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Lecture 26: Infinite Sequences and Series (Continued)




Taylor and Maclaurin Series (Continued)



Taylor and Maclaurin Series
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Taylor and Maclaurin Series

Under what circumstances is a function equal to the sum
of its Taylor series?




Taylor and Maclaurin Series

4 N\
Under what circumstances is a function equal to the sum
of its Taylor series? In other words, if f has derivatives of all

orders, when does

> £(n) (g
fa) =3 D ooy
n=0 '

actually hold?

The nth-degree Taylor polynomial of f at a is




Taylor and Maclaurin Series

4 N\
Under what circumstances is a function equal to the sum

of its Taylor series? In other words, if f has derivatives of all

orders, when does

> £(n) (g
fa) =3 D ooy

n!

n=0

actually hold?

Answer.
A function f is equal to the sum of its Taylor series about a if

lim T,(x) = f(x)

n—oo

for x in an interval around a.
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Taylor and Maclaurin Series

Ry (z) = f(z)-Tn(z) = f(z) = Tn(x)H Rn(x)
Remainder

Theorem.

If f(z) =T,(z)+ Ry(z), where T,, is the nth-degree Taylor polynomial of f
at a and

lim R,(z)=0

n—oo

for |z — a| < R, then f is equal to the sum of its Taylor series of the interval
|z —al < R.

J




Taylor and Maclaurin Series

In trying to show that lim R, (z) = 0 for a specific function f, we usually use
n—oo
the following fact.

Theorem. Taylor's Inequality

If |tV (z)| < M for |z — a| < d, then the remainder R, () of the Taylor

series satisfies the Inequality

M n
|Rn($)| S m|x — a| +1 for |l‘ — a| S d.




Taylor and Maclaurin Series

Example. Prove that ¢” is equal to the sum of its Maclaurin series.



Taylor and Maclaurin Series

Example. Prove that ¢” is equal to the sum of its Maclaurin series.

Solution. If f(z) = e”, then f("+1)(z) = ¢ for all n.



Taylor and Maclaurin Series

Example. Prove that ¢” is equal to the sum of its Maclaurin series.

Solution. If f(x) = e”, then f("+1)(z) = e for all n. If d is any positive
number and |z| < d, then |f(** D (z)] = e* < .



Taylor and Maclaurin Series

Example. Prove that ¢” is equal to the sum of its Maclaurin series.

Solution. If f(x) = e”, then f("+1)(z) = e for all n. If d is any positive
number and |z| < d, then |f("T1)(z)| = ¢® < e. So Taylor's Inequality, with
a=0and M = e, says that

|R7,(I)| S |I|n+1 for |I’| S d.

(n+1)!



Taylor and Maclaurin Series

Example. Prove that ¢” is equal to the sum of its Maclaurin series.

Solution. If f(x) = e”, then f("+1)(z) = e for all n. If d is any positive
number and |z| < d, then |f("T1)(z)| = ¢® < e. So Taylor's Inequality, with
a=0and M = e, says that

|R7,(I)| S |I|n+1 for |I’| S d.

(n+1)!

Notice that the same constant M = e works for every value of n.



Taylor and Maclaurin Series

Example. Prove that ¢” is equal to the sum of its Maclaurin series.

Solution. If f(x) = e”, then f("+1)(z) = e for all n. If d is any positive
number and |z| < d, then |f("T1)(z)| = ¢® < e. So Taylor's Inequality, with
a=0and M = e, says that

|R»,,(ZC)| S |I|n+1 for |I’| S d.

e

(n+1)!

Notice that the same constant M = e works for every value of n.
d |x|n+1

lim 67\11”*1 =e? lim
n—oo (n + 1)! n—oo (n+ 1)!



Taylor and Maclaurin Series

Example. Prove that ¢” is equal to the sum of its Maclaurin series.

Solution. If f(x) = e”, then f("+1)(z) = e for all n. If d is any positive
number and |z| < d, then |f("T1)(z)| = ¢® < e. So Taylor's Inequality, with
a=0and M = e, says that

|R7,(I)| S |I|n+1 for |I’| S d.

e
(n+1)!
Notice that the same constant M = e works for every value of n.

d n+1
lim 67\11”*1 =¢? lim il =0

zn
because lim — =0
n—oo nl




Taylor and Maclaurin Series

Example. Prove that ¢” is equal to the sum of its Maclaurin series.

Solution. If f(x) = e”, then f("+1)(z) = e for all n. If d is any positive
number and |z| < d, then |f("T1)(z)| = ¢® < e. So Taylor's Inequality, with
a=0and M = e, says that

|R»,,(ZC)| S |I|n+1 for |I’| S d.

e
(n+1)!
Notice that the same constant M = e works for every value of n.

d |x|n+1
lim 2"t = e? lim =

Then by the Sandwich Theorem, lim |R,(z)| = 0.

n—oo

Therefore lim R, (x) = 0 for all z.
n—oo



Taylor and Maclaurin Series

Example. Prove that ¢” is equal to the sum of its Maclaurin series.

Solution. If f(x) = e”, then f("+1)(z) = e for all n. If d is any positive
number and |z| < d, then |f("T1)(z)| = ¢® < e. So Taylor's Inequality, with
a=0and M = e, says that

|R»,,(ZC)| S |I|n+1 for |I’| S d.

e
(n+1)!
Notice that the same constant M = e works for every value of n.

6d J |x|n+1
lim ——z["" = ¢? lim =

Then by the Sandwich Theorem, lim |R,(z)| = 0.
n—oo
0o M

Therefore lim R, (x) =0 for all z. Thus, ¥ = l—' for all .

n—oo n=0 T:



Taylor and Maclaurin Series

Example. Find the Maclaurin series for sinz and prove that it represents sin x
for all x.



Taylor and Maclaurin Series

Example. Find the Maclaurin series for sinz and prove that it represents sin x
for all x.

Solution. We have shown before that the Maclaurin series for sin x is

- (_1)” 2n+1
D @n+ 1) o

n=0



Taylor and Maclaurin Series

Example. Find the Maclaurin series for sinz and prove that it represents sin x
for all x.

Solution. We have shown before that the Maclaurin series for sin x is

- (_1)” 2n+1
D @n+ 1) o

n=0

To prove that this series represents sin x for all =, we use Taylor’s Inequality.



Taylor and Maclaurin Series

Example. Find the Maclaurin series for sinz and prove that it represents sin x
for all x.

Solution. We have shown before that the Maclaurin series for sin x is
i (_1)” x2n+1

oy .
— (2n+1)!

To prove that this series represents sin x for all =, we use Taylor’s Inequality.
Since f("*1)(z) is either +sinx or & cosx, we have |+ (z)| <1 for all z.



Taylor and Maclaurin Series

Example. Find the Maclaurin series for sinz and prove that it represents sin x

for all x.

Solution. We have shown before that the Maclaurin series for sin x is

oo
Z (_1)” x2n+1
oy .
— (2n+1)!
To prove that this series represents sin x for all =, we use Taylor’s Inequality.
Since f("*1)(z) is either +sinx or & cosx, we have |+ (z)| <1 for all z.

Thus, Taylor’s Inequality with M =1 and a = 0 gives
‘x|n+l

M T
Rel@)] € e = oty

(n+1) — 0.



Taylor and Maclaurin Series

Example. Find the Maclaurin series for sinz and prove that it represents sin x

for all x.
Solution. We have shown before that the Maclaurin series for sin x is

- (_1)” 2n+1
D @n+ 1) o

n=0

To prove that this series represents sin x for all =, we use Taylor’s Inequality.
Since f("*1)(z) is either +sinx or & cosx, we have |+ (z)| <1 for all z.
Thus, Taylor’s Inequality with M =1 and a = 0 gives
‘x|n+l

(n+1)! -0

n+1
Ry ()L( )\ | =

Then |R,,(z)] — 0 by the Sandwich Theorem. It follows the R, (z) — 0 as
n — 00.



Taylor and Maclaurin Series

Example. Find the Maclaurin series for sinz and prove that it represents sin x

for all x.
Solution. We have shown before that the Maclaurin series for sin x is

- (_1)” 2n+1
D @n+ 1) o

n=0

To prove that this series represents sin x for all =, we use Taylor’s Inequality.
Since f("*1)(z) is either +sinx or & cosx, we have |+ (z)| <1 for all z.
Thus, Taylor’s Inequality with M =1 and a = 0 gives
‘x|n+l

(n+1)! -0

n+1
Ry ()L( )\ | =

Then |R,,(z)] — 0 by the Sandwich Theorem. It follows the R, (z) — 0 as
n — oo. Therefore, sinx is equal to the sum of its Maclaurin series for all x.



Taylor and Maclaurin Series

Example. Find the Maclaurin series for f(z) = (1 + )*, where k is any real

number.



Taylor and Maclaurin Series

Example. Find the Maclaurin series for f(z) = (1 + )*, where k is any real

number.

Solution.

fl@) = (1 +a)" F(0) =1



Taylor and Maclaurin Series

Example. Find the Maclaurin series for f(z) = (1 + )*, where k is any real

number.

Solution.
fl@)=(1+a) f(0) =
f(@) = k(1 + 2 F10) =k



Taylor and Maclaurin Series

Example. Find the Maclaurin series for f(z) = (1 + )*, where k is any real

number.
Solution.
fl@)=(1+a) f(0)=1
fl(a) = k(L +2)* f(0) =k
f'(@) = k(k = 1)(1 +2)"2 f1(0) = k(k - 1)



Taylor and Maclaurin Series

Example. Find the Maclaurin series for f(z) = (1 + )*, where k is any real

number.
Solution.
fl@)=(1+a) f(0) =
(x) = k(L +a)"" f(0) =k
f'(@) = k(k = 1)(1 +2)"2 f1(0) = k(k - 1)
T(@) = k(k = 1)(k - 2)(1 + )" £7(0) = k(k = 1)(k - 2)



Taylor and Maclaurin Series

Example. Find the Maclaurin series for f(z) = (1 + )*, where k is any real

number.
Solution.
fl@)=(1+a) f(0)=1
fl@) = k(1 +a)t" f(0) =k
f'(@) = k(k = 1)(1 +2)"2 f1(0) = k(k - 1)
£ (@) = k(k = 1) (k = 2)(1 +2)* £7(0) = k(k = 1)(k - 2)

fM@)=k(k—=1)--(k—n+1)A+z)*™ f0)=k(k—1)---(k—n+1)



Taylor and Maclaurin Series

Example. Find the Maclaurin series for f(z) = (1 + )*, where k is any real

number.
Solution.
fl@)=(1+a) f(0) =
fl@) = k(1 +a)t" f(0) =k
f'(@) = k(k = 1)(1 +2)"2 f1(0) = k(k - 1)
£ (@) = k(k = 1) (k = 2)(1 +2)* £7(0) = k(k = 1)(k - 2)

fM@)=k(k—=1)--(k—n+1)A+z)*™ f0)=k(k—1)---(k—n+1)

Therefore, the Maclaurin series of f(x) = (14 z)* is

Zf(n. i E—1) k—n—i—l)xn'

n=0 n=0




Taylor and Maclaurin Series

Example. Find the Maclaurin series for f(z) = (1 + )*, where k is any real

number.

Solution.  This series is called the binomial series.



Taylor and Maclaurin Series

Example. Find the Maclaurin series for f(z) = (1 + )*, where k is any real
number.

Solution.  This series is called the binomial series. If its nth term is a,,, then
|k(E—1)- - (k—n+1)(k—n)z"t! n!

B (n+1)! k(k—1)---(k—n+ 1)z

Ap+1
2%




Taylor and Maclaurin Series

Example. Find the Maclaurin series for f(z) = (1 + )*, where k is any real

number.

Solution.  This series is called the binomial series. If its nth term is a,,, then

an41| k(k*l)(k*ﬂ%*l)(k—n)llﬂrl nl
an | (n+1)! Kk—1)--(k—nt 1)z
k
1-2
_ |k —nl ' n 2|
(n+Dlal ~ |, 1
n



Taylor and Maclaurin Series

Example. Find the Maclaurin series for f(z) = (1 + )*, where k is any real

number.

Solution.  This series is called the binomial series. If its nth term is a,,, then

an41| k(k*l)(k*ﬂ%*l)(k—n)llﬂrl nl
an | (n+1)! Kk—1)--(k—nt 1)z
1k
|k —nl ' n
- 1 = 1‘m|4>|l" as n — oQ.
.



Taylor and Maclaurin Series

Example. Find the Maclaurin series for f(z) = (1 + )*, where k is any real

number.

Solution.  This series is called the binomial series. If its nth term is a,,, then

an41| k(k*l)(k*ﬂ%*l)(k—n)llﬂrl nl
an | (n+1)! Kk—1)--(k—nt 1)z
1k
|k —nl ' n
- = 2| — |z| asn — occ.
(n+D| 1

n

Thus, by the Ratio Test, the binomial series converges if |z| < 1 and diverges if
x| > 1.



Taylor and Maclaurin Series

The traditional notation for the coefficients in the binomial series is

(k) k(= 1)(k=2)---(k—n+1)

n n!

and these numbers are called the generalized binomial coefficients.

The Binomial Series

If k is any real number and |z| < 1, then

(1+x)" = i (i)xn et k(k.— D o k- 1).(]%‘_2)1:34-

n=0




Taylor and Maclaurin Series

1
4—z

Example. Find the Maclaurin series for the function f(x) =

Solution.

10



Taylor and Maclaurin Series

1
4—z

Example. Find the Maclaurin series for the function f(x) =

Solution. We write f(x) in a form where we can use the binomial series:

1 1 1 x\—1/2
\/412\/4(1_2):2(1_4) ’

10



Taylor and Maclaurin Series

1
4—z

Example. Find the Maclaurin series for the function f(x) =

Solution. We write f(x) in a form where we can use the binomial series:

1 (1 x)*l/Q
1 o) 4 '
\/ z \/4 — Z
1
Using the binomial series with k = —3 and x replaced by — 4 we get
1 1/2 1 ,% n
-9 () )

10



Taylor and Maclaurin Series

1

Example. Find the Maclaurin series for the function f(x) = 1 :
—x

Solution. We write f(x) in a form where we can use the binomial series:

1 1 1 x\—1/2
\/412\/4(1_2):2(1_4) ’

1
Using the binomial series with k = —3 and x replaced by —g, we get

W= () ey

10



Taylor and Maclaurin Series

1
4—z
Solution. We write f(x) in a form where we can use the binomial series:

1 1 1 x\—1/2
\/412\/4(1_2):2(1_4) ’

Example. Find the Maclaurin series for the function f(x) =

Using the binomial series with k = —% and x replaced by —E, we get
TEH R S 1C))
A (1) () R gy EDEDED 2y
b ERED o) oy
R e N



Taylor and Maclaurin Series

1

Example. Find the Maclaurin series for the function f(x) = 1 :
—x

Solution. We write f(x) in a form where we can use the binomial series:

1 B 1 1 (1 x)*l/Q
T—z 5y 2\ 4 '
Vi-a \/4 (1-1%)
1
Using the binomial series with k = —3 and x replaced by —g, we get

TEH R S 1CH)

1 1+ $+173 2+1'3'5$3+...+Mm"+...
2 8 2182 3183 nl8n

This series converges when ‘_Z‘ < 1, or |z| < 4. Thus, the radius of
convergence is R = 4.

10



Taylor and Maclaurin Series

2 . . . .
Example. Evaluate [ e¢~* dx as an infinite series.

11
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2 . . . .
Example. Evaluate [ e¢~* dx as an infinite series.

Solution. Replace = by —22 in the Maclaurin series for e”:

11



Taylor and Maclaurin Series

2 . . . .
Example. Evaluate [ e¢~* dx as an infinite series.

Solution. Replace 2 by —z2 in the Maclaurin series for e*:

> 2\n > n,.2n 2 4 6
—z? (_I) o (_1)T - xT xT x
D D Dk iek TR R

11



Taylor and Maclaurin Series

2 . . . .
Example. Evaluate [ e¢~* dx as an infinite series.

Solution. Replace 2 by —z2 in the Maclaurin series for e*:

2 e n n 277. 2 4 6

o0

e . 22 gt 0 g
/e d:c/(lu+2!?)!+“'+(l)+~-)dx

11



Taylor and Maclaurin Series

2 . . . .
Example. Evaluate [ e¢~* dx as an infinite series.

Solution. Replace 2 by —z2 in the Maclaurin series for e*:

e—m2 _ Z (_I')

n
n=0

n

o0
1 nJ/,Qn .’112 .734 .736
D -
— n!
Integrating term by term, we get

e . 22 gt 0 g
/e dx/(1u+2!?)!+~'+(l) " +-~~)dx

11



Taylor and Maclaurin Series

2 . . . .
Example. Evaluate [ e¢~* dx as an infinite series.

Solution. Replace 2 by —z2 in the Maclaurin series for e*:

> 2\n > n,.2n 2 4 6
—z? § (_I ) o (_1) X - T xT €T
©T Lo nZ:O T T -

n
n=0

Integrating term by term, we get

e . 22 gt 0 g
/e d:c/(lquQ!3!+~-'+(1)n!+-~-)dx

3 x5 $7 x2n+1
Cta- n :
te-satsa etV G
oo ( 1)n1.2n+1
=C
Jr”;) (2n 4+ 1)n!

11



Taylor and Maclaurin Series

2 . . . .
Example. Evaluate [ e¢~* dx as an infinite series.

Solution. Replace 2 by —z2 in the Maclaurin series for e*:

e n n 277. 2 4 6

g2 e x x x
e = Z =1 -

e . 22 gt 0 g
/e d:c/(lquQ!3!+~-'+(1)n!+~-)dx

1.3 1.5 $7 2n—+1
—C+x— _ (1)
te-satsa etV G
1)n 2n—+1

7C+Z (2n+1)n!

f P oy . 2
This series converges for all © because the original series for e™*" converges for
11

all «.



Taylor and Maclaurin Series

Example. Evaluate fe’“”de as an infinite series.
Solution.  The Fundamental Theorem of Calculus gives

1 R 23 25 27 29 1
==y — o _ I
/06 ’ {x 3152 73 g4l L

11



Taylor and Maclaurin Series

2 . . . .
Example. Evaluate [ e¢~* dx as an infinite series.

Solution.  The Fundamental Theorem of Calculus gives

1 R 23 25 27 29 1
7wd — o _ [
/06 ’ {x 3152 73 g4l L
PR S S S
3 10 42 216

11



Taylor and Maclaurin Series

2 . . . .
Example. Evaluate [ e¢~* dx as an infinite series.

Solution.  The Fundamental Theorem of Calculus gives

1 R 23 25 27 29 1
=27 Jy = o _ ...
/06 ’ {x 3152 73 g4l L

RS S B N
N 310 42 216
1 1 1 1
Al — A 0.7475.
3710 12 o T 0

11



Taylor and Maclaurin Series

2 . . . .
Example. Evaluate [ e¢~* dx as an infinite series.

Solution.  The Fundamental Theorem of Calculus gives

1 R 23 25 27 29 1
=27 Jy = o _ ...
/06 ’ {x 3152 73 g4l L

RS S B N
N 310 42 216
1 1 1 1
Al — A 0.7475.
3710 12 o T 0

The error involved in this approximation is less than the next term, which is

! —i<0001
11-5! 1320 T

11



Taylor and Maclaurin Series

Example. (a) Approximate the function f(x) = &« by a Taylor polynomial of
degree 2 at a = 8.
(b) How accurate is this approximation when 7 < z < 9?

12



Taylor and Maclaurin Series

Example. (a) Approximate the function f(x) = &« by a Taylor polynomial of
degree 2 at a = 8.
(b) How accurate is this approximation when 7 < z < 9?

Solution.

(a) f(z) =a'"*

12



Taylor and Maclaurin Series

Example. (a) Approximate the function f(x) = &« by a Taylor polynomial of
degree 2 at a = 8.
(b) How accurate is this approximation when 7 < z < 9?

Solution.
(a) f(z) ="/

J'@) = 3a

12



Taylor and Maclaurin Series

Example. (a) Approximate the function f(x) = &« by a Taylor polynomial of
degree 2 at a = 8.
(b) How accurate is this approximation when 7 < z < 9?

Solution.
(a) f(z) ="/

J'@) = 3a

J'(@) = — 5

12



Taylor and Maclaurin Series

Example. (a) Approximate the function f(x) = &« by a Taylor polynomial of
degree 2 at a = 8.
(b) How accurate is this approximation when 7 < z < 9?

Solution.
(a) flx) =a'/?
’ o lx—2/3
7@ =3

J'(@) = — 5

f”/(ZL‘) _ %st/'&

12



Taylor and Maclaurin Series

Example. (a) Approximate the function f(x) = &« by a Taylor polynomial of
degree 2 at a = 8.
(b) How accurate is this approximation when 7 < z < 9?

Solution.
(a) f(z) =2'/? f(8)=2

J'@) = 3a

12



Taylor and Maclaurin Series

Example. (a) Approximate the function f(x) = &« by a Taylor polynomial of
degree 2 at a = 8.
(b) How accurate is this approximation when 7 < z < 9?

Solution.
(@) fx) ==2'* f(8)=2
/ _ 1 —2/ / _ 1
f(I)*gf ’ f(S)*ﬁ

12



Taylor and Maclaurin Series

Example. (a) Approximate the function f(x) = &« by a Taylor polynomial of
degree 2 at a = 8.
(b) How accurate is this approximation when 7 < z < 9?

Solution.

(@) fx) ==2'* f(8)=2
’ _1 —2/3 / o 1
f(I)*gf f(S)*ﬁ
" 2 —5/3 " 1
fi(z) = 5" (8 = 11

12



Taylor and Maclaurin Series

Example. (a) Approximate the function f(x) = &« by a Taylor polynomial of

degree 2 at a = 8.

(b) How accurate is this approximation when 7 < z < 9?

Solution.

(@) fx) ==2'* f(8) =2
/ _1 —2/ / _ 1
Fay=5a fe)=
" 2 —5/3 " 1
J( )—*530 (8 = 11

The second-degree Taylor polynomial

T@) = 18 + L @5y 4 L gy
:2—1—%(3@—8)—%(:5—8)2

12



Taylor and Maclaurin Series

Example. (a) Approximate the function f(x) =

degree 2 at a = 8.

/x by a Taylor polynomial of

(b) How accurate is this approximation when 7 < z < 9?

Solution.

(a) fw) =a'/? f(8) =2
)= )=
J'@) = =2 ) = o
1" @) = o™

The desired approximation is

W@Tz(’)—Q—i—i(x—S)—

The second-degree Taylor polynomial

/8 ll8 5
1 1

=2 _— — [ — — 2
+12(ac 8) 288(x 8)

Ty(x) = f(8) + -8)+

1 2
583 —(x —8)~.

12



Taylor and Maclaurin Series

Example. (a) Approximate the function f(x) = &« by a Taylor polynomial of
degree 2 at a = 8.
(b) How accurate is this approximation when 7 < z < 9?

Solution. (b) Because = > 7, we have z8/3 > 78/3,

12



Taylor and Maclaurin Series

Example. (a) Approximate the function f(x) = &« by a Taylor polynomial of
degree 2 at a = 8.
(b) How accurate is this approximation when 7 < z < 9?

Solution. (b) Because 2 > 7, we have 28/3 > 78/3_ So

101 10

e/ N o o
(@) = 5 —55 < gy < 00021,

12



Taylor and Maclaurin Series

Example. (a) Approximate the function f(x) = &« by a Taylor polynomial of
degree 2 at a = 8.
(b) How accurate is this approximation when 7 < z < 9?
Solution. (b) Because 2 > 7, we have 28/3 > 78/3_ So
M

0 1 10
" (z) = < < [0.0021].

T 27 483 T 27783

12



Taylor and Maclaurin Series

Example. (a) Approximate the function f(x) = &« by a Taylor polynomial of
degree 2 at a = 8.
(b) How accurate is this approximation when 7 < z < 9?
Solution. (b) Because 2 > 7, we have 28/3 > 78/3_ So
M

10 1 10
e/ N o L o
F"(@) = 5~ < gy < [0002]

By Taylor's Inequality, the remainder Ra(x) satisfies

|Ro () x— 83

<5

12



Taylor and Maclaurin Series

Example. (a) Approximate the function f(x) = &« by a Taylor polynomial of
degree 2 at a = 8.
(b) How accurate is this approximation when 7 < z < 9?

Solution. (b) Because 2 > 7, we have 28/3 > 78/3_ So

M

10 1 10
e/ N o L o
F"(@) = 5~ < gy < [0002]

By Taylor's Inequality, the remainder Ra(x) satisfies

0.0021

BE
3!

| Ra(x) — 8> =

<5l

12



Taylor and Maclaurin Series

Example. (a) Approximate the function f(x) = &« by a Taylor polynomial of
degree 2 at a = 8.
(b) How accurate is this approximation when 7 < z < 9?

Solution. (b) Because 2 > 7, we have 28/3 > 78/3_ So
M
10 1 10
I N o o
" (z) = 5 =573 < T IE <10.0021|.
By Taylor's Inequality, the remainder Ra(x) satisfies

0.0021 5 _ 0.0021
3! 6

| Ra(x) — 8> =

<5l

12



Taylor and Maclaurin Series

Example. (a) Approximate the function f(x) = &« by a Taylor polynomial of
degree 2 at a = 8.
(b) How accurate is this approximation when 7 < z < 9?

Solution. (b) Because 2 > 7, we have 28/3 > 78/3_ So

M

10 1 10
e/ o o
F"(@) = 5~ < gy < [0002]

By Taylor's Inequality, the remainder Ra(x) satisfies

0.0021 5 _ 0.0021

3 < 0.0004.

| Ra(x) — 8> =

<5l

12



Taylor and Maclaurin Series

Example. (a) Approximate the function f(x) = &« by a Taylor polynomial of
degree 2 at a = 8.
(b) How accurate is this approximation when 7 < z < 9?

Solution. (b) Because 2 > 7, we have 28/3 > 78/3_ So

w10 1 _ 10 03321
f (x)_ﬁ'xs/3*27.78/3< = :

By Taylor's Inequality, the remainder Ra(x) satisfies

0.0021 5 _ 0.0021

3 < 0.0004.

M
| R ()] <

Thus, if 7 < 2 <9, the approximation in part (a) is accurate to within 0.0004.
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