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Circles in Polar Coordinates

The General Polar Equation for Circles

x

y

O

P0(r0, θ0)

r0

r

a

P (r, θ)

θ0

θ

a2 = a2 + r2 − 2ar cos(θ − θ0)

r2 = 2ar cos(θ − θ0)

r = 2a cos(θ − θ0)

Applying the Law of Cosines to the

triangle OPP0:

Standard Equation
a2 = r20 + r2 − 2r0r cos(θ− θ0)

� If the circle’s center lies on the

positive x-axis, θ0 = 0 and we

get the further simplification

r = 2a cos θ.

� If the center lies on the positive

y-axis, θ0 = π/2, and we get

r = 2a sin θ.
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Intersections of Polar Curves

The Challenge: Finding intersection points in polar coordinates can be

more complicated than in Cartesian coordinates because points do not

have unique coordinates.

Curves r = f(θ) and r = g(θ)

intersect at [r0, θ0] if:

f(θ0) = g(θ0) and r0 = f(θ0)

Crucial Note
There may be other intersections as

well that cannot be found by

solving f(θ) = g(θ)!

x

y

r = sin θ

r = cos θ

θ = π/4

For r = sin θ and r = cos θ:

� sin θ = cos θ =⇒ θ = π/4.

� Point (1/
√
2, π/4) is found.

� Origin (0, 0) is missed by the

equation!
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solving f(θ) = g(θ)!

x

y

r = sin θ

r = cos θ

θ = π/4

Missed by

equation!

For r = sin θ and r = cos θ:

� sin θ = cos θ =⇒ θ = π/4.

� Point (1/
√
2, π/4) is found.

� Origin (0, 0) is missed by the

equation!
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Intersections of Polar Curves

EXAMPLE:
Find the intersections of the curves r = sin θ and r = 1− sin θ.

Solution: Since both functions of θ are periodic with period 2π, we need

only look for solutions satisfying 0 ≤ θ ≤ 2π:

sin θ = 1− sin θ =⇒ 2 sin θ = 1 =⇒ sin θ = 1/2 =⇒

θ = π/6 or θ = 5π/6

The points of intersection are:

� (1/2, π/6)

� (1/2, 5π/6)

� Note: The origin (0, 0) is

also a point of intersection,

though not found by the

equation!

x

y

r = sin θ

r = 1− sin θ

θ = π/6θ = 5π/6
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Slopes for Polar Curves
Tangent Lines to Polar Curves

Let r = f(θ) be a differentiable function of θ. To find the slope of the

tangent line, we treat the polar curve as a set of parametric equations:

Parametric Equations
x = r cos θ = f(θ) cos θ, y = r sin θ = f(θ) sin θ

If dx/dθ ̸= 0, the slope dy/dx is given by the parametric formula:

dy

dx
=

dy/dθ

dx/dθ
=

f ′(θ) sin θ + f(θ) cos θ

f ′(θ) cos θ − f(θ) sin θ

� Horizontal Tangents: Occur when dy/dθ = 0 (provided

dx/dθ ̸= 0).

� Vertical Tangents: Occur when dx/dθ = 0 (provided dy/dθ ̸= 0).
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Slopes for Polar Curves

EXAMPLE:
Find the points on the cardioid r = 1 + cos θ, where the tangent lines are

horizontal.

Solution (continued): For the cardioid r = 1 + cos θ, vertical tangents

occur when dx/dθ = 0:

0 =
dx

dθ
= − sin θ − 2 cos θ sin θ

= − sin θ(1 + 2 cos θ)

The solutions are:

� sin θ = 0 =⇒ θ = 0, π

� cos θ = −1/2 =⇒ θ = ±2π/3

There are vertical tangent lines at:

[2, 0] and [1/2,±2π/3]

x

y

r = 1 + cos θ

2
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Areas in Polar Coordinates

x

y

O

r = f(θ)

θ = α

θ = β

S

T

f(θ∗k)∆θk

α

β

To derive a formula for the area of

region OTS, we approximate the

region with fan-shaped circular

sectors.

Ak =
1

2
r2k∆θk =

1

2
(f(θ∗k))

2∆θk

The area of region OTS is

approximately

n∑
k=1

Ak =

n∑
k=1

1

2
(f(θ∗k))

2∆θk

A = lim
∥P∥→0

n∑
k=1

1

2
(f(θ∗k))

2
∆θk =

∫ β

α

1

2
(f(θ))

2
dθ
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Areas in Polar Coordinates

Area of the Fan-Shaped Region

The area of the region bounded by the rays θ = α and θ = β and the

curve r = f(θ) is given by the following integral:

Area Formula

A =

∫ β

α

1

2
r2 dθ =

∫ β

α

1

2
(f(θ))2 dθ

This is the integral of the area

differential:

dA =
1

2
r2 dθ

Geometrically, dA represents the area

of an infinitesimal circular sector with

radius r and central angle dθ.
x

y

O

P (r, θ)

r

θ

dθ

dA = 1
2r

2dθ

9
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Areas in Polar Coordinates

EXAMPLE:
Find the area of the region in the plane enclosed by the cardioid

r = 2(1 + cos θ).

x

y

0 4

2

−2

r

P (r, θ)

r = 2(1 + cos θ)

The area is given by the integral from θ = 0

to 2π:

A =

∫ 2π

0

1

2
r2 dθ =

∫ 2π

0

1

2
· 4(1 + cos θ)2 dθ

=

∫ 2π

0

2(1 + 2 cos θ + cos2 θ) dθ

=

∫ 2π

0

(
2 + 4 cos θ + 2 · 1 + cos 2θ

2

)
dθ

=

∫ 2π

0

(3 + 4 cos θ + cos 2θ) dθ

=

[
3θ + 4 sin θ +

sin 2θ

2

]2π
0

= 6π − 0 = 6π
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Areas in Polar Coordinates

EXAMPLE:
Find the area of the region that lies inside the circle r =

√
2 sin θ and

inside the lemniscate r2 = sin 2θ.

1. Intersection Points: Set the equations

equal:

2 sin2 θ = sin 2θ = 2 sin θ cos θ

=⇒ sin θ = 0 or sin θ = cos θ =⇒ θ = 0, π/4

2. Area Calculation: The area of the

region is given by:

x

y

r =
√
2 sin θ

r2 = sin 2θ

θ = π/4

A =
1

2

∫ π/4

0

2 sin2 θ dθ +
1

2

∫ π/2

π/4

sin 2θ dθ =

∫ π/4

0

1− cos 2θ

2
dθ −

[
1

4
cos 2θ

]π/2
π/4

=

[
π

8
− 1

4
sin 2θ

]π/4
0

+
1

4
=

π

8
− 1

4
+

1

4
=

π

8
square units
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Areas in Polar Coordinates

EXAMPLE:
Find the area enclosed by one loop of the four-leaved rose r = cos 2θ.

Solution:

θ = 0

θ = π/2

π/4

−π/4

A

A

r = cos 2θ

Due to symmetry, the area of one loop

is twice the area from θ = 0 to π/4:

Area = 2A = 2 ·
∫ π/4

0

1

2
cos2 2θ dθ

=

∫ π/4

0

1

2
(1 + cos 4θ) dθ

=

[
θ

2
+

1

4
sin 4θ

]π/4
0

=

(
π/4

2
+

sinπ

4

)
− (0 + 0)

=
π

8
square units
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Area Between Polar Curves

Area of the Region 0 ≤ r1(θ) ≤ r ≤ r2(θ), α ≤ θ ≤ β

The area A of the region bounded by two polar curves and two rays is

given by the difference of the areas enclosed by each curve:

General Area Formula

A =

∫ β

α

1

2
r22 dθ −

∫ β

α

1

2
r21 dθ =

∫ β

α

1

2
(r22 − r21) dθ

x

y

O

θ = α

θ = β

r1

r2
� r2 is the outer boundary curve.

� r1 is the inner boundary curve.

� The area is obtained by

integrating the difference of the

squares of the radii.
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Area Between Polar Curves

EXAMPLE: Find the area of the region that lies inside the circle r = 1

and outside the cardioid r = 1− cos θ.

x

y

1 = r = 1− cos θ =⇒ cos θ = 0

θ = ±π/2

π/2

−π/2

The area A is found by integrating from

−π/2 to π/2:

A =

∫ π/2

−π/2

1

2
(r22 − r21) dθ = 2

∫ π/2

0

1

2
(r22 − r21) dθ

=

∫ π/2

0

(1− (1− 2 cos θ + cos2 θ)) dθ

=

∫ π/2

0

(2 cos θ − cos2 θ) dθ

=

∫ π/2

0

(
2 cos θ − 1 + cos 2θ

2

)
dθ

=

[
2 sin θ − θ

2
− sin 2θ

4

]π/2

0

= 2− π

4
square units
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Area Between Polar Curves

EXERCISE: Find the area of the shaded region below for the limacon

curve r = 2 cos θ + 1.

x

y

r = 2 cos θ + 1
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Length of a Polar Curve



Length of a Polar Curve

If r = f(θ) has a continuous first derivative for α ≤ θ ≤ β and if the

point P (r, θ) traces the curve exactly once as θ runs from α to β, then

the length of the curve is given by:

� We parametrize the curve as:

x = f(θ) cos θ, y = f(θ) sin θ, α ≤ θ ≤ β

� The parametric length formula then gives the length as:

L =

∫ β

α

√(
dx

dθ

)2

+

(
dy

dθ

)2

dθ

Polar Arc Length Formula

L =

∫ β

α

√
r2 +

(
dr

dθ

)2

dθ
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Length of a Polar Curve

EXAMPLE:
Find the length of the cardioid r = 1− cos θ.

x

y

P (r, θ)

r

02

r2+(drdθ )
2 = (1−cos θ)2+sin2 θ = 2−2 cos θ

Using 1− cos θ = 2 sin2(θ/2):

L =

∫ 2π

0

√
2− 2 cos θ dθ

=

∫ 2π

0

√
4 sin2(θ/2) dθ

=

∫ 2π

0

2| sin(θ/2)| dθ

Since sin(θ/2) ≥ 0 for 0 ≤ θ ≤ 2π:

L =

∫ 2π

0

2 sin(θ/2) dθ = [−4 cos(θ/2)]
2π
0 = (−4 cosπ)− (−4 cos 0)

= 4 + 4 = 8 units
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