example: Quadratic approximation of cos

— 1 = COS T Yy

What is the best quadratic approximation to cosz near 07

P(x) = ao + a1 + azx? (we want P to match cos 2 near 0)

18



First constraint: P(0) =cos0=1 = ag = 1.

Now many quadratics pass through (0,1). Which is best near 0?7

18



An example: Quadratic approximation of ¢

— (] = COS T Y

To be better near 0, it should share the same tangent (same slope) at 0.

cos’(0) =0 = tangentlineisy = 1.

18



An example: Quadratic approximation of cosz near (

Second constraint: P’(0) = cos’(0) =0 = a; =0.

Still many choices (different curvature). Which is best now?

18



An example: Quadratic approximation of cos

— 1 = COS X Yy

To have an even better approximation near 0,

it should curve at the same rate as cosz near 0.

cos”(0) = —cos(0) = —1 18



An example: Quadratic approximation of cosz near (

— 1 = COS T Yy

Third constraint: P”(0) = cos”(0) = —1.

1
P'(x) =2a3 = 2a3 = —1 = ay = )

=

18



An example: Quadratic approximation of ¢

— 1 = COS T Yy

2
Py(x)=1-— 5 s the best quadratic approximation to cosx near 0.

Note that the coefficients ag, a1, and ay are determined by Oth, 1st, and 2nd
derivatives of cosx at 0, respectively.

Now we generalize this idea! 18



Taylor and Maclaurin Series

Suppose the series

f(x):Zan(l’—c)n=ao+a1(3:—c)+a2(x—c)2+a3(x—c)3_|_...

n=0

converges to a function f(z) for c— R <z < ¢+ R, where R > 0. Then

_ %)
R

ak for k=0,1,2,....




Taylor and Maclaurin Series

Here is why the coefficients are given by the formula in the theorem:

o0

flx) = Zan(fc —o)"=ag+ai(r—c)+tay(x—c)? +az(x—c)+---
n=0

= Z nan(r — )" =ay + 2ax(x — ¢) + 3az(x — c)* + -

o0

() = Z n(n — 1a,(x —¢)" 2 = 2ay + 6az(x —c) + - -

n=2

i (n—1(n—-2)(n—k+Da(z—c)"F

(k+1)!
1!
Each series converges for c — R < x < ¢+ R. Setting x = ¢ gives

f®)(c) = klay, or equivalently, ar = f*)(c)/k!.

(k +2)!

T k2(w = )

= klay, + apt1(x —c) +

20



Taylor and Maclaurin Series

If f(x) has derivatives of all orders at = = ¢, then the power series

(k) "(e
> Fide— ot =10+ 10 -0+ -0t

is called the Taylor series of f about ¢ (or the Taylor series of f in powers
of z—c). In the special case of ¢ = 0, the series is usually called the Maclaurin
series of f.

21



Taylor and Maclaurin Series

A function f is said to be analytic at a point c if f has a Taylor series at
¢ and that series converges to f(z) in an open interval containing c. If f is
analytic at each point of an open interval, then we say that f is analytic on
that interval.

22



Taylor and Maclaurin Series

Taylor Series for Some Elementary Functions

Example. Find the Taylor series for f(z) = e* about z = ¢. Where does the
series converge to ¢”? Where is ¢ analytic? What is the Maclaurin series for
e’?

Solution.

23



Taylor and Maclaurin Series

Taylor Series for Some Elementary Functions

Example. Find the Taylor series for f(z) = e* about z = ¢. Where does the
series converge to ¢”? Where is ¢ analytic? What is the Maclaurin series for
e’?

Solution. Since all derivatives of f(z) = e” are equal to e”, we have

f“")(c) =e¢ fork=0,1,2,....

23



Taylor and Maclaurin Series

Taylor Series for Some Elementary Functions

Example. Find the Taylor series for f(z) = e* about z = ¢. Where does the
series converge to ¢”? Where is ¢ analytic? What is the Maclaurin series for
e’?

Solution. Since all derivatives of f(z) = e” are equal to e”, we have
f®(e)=e® fork=0,1,2,....
Thus, the Taylor series for e” about x = ¢ is

= ec . Tr—c x —c)? x—c)3
Zﬁ(x_c)k:e(l—i_(l')""_( 2')+( 3')+

23



Taylor and Maclaurin Series

Taylor Series for Some Elementary Functions

Example. Find the Taylor series for f(z) = e* about z = ¢. Where does the
series converge to ¢”? Where is ¢ analytic? What is the Maclaurin series for
e’?

Solution. Since all derivatives of f(z) = e” are equal to e”, we have
f®(e)=e® fork=0,1,2,....

Thus, the Taylor series for e” about x = ¢ is

OC@ r—cC LU—C2 .’L'—Cg
Z*(x—c)kzecl-i-(l!)—&-( 2')+( 3')+

To determine where the series converges to e, we use the Ratio Test:

23



Taylor and Maclaurin Series

Taylor Series for Some Elementary Functions

Example. Find the Taylor series for f(z) = e* about z = ¢. Where does the
series converge to ¢”? Where is ¢ analytic? What is the Maclaurin series for
e’?

Solution. Since all derivatives of f(z) = e” are equal to e”, we have
f®(e)=e® fork=0,1,2,....

Thus, the Taylor series for e” about x = ¢ is

OC@ . r—cC LU—C2 .’L'—Cg
Z(x—c)k:€(|:1+<1')+( 2')+( 3')

To determine where the series converges to e, we use the Ratio Test:

e¢/(k+ D)(z — )kt
e¢/kl(x — c)k

L = lim
k—o00

23



Taylor and Maclaurin Series

Taylor Series for Some Elementary Functions

Example. Find the Taylor series for f(z) = e* about z = ¢. Where does the
series converge to ¢”? Where is ¢ analytic? What is the Maclaurin series for
e’?

Solution. Since all derivatives of f(z) = e” are equal to e”, we have
f®(e)=e® fork=0,1,2,....

Thus, the Taylor series for e” about x = ¢ is

OC@ . r—cC LU—C2 .’L'—Cg
Z(x—c)k:€(|:1+<1')+( 2')+( 3')

To determine where the series converges to e, we use the Ratio Test:

e¢/(k+ D)(z — )kt
e¢/kl(x — c)k

= lim [z =

= 1 for all .
m o 0<1forall x

L = lim
k—o00
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Taylor and Maclaurin Series

Taylor Series for Some Elementary Functions

Example. Find the Taylor series for f(z) = e* about z = ¢. Where does the
series converge to ¢”? Where is ¢ analytic? What is the Maclaurin series for
e’?

Solution. Since all derivatives of f(z) = e” are equal to e”, we have
f®(e)=e® fork=0,1,2,....

Thus, the Taylor series for e” about x = ¢ is

OC@ . r—cC LU—C2 .’L'—Cg
Z(x—c)k:€(|:1+<1')+( 2')+( 3')

To determine where the series converges to e, we use the Ratio Test:

e¢/(k+ D)(z — )kt
e¢/kl(x — c)k

= lim [z =

= 1 for all .
m o 0<1forall x

L = lim
k—o00

. : 23
Thus, the series converges for all z, i.e. R = oo.



Taylor and Maclaurin Series

Taylor Series for Some Elementary Functions

Example. Find the Taylor series for f(z) = e* about z = ¢. Where does the
series converge to ¢”? Where is ¢ analytic? What is the Maclaurin series for
e’?

Solution.  Suppose the sum is g(x):
g(z) = ﬁ(x—c)k:ec+ec(x—c)+%(x—c)2+~--
= k! !

o)

23



Taylor and Maclaurin Series

Taylor Series for Some Elementary Functions

Example. Find the Taylor series for f(z) = e* about z = ¢. Where does the
series converge to ¢”? Where is ¢ analytic? What is the Maclaurin series for
e’?

Solution.  Suppose the sum is g(x):

_Ooec Nk _ _c c o e . )2
o0) =3 e =9t =€+ =g+ Gl =0+

Differentiating term by term gives

C

J(@) =€ +e(r =)+ S+ = g(a).

23



Taylor and Maclaurin Series

Taylor Series for Some Elementary Functions

Example. Find the Taylor series for f(z) = e* about z = ¢. Where does the
series converge to ¢”? Where is ¢ analytic? What is the Maclaurin series for
e’?

Solution.  Suppose the sum is g(x):

> e¢ ‘ . . e
g(x) zzﬂ(x—c)k:e +e (x—c)+§($—c)2+~--
k=0
Differentiating term by term gives
eC
g (x)=e"+e(x—c)+ a(a:—c)2+-~- = g(x).

Since ¢'(x) = g(x), we have g(z) = ke® for some real number k. We know that
g(c) =€, so k =1. Thus, we conclude that g(z) = e*.

23



Taylor and Maclaurin Series

Taylor Series for Some Elementary Functions

Example. Find the Taylor series for f(z) = e* about z = ¢. Where does the

series converge to ¢”? Where is ¢ analytic? What is the Maclaurin series for
e’?

Solution.  The Taylor series for e about x = ¢ converges to e” for every real
number x:

23



Taylor and Maclaurin Series

Taylor Series for Some Elementary Functions

Example. Find the Taylor series for f(z) = e* about z = ¢. Where does the

series converge to ¢”? Where is ¢ analytic? What is the Maclaurin series for
e’?

Solution.  The Taylor series for e about x = ¢ converges to e” for every real
number x:

Setting ¢ = 0, we obtain the Maclauring series for e”:

23



Taylor and Maclaurin Series

Taylor Series for Some Elementary Functions

Example. Find the Taylor series for f(z) = e* about z = ¢. Where does the

series converge to ¢”? Where is ¢ analytic? What is the Maclaurin series for
e’?

Solution.  The Taylor series for e about x = ¢ converges to e” for every real
number x:

23



Taylor and Maclaurin Series

Taylor Series for Some Elementary Functions

Example. Find the Maclaurin series for (a) sinz, (b) cosz. Where does each
series converge?

24



Taylor and Maclaurin Series

Taylor Series for Some Elementary Functions

Example. Find the Maclaurin series for (a) sinz, (b) cosz. Where does each
series converge?

Solution. (a) Let f(z) = sinz.

24



Taylor and Maclaurin Series

Taylor Series for Some Elementary Functions

Example. Find the Maclaurin series for (a) sinz, (b) cosz. Where does each
series converge?

Solution. (a) Let f(z) =sinz. Then we have f(0) =0 and

f(x) = cosz, f(0)=1,
f'(z) = —sinz, 7(0) =0,
f®(z) = — cos F30) = 1,
fW(x) = sinz, F9(0) =0,
@) (x) = cos FO0)=1

24



Taylor and Maclaurin Series

Taylor Series for Some Elementary Functions

Example. Find the Maclaurin series for (a) sinz, (b) cosz. Where does each
series converge?

Solution. (a) Let f(z) =sinz. Then we have f(0) =0 and

f(x) = cosz, f(0)=1,
f'(z) = —sinz, 7(0) =0,
O () = —cos, F30) = -1,
f®(z) =sinz, F®(0) =0,
@) (x) = cos FO0)=1

Thus the Maclaurin series for sin x is
_ O O xg O I’B O _ - (_l)n 2n-+1
g(x) =0+z+0—Sr +0+ 5 + —e= Y o
24



Taylor and Maclaurin Series

Taylor Series for Some Elementary Functions

Example. Find the Maclaurin series for (a) sinz, (b) cosz. Where does each
series converge?

Solution. (a) To determine where the series converges, we use the Ratio Test:
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series converge?

Solution. (a) To determine where the series converges, we use the Ratio Test:

(_1)"+1 2n+3

(2n + 3)! B x?

: (l)n) il (2n 4+ 3)(2n + 2)
2n +1)!
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Taylor Series for Some Elementary Functions

Example. Find the Maclaurin series for (a) sinz, (b) cosz. Where does each
series converge?

Solution. (a) To determine where the series converges, we use the Ratio Test:

(_1)"+1 2n+3
, | 2
20+ 3) = - 50 <1 forall z.
: (-1) )'1:2”“ (2n+3)(2n+2)
2n + 1)!

24



Taylor and Maclaurin Series

Taylor Series for Some Elementary Functions

Example. Find the Maclaurin series for (a) sinz, (b) cosz. Where does each

series converge?

Solution. (a) To determine where the series converges, we use the Ratio Test:

(_1)"+1 2n+3

, 1 2
(2n + 3)! _ x — 0 < 1 forall z.

(2n 4+ 3)(2n + 2)

(71)’” I2n+1
(2n+ 1)!

Thus, the series converges for all x, and the radius of convergence is R = co.
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Taylor Series for Some Elementary Functions

Example. Find the Maclaurin series for (a) sinz, (b) cosz. Where does each

series converge?

Solution. (a)

e A
Remark.

At this stage, as in the previous problem, one still needs to justify that
the power series obtained actually represents the function sin .

We will not address this point here, since it requires tools beyond the
scope of this course. Instead, we will establish this fact later using a

general theorem.
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Taylor Series for Some Elementary Functions

Example. Find the Maclaurin series for (a) sinz, (b) cosz. Where does each
series converge?

Solution.
oo
. _ (_1)n 2n+1
smx—zmx , forall x.
n=0
o0

71 n
cosx = Z <(2n))! z?", for all z.

n=0
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Taylor Series for Some Elementary Functions

Example. Find the Maclaurin series for (a) sinz, (b) cosz. Where does each
series converge?

Solution.

. = (_1)n 2n+1
Sll’ll‘zzoml' s for all .

n

s CU

B 2n

0SS T = T for all x.
CcoS T 2 o)1 x=", T

(

[ Homework: Derive the Maclaurin series for cos x. ]
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Taylor and Maclaurin Series

Some Maclaurin Series:

1

1-—

1—1:

ln(l—l—x):ZL

oo
:Zx":1+x+w2+w3+---,

n=0

j{:nm

o0

n=1

=120+ 327 +4a® 4,

n—lxn

$2 x3 $4
B T

IS 5 x?

T3 5T

lz| < 1;

x| < 1;

—-l<z <1

-1 <x <1,
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Taylor and Maclaurin Series

Other Maclaurin and Taylor Series

e ] F—!—g §—|— , for all x;
n=0
et T et I2n+1 IS l’5
sinh z = = =+ —+—+---, forall z;
— 2 7;) Qn+ 1)l T3 sl v
T 4 e ® o .’L2n .’L‘2 .’L‘4
coshz = 3 *’§(2n)!:1+§+1+~~, for all x;
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Taylor and Maclaurin Series

Other Maclaurin and Taylor Series

Example. Obtain Maclaurin series for the following functions:

sin(x?)

(@) e /3, (b) (c) sin®z.

Solution.
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Other Maclaurin and Taylor Series

Example. Obtain Maclaurin series for the following functions:

2. sin(x?
(@) e /3, (b) # (c) sin®z.

Solution. (a) We substitute —2%/3 for z in the Maclaurin series for e:

e—x2/3 _ i (—1'2/3)"

n!
n=0

27
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Example. Obtain Maclaurin series for the following functions:

2. sin(x?
(@) e /3, (b) # (c) sin®z.

Solution. (a) We substitute —2%/3 for z in the Maclaurin series for e:

n! np!
n=0 n=0 3
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Other Maclaurin and Taylor Series

Example. Obtain Maclaurin series for the following functions:

2. sin(x?
(@) e /3, (b) # (c) sin®z.

Solution. (a) We substitute —2%/3 for z in the Maclaurin series for e:

n! np!
n=0 n=0 3

x? x? 20

3.11 T 329 gE.g

=1- for all z.
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Other Maclaurin and Taylor Series

Example. Obtain Maclaurin series for the following functions:

2. sin(x?
(@) e /3, (b) # (c) sin®z.

Solution.
(b) If we substitute 22 for z in the Maclaurin series for sinx and divide by =,
then for x = 0 we have:
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Other Maclaurin and Taylor Series

Example. Obtain Maclaurin series for the following functions:

(2
@ e (b) 22 (o) sin?a
x
Solution.
(b) If we substitute 22 for z in the Maclaurin series for sinx and divide by =,
then for x = 0 we have:

sin(z?) 1 > (—1)"(x2)2n+t
r ERZ:% (2n +1)!

27



Taylor and Maclaurin Series

Other Maclaurin and Taylor Series

Example. Obtain Maclaurin series for the following functions:

(2
@ e (b) 22 (o) sin?a
x
Solution.
(b) If we substitute 22 for z in the Maclaurin series for sinx and divide by =,
then for x = 0 we have:

€z xZ
n=0

sin(xQ) 71 St (71)n(x2)2n+1 - o0 (71)nx4n+1
T o (2n +1)! =2 (2n +1)!
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Other Maclaurin and Taylor Series

Example. Obtain Maclaurin series for the following functions:
(2

@ e (b) 22 (o) sin?a

x

Solution.
(b) If we substitute 22 for z in the Maclaurin series for sinx and divide by =,

then for x = 0 we have:
o0 (71)nx4n+1

sin(z?) 1 > (—1)"(x2)2n+t B
T o _; (2n +1)!

I
€T mn:O (2n—|—1)
75 79 213
:I_ﬁ_'—ﬁ_?—i_”.’ for all x # 0.
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Taylor and Maclaurin Series

Other Maclaurin and Taylor Series

Example. Obtain Maclaurin series for the following functions:
(2

@ e (b) 22 (o) sin?a

x

Solution.
(b) If we substitute 22 for = in the Maclaurin series for sin x and divide by x

then for x = 0 we have:
o0 (71)nx4n+1

sin(z?) 1 > (—1)"(x2)2n+t B
T o _; (2n +1)!

I
€T mn:O (2n—|—1)
75 79 213
:I_ﬁ_'—ﬁ_?—i_”.’ for all x # 0.

Note that f(x) = sin(2?)/z is undefined at x = 0 but does have a limit there
since lim, o f(z) = 0. If we define f(0) = 0 (the continuous extension of f(x)

to z = 0), then the series converges to f(z) for all z.
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Other Maclaurin and Taylor Series

Example. Obtain Maclaurin series for the following functions:

2. sin(x?
(@) e /3, (b) # (c) sin®z.

Solution.
1 — cos(2x)

5 and substitute 2z for  in the

(c) We use the identity sin? z =

Maclaurin series for cos x:
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Other Maclaurin and Taylor Series

Example. Obtain Maclaurin series for the following functions:

(2
@ e (b) 22 (o) sin?a
x
Solution. ) )
(c) We use the identity sin? z = %(T) and substitute 2z for = in the
Maclaurin series for cos x:
. 1—cos(2z) 1 1 (2z)2  (22)*
2
s _ ——_Z (1= — ...
S 2 2 2 < STRT
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Other Maclaurin and Taylor Series

Example. Obtain Maclaurin series for the following functions:

(2
@ e (b) 22 (o) sin?a
x
Solution. ) )
(c) We use the identity sin? z = %(T) and substitute 2z for = in the

Maclaurin series for cos x:
5 l—cos(2z) 1 1 <1 B (2z)2  (22)* B )

sin = 2 273 21 A1
(e oot o
2 21 4! 6!
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Other Maclaurin and Taylor Series

Example. Obtain Maclaurin series for the following functions:

2. sin(x?
(@) e /3, (b) # (c) sin®z.

Solution.
1 — cos(2x)

5 and substitute 2z for  in the

(c) We use the identity sin? z =

Maclaurin series for cos x:

,  1—cos(2z) 1 1<1_<2x)2+(2ﬂ?)4_,,,>

sife = ——=— =5 -3 (1- 5+
1/(22)2 (22)*  (22)8
:2< ST TR _>
= i(—l)"ﬂx%” for all =
N v (2n +2)! '
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Other Maclaurin and Taylor Series

Example. Find the Taylor series for Inz in powers of © — 2. Where does the
series converge to Inx?
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Other Maclaurin and Taylor Series

Example. Find the Taylor series for Inz in powers of © — 2. Where does the
series converge to Inx?

Solution.

Inz =2+ (z-2))=In [2(1+$_

2)} 2+ In(1+0).
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Other Maclaurin and Taylor Series

Example. Find the Taylor series for Inz in powers of © — 2. Where does the
series converge to Inx?

Solution.
Inz=In(2+ (x —2)) =In {2 (1 +

xr— 2

)}:hﬂ+4m1+ﬂ.

Set t = % We use the known Maclaurin series for In(1 + ¢):

2 3
lnm:an—i—ln(l—i—t):1n2+t_§+§_z+...
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Example. Find the Taylor series for Inz in powers of © — 2. Where does the
series converge to Inx?

Solution.
Inz=In(2+ (x —2)) =In {2 (1 +

xr— 2

)}:hﬂ+4m1+ﬂ.

Set t = % We use the known Maclaurin series for In(1 + ¢):

A R
mr=mn2+In(1+#)=mn2+¢t— — + — —— +...
nr=In2+In(l+¢t)=In2+ 2—|—3 4+

r—2 (x-2)2 (2-2)3 (z-2)*
=1n?2 — _
net 9.2 T 3.93 191 T
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series converge to Inx?

Solution.
Inz=In(2+ (x —2)) =In {2 (1 +

xr— 2

)}:hﬂ+4m1+ﬂ.

Set t = % We use the known Maclaurin series for In(1 + ¢):

A R
mr=mn2+In(1+#)=mn2+¢t— — + — —— +...
nr=In2+In(l+¢t)=In2+ 2—|—3 4+

r—2 (x-2)2 (2-2)3 (z-2)*
=1n?2 — _
net 9.2 T 3.93 191 T

X @—2)n
=In2+ Z(—l)" 1771.
et n2n
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Other Maclaurin and Taylor Series

Example. Find the Taylor series for Inz in powers of © — 2. Where does the
series converge to Inx?

Solution.
Inz=In(2+ (x —2)) =In {2 (1 +

xr— 2

)}:hﬂ+4m1+ﬂ.

Set t = % We use the known Maclaurin series for In(1 + ¢):

A R
mr=mn2+In(1+#)=mn2+¢t— — + — —— +...
nr=In2+In(l+¢t)=In2+ 2—|—3 4+

r—2 (x-2)2 (2-2)3 (z-2)*
=1n?2 — _
net 9.2 T 3.93 191 T

X @—2)n
=In2+ Z(—l)" 1771.
et n2n

Since the series for In(1 + ¢) is valid for —1 <t < 1, this series for Inz is valid

for =1 < (z —2)/2 <1, that is, for 0 < z < 4.
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