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Let F(z,y) be a differentiable function of two variables x and y.



Implicit Functions

Let F(z,y) be a differentiable function of two variables x and y. Let
F(a,b) = 0 and suppose the equation F'(x,y) = 0 can be solved for y as
a function of z.
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Implicit Functions

Let F(z,y) be a differentiable function of two variables x and y. Let
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Implicit Functions

Let F(z,y) be a differentiable function of two variables x and y. Let
F(a,b) = 0 and suppose the equation F'(x,y) = 0 can be solved for y as

a function of . ) o .
Differentiating w.r.t. = gives

)
(asb) dy
Vi Py Fi(z,y) + Fg(m,y)@ =0.
y Vi Thus
’ dy| _  Fi(a,b)
F((I},y) =0 dx r—a - Fg(a,b)
x
if F»(a,b) # 0.



Implicit Functions

Differentiating w.r.t. = gives

Yy
(avb) dy
Vi P, Fl(x,y)—f—Fg(m,y)%:O.
y Vs Thus
? dﬁ o _Fl(aab)
F(l’,y) = dx r—a - Fg(a,b)
x
if Fy(a,b) # 0.

Fs(a,b) # 0| —> enough to guarantee F'(x,y) = 0 can besolved for

y as a function of x near Py.



Implicit Functions

Suppose the equation F(x,y, z) = 0 defines z as a function of z and y
near a point Py = (xo, Yo, z0) with coordinates satisfying the equation.



Implicit Functions

Suppose the equation F(x,y, z) = 0 defines z as a function of z and y
near a point Py = (xo, Yo, z0) with coordinates satisfying the equation.
Differentiating the both sides of the equation F(x,y,z) = 0 w.r.t. 2 and
Yy, we get

0
Fi(w,y,2) + Fy(,y, 2) 5 = 0

0
FQ(?II,Z],Z) +F3(*T7yaz)£ =0.



Implicit Functions

Suppose the equation F(x,y, z) = 0 defines z as a function of z and y
near a point Py = (xo, Yo, z0) with coordinates satisfying the equation.
Differentiating the both sides of the equation F(x,y,z) = 0 w.r.t. 2 and

Yy, we get
0z
F C F N _— = O
1('Tayaz) + S(Tvyaz)ax
0
FQ(?II,Z],Z) + F3(*T7yaz)£ =0.
Thus
9z __ Bi@oye,20) | 02 _ Fy(w0,0,20)
8ZE ($07y0) F3(x07y0120) 0y (9307110) Fg(mo,yo,zo)

if F3($07y07 ZU) 7& 0.



Implicit Functions

EXMAPLE
Near what points on the sphere 22 + 3% + 22 = 1 can the equation of the

sphere be solved for z as a function of 2 and y? Find 9z/0z and 0z/0y
at such points.



Implicit Functions

EXMAPLE
Near what points on the sphere 22 + 3% + 22 = 1 can the equation of the

sphere be solved for z as a function of 2 and y? Find 9z/0z and 0z/0y
at such points.

Solution: The sphere is the level surface F(x,y, z) = 0, where
F(z,y,z) =2 +y?+ 22 - 1.



Implicit Functions

EXMAPLE
Near what points on the sphere 22 + 3% + 22 = 1 can the equation of the

sphere be solved for z as a function of 2 and y? Find 9z/0z and 0z/0y
at such points.

Solution: The sphere is the level surface F(x,y, z) = 0, where
F(x,y,2z) = 22 +y? + 22 — 1. Since
F3('ra Y, Z) =2z
then
Fi(x,y,2) =0 < 2z=0

Thus the equation F(x,y,z) = 0 can be solved for z = z(z,y) near P if
Py does not lie on the circle 2 + y? = 1,z = 0, that is the equator of
the sphere.



Implicit Functions

EXMAPLE
Near what points on the sphere 22 + 42 + 22 = 1 can the equation of the

sphere be solved for z as a function of 2 and y? Find 0z/0z and 0z/0y

at such points.

Solution: If z # 0, we can calculate the partial derivatives of the
solution z = z(z,y) by implicitly differentiating the equation of the
sphere: 22 4+ y% + 22 = 1:

0z 0z T

2 22— =0 el
T Zax ’ *° ox z’

0z 0z Y

2 22— =10 — ==
Y+ Zay s SO oy B



Implicit Functions

19)
When we are given F(x,y,z) = 0 and asked a—x we could understand
z

that x is intended to be a function of y and z.



Implicit Functions

0
When we are given F(x,y,z) = 0 and asked a—x we could understand
z

that x is intended to be a function of y and z.

What if we are given a system

F(z,y,z,w) =0
G(z,y,2,w) =0
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Implicit Functions

0
When we are given F(x,y,z) = 0 and asked a—x we could understand
z

that x is intended to be a function of y and z.

What if we are given a system

F(z,y,z,w) =0
G(z,y,2,w) =0

and asked %? In short, which of the situations
z
{m =x(z,w) {T =x(y, z)
or
y =y(z,w) w = w(y, z)

are we dealing with?



Implicit Functions

We use subscripts to specify which variable is to be regarded as the other
independent variable.

ox\ . : . Jrz=12(z,w)
3 implies the interpretation
z w

ox\ . . . .
— | implies the interpretation

8
|
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Implicit Functions Example

EXAMPLE
Given the equations F(x,y, z,w) =0 and G(z,y, z,w) = 0, where F

and GG have continuous first partial derivatives, calculate (8
z

w
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Implicit Functions Example

EXAMPLE
Given the equations F(x,y, z,w) =0 and G(z,y, z,w) = 0, where F

and GG have continuous first partial derivatives, calculate (8
z

w
Solution: We differentiate the two equations with respect to z,
regarding x and y as functions of z and w, and holding w fixed:

10



Implicit Functions Example

EXAMPLE
Given the equations F(x,y, z,w) =0 and G(z,y, z,w) = 0, where F

and GG have continuous first partial derivatives, calculate (8
z

w
Solution: We differentiate the two equations with respect to z,
regarding x and y as functions of z and w, and holding w fixed:

0
Eliminating 8—y we obtain
z

9\ P3Gy — FyGs
82 w B FlGQ*FQGl.

10



Implicit Functions Example

EXAMPLE
Let x,y,u, and v be related by the equations

{u:x2+xy—y2

v = 2zy + 9>

Find (a) <g:c> and (b) <g:c> at the point where x =2 and y = —1.
u/, u/,
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Implicit Functions Example

EXAMPLE

Let x,y,u, and v be related by the equations
u = z2 +xy — y2
v = 2zy + 9>

Find (a) <g:c> and (b) <g:c> at the point where x =2 and y = —1.
u/, u/,

Solution: (a) To calculate (0z/0u), we regard x and y as functions of
w and v and differentiate the given equations with respect to u, holding v

constant:
ou ox y
v ox y

0= u —2y%+(2x+2y)%

11



Implicit Functions Example

EXAMPLE

Let x,y,u, and v be related by the equations
u = z2 +xy — y2
v = 2zy + 9>

Find (a) <g:c> and (b) <g:c> at the point where x =2 and y = —1.
u/, u/,

Solution: (a) To calculate (0z/0u), we regard x and y as functions of
w and v and differentiate the given equations with respect to u, holding v

constant:
1_@_(2x+ )%+(x_21)@ At x =2,y = —1 we have
 Ou yau J(?u R 1738x+48y

v ox Y T ou u
0=+ =2y—+ 2z +2y)

ou ou 0 0772%+2@
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Implicit Functions Example

EXAMPLE

Let x,y,u, and v be related by the equations
u = z2 +xy — y2
v = 2zy + 9>

Find (a) <g:c> and (b) <g:c> at the point where x =2 and y = —1.
u/, u/,

Solution: (a) To calculate (0z/0u), we regard x and y as functions of
w and v and differentiate the given equations with respect to u, holding v

constant:
1_@_(2x+ )%+(x_21)@ At x =2,y = —1 we have
 Ou yau J(?u R 1738x+48y
ov ox Y T ou u
= — =2y— 2 2y) ==
=5, =5, T Cr+2)3 or _dy
0=-2—+2-">
ou ou

Eliminating dy/0Ou leads to the result (0z/0u), = 1/7. 1



Implicit Functions Example

EXAMPLE
Let x,y,u, and v be related by the equations

{u:x2+wy—y2

v =2zy + 3>

Find (a) <g:v> and (b) <gx> at the point where x =2 and y = —1.
w/, u/,

0
Solution: (b) To calculate (x) we regard = and v as functions of y
Y

ou
and u and differentiate the given equations with respect to u, holding y
constant:
1= (20 + )81: v 9 ox
= x R _— = —
Youw ou You

12



Implicit Functions Example

EXAMPLE
Let x,y,u, and v be related by the equations

u:x2+wy—y2
v =2zy + 3>

Find (a) <g:v> and (b) <gx> at the point where x =2 and y = —1.
w/, u/,

0
Solution: (b) To calculate (;) we regard = and v as functions of y
u/,

and u and differentiate the given equations with respect to u, holding y

constant:
ox v 9 ox

, o , , 0
At x = 2, y = —1 the first equation immediately gives (ax) =1/3.
u
y

12



Jacobian determinants

The Jacobian determinant (or simply the Jacobian) of the two functions,
u=u(z,y) and v = v(x,y), with respect to two variables, x and y, is
the determinant

Oou Ou
O(u,v) dor Oy
INzyy) ~ |ov vl

dx y

Similarly, the Jacobian of two functions, F(z,vy,...) and G(z,y,...),
with respect to the variables, x and v, is the determinant

oF OF
IF,G) |0z Oy| |F F,
oz,y) oG 0G| |Gi Gyl

13



Jacobian determinants

The definition above can be extended in the obvious way to give the
Jacobian of n functions with respect to n variables. For example, the
Jacobian of three functions, F(z,y,z2,...), G(x,y,z,...), and
H(x,y,z,...), with respect to variables, x, y, and z, is the determinant

I
O(F.G, H
w: G, Gy Gs.

14



Implicit Function Theorem

EXAMPLE
Consider the system of linear equations

F(x7ya57t) :alx+b1y+C15+d1t+€1 =0
G(z,y,s,t) = asx + boy + cas + dat + e5 = 0.

15



Implicit Function Theorem

EXAMPLE
Consider the system of linear equations

F(x7ya57t) :alx+b1y+C15+d1t+€1 =0
G(z,y,s,t) = asx + boy + cas + dat + e5 = 0.

This system can be written in matrix form:

Alf +c|®
Y t

where

15



Implicit Function Theorem

EXAMPLE

where

A= lal bl] , C= [Cl dl] , and &= lell .
as by co  doy €2
+5)

Observe that det(A) = O(F, G)/0(x,y), so the nonvanishing of this
Jacobian (nonzero) guarantees that the equations can be solved for x
and y.

det(A) #0 = m =-A" (c

s
t

16



Implicit Function Theorem

Consider a system of n equations in n + m variables,
F(1>(IL'1,.’L'2, e Tmy Y1, Y2, - - 7yn) =0
F(Q)($1,51727 ey Tmy Y1, Y2, - ayn) =0

F(n)(aj17x27"’>x’may17y27"'7y’n) = 07

and a point Py = (a1,as9,...,am,b1,bs,...,b,) that satisfies the system.

17



Implicit Function Theorem

Consider a system of n equations in n + m variables,

F(l)(wlvx%"‘vl.maylvaa"wyn) =0
F(Q)(xl’x27"'>xmay17y27-~-ayn) =0

F(n)(aj17x27"’>x’may17y27"'7y’n) = 07

and a point Py = (a1,as9,...,am,b1,bs,...,b,) that satisfies the system.
Suppose each of the functions F{;) has continuous first partial derivatives
with respect to each of the variables x; and y,

(i=1,...,n, 5=1,...,m, k=1,...,n), near Py. Finally, suppose

that
(9(F(1>,F(2),...,F(n)) #0
O(Y1,Y2s -+ Yn) Po .
Then the system can be solved for y1, s, ...,y as functions of
T1,%9,...,Ty, near F.

17



Implicit Function Theorem

That is, there exist functions

(701('7;17"' 7mrrl)7"'79071,('1717"'7'737",)

such that
‘pj(a’lw"aa’m):bja (.jzla---an)7

and such that the equations

F(l)(xla“-ax’rm(pl(xla- e ax7n)a-~-7§0n(x17~-- ;xm))

F(Q)(:L'l,...,:L'm,gol(wl,...,:L'm),...,cpn(xl,...,wm)) =0,

F(n)(xl,...,xm,gol(xl,...,zn,,),...,(pn(azl,...,mm)) =0,

hold for all (x1,...,x,,) sufficiently near (ay,...,am).

18



Implicit Function Theorem

Moreover, fori =1,...,nand j=1,...,m
I(Fy, Fray, .- Fiwy)
Oz 0T ) 0 o, O(F), Flo), - - Fiy)
a(yla"'7yi>"'7yn)

19



Implicit Function Theorem Example

EXAMPLE
Show that the system

xy? + xzu+yv® =3

23yz + 220 — u?v? =2
can be solved for (u,v) as a (vector) function of (x,y, z) near the point
Py where (z,y,z,u,v) = (1,1,1,1,1), and find the value of g—;’ for the
1).

(1,
solution at (z,y,2) = (1,1,

20



Implicit Function Theorem Example

Solution: Let Py = (1,1,1,1,1) and

{F(J:,y,z,u,v) =ay? + zzu+yv® — 3

G(x,y, z,u,v) = 23yz + 2zv — u?v? — 2

21



Implicit Function Theorem Example

Solution: Let Py = (1,1,1,1,1) and

F(z,y,z,u,0) = zy° + zzu+ yo° — 3
G(x,y, z,u,v) = 23yz + 2zv — u?v? — 2

o(F,G) xz 2yv 1 2
= 2 2 = =4
Ou,v) |p,  |—2uv® 22 —2uv -2 0
Py
O(F,Q) xz 2y + v? 1 3
= 2 3 = =T
oNuw,y) |p, |—2uv 3z -2 1

0

21



Implicit Function Theorem Example

Solution: Let Py = (1,1,1,1,1) and

{F(J:,y,z,u,v) =ay? + zzu+yv® — 3

G(x,y, z,u,v) = 23yz + 2zv — u?v? — 2

| w2 2yv 2 4
O(u,v) |p |—2uv?® 2z —2uv -2 0
0 PO
O(F,Q) xz 2y + v? 1 3
= 2 3 = =T
oNuw,y) |p, |—2uv 3z -2 1
0

A(F.G)

v\ 0wy ‘PO T
oy),, x| 4

I (u,v) Po

21



Implicit Function Theorem Example

EXAMPLE
If the equations = u? 4+ v? and y = ww are solved for u and v in terms

of x and y, find, where possible,
oo v o
oz’ 0y Oz’ oy’

Hence, show that

o(u,v) 1
B T oay)’
(@y)  F2Y

provided the denominator is not zero.

22



Implicit Function Theorem Example

EXAMPLE
If the equations = u? 4+ v? and y = ww are solved for u and v in terms

of x and y, find, where possible,

o o o
oz’ 0y Oz’ oy’

Hence, show that

o(u,v) 1
Oz,y) gy’

provided the denominator is not zero.

Solution: Since

ox ox
J— |ou Sl |2u 21}_22_22
—@ @— v u = Z2U v
ou ov

when u? # v2, then J # 0 and we can calculate the required partial

derivatives as follows
22



Implicit Function Theorem Example

Solution: Ju _l@(F,G) 1]-1 2v u

dr  J 9(x,v) JI0 wu 2(u? —v?)

ou _ 10(FG) 110 20 —2v

oy J oy,v)  J|-1 wu 2(u? —v?)

ov 10(F,QG) 1|2u -1 —v

dr  JO(wx)  Jlv 0| 2u?—1?)

2 10(F,G) 1|2u 0 2u

oy Jo(uy)  J|v -1 2(u? —v?)

23



Implicit Function Theorem Example

Solution: Ju _l@(F,G) 1]-1 2v u

dr  J 9(x,v) JI0 wu 2(u? —v?)

ou _ 10(FG) 110 20 —2v

oy J oy,v)  J|-1 wu 2(u? —v?)

ov 10(F,QG) 1|2u -1 —v

dr  JO(wx)  Jlv 0| 2u?—1?)

w  1AFG 1l 0 2
oy  Jo(u,y)  J|v =1 2(u2—v2)

Finally,

23



Applications of Partial
Derivatives




Extreme Values

22 4+ y? has minimum value 0 at the
origin

24



Extreme Values

L SN
e
s
R IEX
o

. 1 — 22 — y? has maximum value 1 at
22 4+ y? has minimum value 0 at the Y

.. the origin

origin

24



Extreme Values

We say that a function of two variables has a value at
the point (a,b) in its domain if f(z,y) < f(a,b) for all points (x,y)
in the domain of f that are sufficiently close to the point (a,b). If the
inequality holds for all (z,y) in the domain of f, then we say that f has
an at (a,b).

25



Extreme Values

We say that a function of two variables has a local maximum value at
the point (a,b) in its domain if f(z,y) < f(a,b) for all points (x,y)
in the domain of f that are sufficiently close to the point (a,b). If the
inequality holds for all (z,y) in the domain of f, then we say that f has
an absolute maximum value at (a, b).

Similar definitions obtain for local and absolute minimum values. In
practice, the word absolute is usually omitted, and we refer simply to the
maximum or the minimum value of f.

25



Extreme Values

A function f(z,y) can have a local or absolute extreme value at a point
(a,d) in its domain only if (a,b) is one of the following:

(a) a critical point of f, that is, a point satisfying V f(a,b) = 0,

(b) a singular point of f, that is, a point where V f(a,b) does not
exist, or

(c) a boundary point of the domain of f.

26



Extreme Values

A set in R™ is bounded if it is contained inside some ball 23 + 22 +
-+ + a2 < R? of finite radius R. A set on the real line is bounded
if it is contained in an interval of finite length.

27



Extreme Values

A setin R™ is if it is contained inside some ball x3 + 3 +
-+ + a2 < R? of finite radius R. A set on the real line is bounded
if it is contained in an interval of finite length.

If f is a continuous function of n variables whose domain is a closed
and bounded set in R™, then the range of f is a bounded set of real
numbers, and there are points in its domain where f takes on absolute
maximum and minimum values.

27



Extreme Values Examples

EXAMPLE

e The function f(z,y) = 22 + y? has a critical point at (0, 0), since
Vf =2xi+2yjand both components of V f vanish at (0,0). Since

f must have (absolute) minimum value 0 at that point. If the
domain of f is not restricted, f has no maximum value.

28



Extreme Values Examples

EXAMPLE

e The function f(x,y) = 22 4+ y? has a critical point at (0,0), since
Vf =2xi+2yjand both components of V f vanish at (0,0). Since

fla,y) > 0=7(0,0) if (z,y)# (0,0),

f must have (absolute) minimum value 0 at that point. If the
domain of f is not restricted, f has no maximum value.

e Similarly, since Vg = —2x1i— 2yj

g(z,y) =1-2° —y?

has (absolute) maximum value 1 at its critical point (0,0).

28



Extreme Values Examples

EXAMPLE
The function h(z,y) = y? — 22 also has a critical point at (0,0) but has

neither a local maximum nor a local minimum value at that point.
Observe that h(0,0) = 0 but h(z,0) < 0 and h(0,y) > 0 for all nonzero
values of = and y. The graph of h is a hyperbolic paraboloid. In view of
the shape of this surface, we call the critical point (0,0) a saddle point of
h.

29



Extreme Values - Saddle point

In general, we will somewhat loosely call any interior critical point of the
domain of a function f of several variables a saddle point if f does not
have a local maximum or minimum value there.

30



Extreme Values - Saddle point

In general, we will somewhat loosely call any interior critical point of the
domain of a function f of several variables a saddle point if f does not
have a local maximum or minimum value there.

Near a saddle point, the graph will not always look like a saddle.




Extreme Values Examples

EXMAPLE
The function f(z,y) = /22 + y? has no critical points but does have a
singular point at (0,0) where it has a local (and absolute) minimum

value, zero. The graph of f is (one nappe of) a circular cone.
Tz
= /22 + y2

31



Extreme Values Examples

EXMAPLE
The function f(x,y) =1 — x is defined everywhere in the xy-plane and

has no critical or singular points. (V f(z,y) = —i at every point (z,¥).)
Therefore f has no extreme values.

32



Extreme Values Examples

EXMAPLE
The function f(x,y) =1 — x is defined everywhere in the xy-plane and

has no critical or singular points. (V f(z,y) = —i at every point (z,¥).)
Therefore f has no extreme values.However, if we restrict the domain of
f to the points in the disk 22 + y? < 1 (a closed bounded set in the
xy-plane), then f does have absolute maximum and minimum values.
The maximum value is 2 at the boundary point (—1,0) and the minimum
value is 0 at (1,0). 2z

32



Extreme Values Examples

EXMAPLE ‘
Find and classify the critical points of f(x,y) = 22° — 62y + 33>,

33



Extreme Values Examples

EXMAPLE
Find and classify the critical points of f(x,y) = 22° — 62y + 33>,

Solution: The critical points must satisfy the system of equations:

O:fl(x,y):6a72—6y — 2=y
0= folx,y) = —62 + 6y = T =y.

33



Extreme Values Examples

EXMAPLE
Find and classify the critical points of f(x,y) = 22° — 62y + 33>,

Solution: The critical points must satisfy the system of equations:

O:fl(x,y):6a72—6y — 2=y
0= folx,y) = —62 + 6y = T =y.

Together, these equations imply that 22 = 2 so that z =0 or 2 = 1.
Therefore, the critical points are (0,0) and (1, 1).

33



Extreme Values Examples

EXMAPLE
Find and classify the critical points of f(x,y) = 22° — 62y + 33>,

Solution: The critical points must satisfy the system of equations:
0= fi(z,y) = 62% — 6y — 2=y
0= fa(w,y) = —6x + 6y = T =1.

Together, these equations imply that 22 = 2 so that z =0 or 2 = 1.
Therefore, the critical points are (0,0) and (1, 1).

Consider the point (0,0). Let Af be

Af = f(h, k) — £(0,0) = 2h3 — 6hk + 3k2.

Since f(h,0) — £(0,0) = 2h? is positive for small positive 4 and negative
for small negative h, f cannot have a maximum or minimum value at
(0,0). Therefore, (0,0) is a saddle point.

33



Extreme Values Examples

EXMAPLE ‘
Find and classify the critical points of f(xz,y) = 22° — 62y + 3y>.

Solution: Now consider (1,1). Let Af be

Af =f1+h,1+Ek)— f(1,1)
=2(1+h)>—6(1+nh)(1+k)+3(1+k)?*—(-1)
= 2+ 6h + 6h% +2h> — 6 — 6h — 6k — 6hk + 3 + 6k + 3k> + 1
= 6h* — 6hk + 3k? + 213
= 3(h — k)* + h*(3 + 2h).

Both terms in the latter expression are nonnegative if |h| < 3/2, and they
are not both zero unless h = k = 0.

34



Extreme Values Examples

EXMAPLE ‘
Find and classify the critical points of f(xz,y) = 22° — 62y + 3y>.

Solution: Now consider (1,1). Let Af be

Af =f1+h,1+Ek)— f(1,1)
=2(1+h)>—6(1+nh)(1+k)+3(1+k)?*—(-1)
= 2+ 6h + 6h% +2h> — 6 — 6h — 6k — 6hk + 3 + 6k + 3k> + 1
= 6h* — 6hk + 3k? + 213
= 3(h — k)* + h*(3 + 2h).

Both terms in the latter expression are nonnegative if |h| < 3/2, and they
are not both zero unless h = k = 0.

Hence, Af > 0 for small A and k, and f has a local minimum value —1
at (1,1).
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