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Langrange Multipliers

Objective: dealing with problems of maximizing or minimizing functions
whose variables are not independent of one another.



Langrange Multipliers

Objective: dealing with problems of maximizing or minimizing functions
whose variables are not independent of one another.

Suppose that f and g have continuous first partial derivatives near the
point Py = (2o, yo) on the curve C with equation g(z,y) = 0. Suppose
also that, when restricted to points on C, the function f(z,y) has a local
maximum or minimum value at F,. Finally, suppose that

(i) Py is not an endpoint of C, and

(i) Vg(Pp) # 0.
Then there exists a number Ag such that (zo, yo, A\o) is a critical point
of the

L(x7y7 >‘) = f(ar,y) + /\g(x’ y)'



Langrange Multipliers

To find candidates for points on the curve g(x,y) = 0 at which f(z,y) is
maximum or minimum, we should look for critical points of the
Lagrangian function

£($7y,)\> = f(xvy) + Ag($5y>'



Langrange Multipliers

To find candidates for points on the curve g(x,y) = 0 at which f(z,y) is
maximum or minimum, we should look for critical points of the

Lagrangian function

£($7y,)\> = f(xvy) + Ag($5y>'

At any critical point of L we must have

oL
0= % - fl(xay) + )\gl(xmy)a
that is, V f is parallel to Vg,
oL
0= 87y = f2(xay) + )\QQ(I’,CL]),

OL
and 0= e g(z,y), } the constraint equation.



Langrange Multipliers

To find candidates for points on the curve g(x,y) = 0 at which f(z,y) is
maximum or minimum, we should look for critical points of the
Lagrangian function

£($7y,)\) = f(xvy) + /\g(x,y).

At any critical point of L we must have

OL
0=o_= fi(z,y) + Agi(z,y),
that is, V f is parallel to Vg,
0= 2 = fa(eo) + M)
_ay_Q'r’y 92\, Y),
and 0= % =g(z,y), } the constraint equation.

Note, however, that it is assumed that the constrained problem has a

solution.




Langrange Multipliers - Example

EXAMPLE
Find the shortest distance from the origin to the curve z2y = 16.



Langrange Multipliers - Example

EXAMPLE
Find the shortest distance from the origin to the curve z2y = 16.

Solution:

PROBLEM: minimize flz,y) =2® +4°
subject to g(z,y) = 2%y —16 = 0.

22y =16

A
@




Langrange Multipliers - Example

EXAMPLE
Find the shortest distance from the origin to the curve z2y = 16.

Solution:
Let L(z,y,\) = 22 + y? + A(a?y — 16).

oL
0=— =2+ 2\axy = 22(1 + \y)
ox




Langrange Multipliers - Example

EXAMPLE
Find the shortest distance from the origin to the curve z2y = 16.

Solution:
Let L(z,y,\) = 22 + y? + A(a?y — 16).

oL
0=— =2+ 2\axy = 22(1 + \y)
ox

_— or)\yz—l




Langrange Multipliers - Example

EXAMPLE
Find the shortest distance from the origin to the curve z2y = 16.

Solution:
Let L(x,y,A\) = 2% + 3% + \(2%y — 16).

L
0:8—:2x+2)\$y:2x(1+)\y)
z
_— or)\yz—l
o
=%

0 = 2y + Az




Langrange Multipliers - Example

EXAMPLE
Find the shortest distance from the origin to the curve z2y = 16.

Solution:
Let L(z,y,\) = 22 + y? + A(a?y — 16).
oL
Oza—:2x+2)\my:2x(1+)\y)
x
_— or \y =—1
L
0= oL _ 2y + \a?
dy
—  0=2y+ \ya? =2¢% — 2
L
0=k _ z’y — 16

oA



Langrange Multipliers - Example

EXAMPLE
Find the shortest distance from the origin to the curve z2y = 16.

Solution:
y Let L(z,y,\) = 22 + y? + A(a?y — 16).
OL
Oza—:2x+2)\my:2x(1+)\y)
i
f/ — or \y = —1
L
k\ 0= oL = 2y + Az
dy
=  0=2y%+ \yx? = 2% — 22
OL 5
== g2y -1
0 B\ Ty 6

Since 22y — 16 = 0 and 232 — 22 = 0, we get
2 =16 = y=2



Langrange Multipliers - Example

EXAMPLE
Find the shortest distance from the origin to the curve x?y = 16.

Solution:
Yy

When y = 2, we have z = +2/2. Finally,

candidates for points on 22y = 16
closest to the origin: (£2v/2, 2)

S

the minimum distance = 2\/5‘




Langrange Multipliers - Example

EXAMPLE
Find the points on the curve 1722 + 12xy + 8y? = 100 that are closest to

and farthest away from the origin.



Langrange Multipliers - Example

EXAMPLE
Find the points on the curve 1722 + 12xy + 8y? = 100 that are closest to

and farthest away from the origin.
Solution: 1722 + 122y + 8y? = 822 + (3z + 2y)? + 4y? is positive
definite. Thus 1722 + 122y + 8y? = 100 is a bounded curve.



Langrange Multipliers - Example

EXAMPLE
Find the points on the curve 1722 + 12xy + 8y? = 100 that are closest to

and farthest away from the origin.

Solution: 1722 + 122y + 8y? = 822 + (3z + 2y)? + 4y? is positive
definite. Thus 1722 + 122y + 8y? = 100 is a bounded curve.

Let L(z,y,\) = 22 + y? + M\(172% + 122y + 8y? — 100), we have

oL
OZ%:2x+A(34w+12y)

oL
0=— =2y + \12z + 16

oy ~ W (122 + 16y)

oL
O:azl7m2+12xy+8y2—100



Langrange Multipliers - Example

EXAMPLE
Find the points on the curve 1722 + 12xy + 8y? = 100 that are closest to

and farthest away from the origin.

Solution: 1722 + 122y + 8y? = 822 + (3z + 2y)? + 4y? is positive
definite. Thus 1722 + 122y + 8y? = 100 is a bounded curve.

Let L(z,y,\) = 22 + y? + M\(172% + 122y + 8y? — 100), we have

oL
OZ%:2x+A(34w+12y)

oL
0=— =2y + \12z + 16

oy ~ W (122 + 16y)

oL
O:azl7m2+12xy+8y2—100

By first two equations, we have

—2x —2y 9 9
- =222 30y — 2% =0
34z + 12y 12z + 16y oW 8



Langrange Multipliers - Example

EXAMPLE
Find the points on the curve 1722 + 12xy + 8y? = 100 that are closest to

and farthest away from the origin.

Solution:
oL 2 2 2 2
025:171' + 122y + 8y~ — 100 20 — 3xy —2y= =0

-

2522 = 100



Langrange Multipliers - Example

EXAMPLE
Find the points on the curve 1722 + 12xy + 8y? = 100 that are closest to

and farthest away from the origin.

Solution:
oL 2 2 2 2
O:azlﬂv + 122y + 8y~ — 100 20 — 3xy —2y= =0
2522 = 100
Forx =2: For x = —2:

Y +3y—4 = (y—1)(y+4) =0, y?—3y—4 = (y+1)(y—4) =0,




Langrange Multipliers - Example

EXAMPLE
Find the points on the curve 1722 + 12xy + 8y? = 100 that are closest to

and farthest away from the origin.

Solution:
oL 2 2 2 2
O:azlﬂv + 122y + 8y~ — 100 20° = 3vy — 2y =0
2522 = 100
Forz =2: Forx = —2:
Y +3y—4=(y—1)(y+4) =0, y?—3y—4=(y+1)(y—4) =0,

’candidate points: (2,1),(—2,—1),(2,-4), and (—2,4). ‘




Langrange Multipliers - Example

EXAMPLE
Find the points on the curve 1722 + 12xy + 8y? = 100 that are closest to

and farthest away from the origin.
Solution: y

(—2,4) farthest

(2,1) closest

> T

(—2,—1) closest

(2,—4) farthest

10



Langrange Multipliers - Example

EXAMPLE

Find the greatest and smallest values that the function f(x,y) = zy

2 2
takes on the ellipse % + v 1.

2

11



Langrange Multipliers - Example

EXAMPLE
Find the greatest and smallest values that the function f(x,y) = zy
2 2
takes on the ellipse T + v 1.
8 2
Solution: We want to extremize the function f(z,y) = xy subject to

2 2

the constraint g(z,y) = % + % —1=0.

11



Langrange Multipliers - Example

EXAMPLE
Find the greatest and smallest values that the function f(x,y) = zy
2 2
takes on the ellipse T + v 1.
8 2
Solution: We want to extremize the function f(z,y) = xy subject to
2 2
the constraint g(z,y) = % + % —1=0.

2 2
The Lagrangian function is L(x,y, \) = zy + A (xS + % - 1) and its

critical points are given by

oL T
0:7: )\—

ox y+ 4’

oL
0= —— = A

7, 2 2
o= LT vy

T oA
11



Langrange Multipliers - Example

EXAMPLE
Find the greatest and smallest values that the function f(x,y) = zy
2 2
takes on the ellipse T + v 1.
8 2
Solution: We want to extremize the function f(z,y) = xy subject to
2 2
the constraint g(z,y) = % + % —1=0.

2 2
The Lagrangian function is L(x,y, \) = zy + A (xS + % - 1) and its

critical points are given by

oL
Oz—zy—&—)\f,
ox 4 0
oL z7
0=gy =°tW y#0
7, 2 2
o= LT vy

T oA
11



Langrange Multipliers - Example

EXAMPLE
Find the greatest and smallest values that the function f(x,y) = zy
2 2
takes on the ellipse T + v 1.
8 2
Solution: We want to extremize the function f(z,y) = xy subject to
2 2
the constraint g(z,y) = % + % —1=0.

2 2
The Lagrangian function is L(x,y, \) = zy + A (xS + % - 1) and its

critical points are given by

[ 4y x
oL B A
0=""=y+ AT, raat y
Oz 4 240 ) )
O—a—L—J;—i—/\ = W=t =
oL z? ¢?
0= =—+=—1.
A8 2
L 11




Langrange Multipliers - Example

EXAMPLE
Find the greatest and smallest values that the function f(x,y) = zy
2 2
takes on the ellipse T + v 1.
8 2
Solution: We want to extremize the function f(z,y) = xy subject to
2 2
the constraint g(z,y) = % + % —1=0.

2 2
The Lagrangian function is L(x,y, \) = zy + A (xS + % - 1) and its

critical points are given by

[ 4y x
Oza—Lzy—&-)\f, _?_)‘__gﬁ
ox 4 240 ) )
0—8—L—x+/\ = Wo=at o
_ay_ 4 y#0 4y2 2 )
oL 22 y2 ?+*=1—>y=1—>
0 oA 8+2 L y==+1, x =42



Langrange Multipliers - Example

EXAMPLE

Find the greatest and smallest values that the function f(x,y) = zy
2 2

takes on the ellipse % + % =1

Solution: The geometry of the solution also guaranties the existence of

the solution:

12



Langrange Multipliers - Example

EXAMPLE

Find the greatest and smallest values that the function f(x,y) = zy
22 g2

tak the elli —+==1

akes on the ellipse 3 + B

Solution:

Y sy «—— Sreatest value

N/ Vf=i+2j

—_

A
YSE @E®— gmgllest value

13



Langrange Multipliers - Example

EXAMPLE
Find the maximum and minimum values of the function

f(z,y) = 3z + 4y on the circle 22 + 3% = 1.

14



Langrange Multipliers - Example

EXAMPLE
Find the maximum and minimum values of the function

f(z,y) = 3z + 4y on the circle 22 + 3% = 1.

Solution: We want to extremize the function f(z,y) = 3z + 4y subject
to g(x,y) =22 +y* —1=0.

The Lagrangian is
L(z,y,\) = 3z + 4y + \(2? + 9 — 1).

I
ox

0:@:4+2Ay
dy

78[/72 22

14



Langrange Multipliers - Example

EXAMPLE
Find the maximum and minimum values of the function

f(z,y) = 3z + 4y on the circle 22 + 3% = 1.

Solution: We want to extremize the function f(z,y) = 3z + 4y subject
to g(x,y) =22 +y* —1=0.

The Lagrangian is
L(z,y,\) = 3z + 4y + \(2? + 9 — 1).

OZa—L:?)JrQ)\x
0_8L_4 21
oy T tTEY y#0

78[/72 22

14



Langrange Multipliers - Example

EXAMPLE
Find the maximum and minimum values of the function

f(z,y) = 3z + 4y on the circle 22 + 3% = 1.

Solution: We want to extremize the function f(z,y) = 3z + 4y subject
to g(x,y) =22 +y* —1=0.

The Lagrangian is
L(z,y,\) = 3z + 4y + \(2? + 9 — 1).

3 .2
0=% _ 3.0 2z y
0= 9L _ 4 4o = st
oy T tTEY y#0
oL 5 9
_ 7 v —1
0 N 74y

14



Langrange Multipliers - Example

EXAMPLE
Find the maximum and minimum values of the function

f(z,y) = 3z + 4y on the circle 22 + 3% = 1.

Solution: We want to extremize the function f(z,y) = 3z + 4y subject
to g(x,y) =22 +y* —1=0.

The Lagrangian is
L(z,y,\) = 3z + 4y + \(2? + 9 — 1).

3 a2
0= _3 00 2 y
0=2E _ 4oy - st
Cdy Y y#0 2 16
l=2"4+—2° =
oL 9
r=4—-, y==-
- 5 5

14



Langrange Multipliers - Example

EXAMPLE
Find the maximum and minimum values of the function

f(z,y) = 3z + 4y on the circle 22 + 3% = 1.

Solution: The geometry of the solution:

The function f(z,y) = 3z + 4y
takes on its largest value on the
unit circle

glz,y) =2*+y* ~1=0

at the point (3/5, 4/5) and its
smallest value at the point
(=3/5, —4/5).

15



Langrange Multipliers

Problems with More than One Constraint

Extremize f(z,y, z) subject to g(x,y,2) =0 and h(z,y,z) =0

16



Langrange Multipliers

Problems with More than One Constraint

Extremize f(z,y, z) subject to g(x,y,2) =0 and h(z,y,z) =0

Again, we assume that the problem has a solution, say, at the point

Py = (20, Y0, 20), and that the functions f, g, and h have continuous
first partial derivatives near Fy. Also, we assume that

T = Vyg(Py) x Vh(Py) # 0. These conditions imply that the surfaces
g(x,y,z) =0 and h(z,y,z) = 0 are smooth near Py and are not tangent
to each other there, so they must intersect in a curve C that is smooth
near Py. The curve C has tangent vector T at Fj.

16



Langrange Multipliers

Problems with More than One Constraint

perpendicular to 7'

17



Langrange Multipliers

Problems with More than One Constraint

Extremize f(z,y, z) subject to g(z,y,2) =0 and h(x,y,2) =0

Since Vg(Py) and Vh(P,) are nonzero and both are perpendicular to T,
V f(Py) must lie in the plane spanned by these two vectors and hence
must be a linear combination of them:

V f(zo, Yo, 20) = —AoVg(z0, Y0, 20) — o Vh(zo, Yo, 20)

for some constants \g and pg. It follows that (xo,yo, 20, Ao, tto) is a
critical point of the Lagrangian function

L(x,y,2, A\ 1) = f(x,y,2) + Ag(x,y, 2) + ph(z,y, 2).

18



Langrange Multipliers

Problems with More than One Constraint

We look for triples (z,y, z) that extremize f(x,y,2) subject to the two
constraints g(z,y,2) = 0 and h(z,y, z) = 0 among the points
(z,y,z, A\, ) that are critical points of the above Lagrangian function,

L(z,y,z,A ) = f(2,y,2) + Ag(2,y, 2) + ph(z, y, 2).
and we therefore solve the system of equations

Hi(@,y,2) + Agi(z,y, 2) + pha(z,y,2) = 0,
fa(z,y,2) + Aga(, y, 2) + pha(z,y,2) =0
fa(z,y,2) + Ags(z,y, 2) + phs(z,y,2) =0,
(,y,2) =0
(2,y,2) =0.

x,

h

:3
<
I

19



Problems with More than One Constraint - Example

EXAMPLE
Find the maximum and minimum values of f(z,y,2) = zy + 2z on the

circle that is the intersection of the plane 4+ y + z = 0 and the sphere
22 4+ y? + 2% =24

20



Problems with More than One Constraint - Example

EXAMPLE
Find the maximum and minimum values of f(z,y,2) = zy + 2z on the

circle that is the intersection of the plane = + y 4+ z = 0 and the sphere
22 4+ y? + 2% =24

Solution: The function f is continuous, and the intersection circle is a
closed bounded set in 3-space. Therefore, maximum and minimum values

must exist.

20



Problems with More than One Constraint - Example

EXAMPLE
Find the maximum and minimum values of f(z,y,2) = zy + 2z on the

circle that is the intersection of the plane = + y 4+ z = 0 and the sphere
22 4+ y? + 2% =24

Solution: The function f is continuous, and the intersection circle is a
closed bounded set in 3-space. Therefore, maximum and minimum values
must exist. We look for critical points of the Lagrangian

L=a2y+22z+ Nz +y+2)+p?+y?* + 22 - 24).

20



Problems with More than One Constraint - Example

EXAMPLE
Find the maximum and minimum values of f(z,y,2) = zy + 2z on the

circle that is the intersection of the plane = + y 4+ z = 0 and the sphere
22 4+ y? + 2% =24

Solution: The function f is continuous, and the intersection circle is a
closed bounded set in 3-space. Therefore, maximum and minimum values
must exist. We look for critical points of the Lagrangian
L=ay+2z+ ANz +y+2)+p@?®+y? 4+ 22 —24).
Setting the first partial derivatives of L equal to zero, we obtain
Y+ A+ 2ux =0,
r+ A+ 2uy =0,
24+ A+ 2puz =0,
r+y+z=0,
22 P+ 2% —24=0.
20



Problems with More than One Constraint - Example

EXAMPLE
Find the maximum and minimum values of f(z,y,2) = zy + 2z on the

circle that is the intersection of the plane = + y 4+ z = 0 and the sphere
22 4+ y? + 2% =24

Solution: The function f is continuous, and the intersection circle is a
closed bounded set in 3-space. Therefore, maximum and minimum values
must exist. We look for critical points of the Lagrangian
L=ay+2z+ Ao +y+2)+p?+y? 4+ 22 —24).
Setting the first partial derivatives of L equal to zero, we obtain
Y+ A+2pz=0
T+ A+2uy=0, A~
24+ A+ 2pz =0,
r+y+z=0,
22 P+ 2% —24=0.

(z—y)(1-2u)=0—p=3orz=y.

21



Problems with More than One Constraint - Example

EXAMPLE
Find the maximum and minimum values of f(z,y,2) = zy + 2z on the

circle that is the intersection of the plane 4+ y + z = 0 and the sphere
22 4+ y? + 2% =24

Solution: CASEl: pu=

=

Y+ A+ 2ux =0,
rz+ A+ 2py =0,
24+ X+2pz =0,

z+y+2=0,

x2+y2+22—24:0.

22



Problems with More than One Constraint - Example

EXAMPLE
Find the maximum and minimum values of f(z,y,2) = zy + 2z on the

circle that is the intersection of the plane 4+ y + z = 0 and the sphere
22 4+ y? + 2% =24
Solution: CASEl: = %

z+A+y=0 and 24+A4+2=0

Y+ A+ 2ux =0,
rz+ A+ 2py =0,
24+ X+2pz =0,

z+y+2=0,

x2+y2+22—24:0.

22



Problems with More than One Constraint - Example

EXAMPLE
Find the maximum and minimum values of f(z,y,2) = zy + 2z on the

circle that is the intersection of the plane 4+ y + z = 0 and the sphere
22 4+ y? + 2% =24
Solution: CASEl: = %

r4+A+y=0 and 24+ A+2=0—=2+y=
24z

Y+ A+ 2ux =0,
rz+ A+ 2py =0,
24+ X+2pz =0,

z+y+2=0,

x2+y2+22—24:0.

22



Problems with More than One Constraint - Example

EXAMPLE
Find the maximum and minimum values of f(z,y,2) = zy + 2z on the

circle that is the intersection of the plane 4+ y + z = 0 and the sphere
22 4+ y? + 2% =24

Solution: CASEl: pu=3
r+A+y=0 and 24+A+2z=0—2+y=
2+ 2
y+ A+ 2ux =0, z=-1 and z+y=1

rz+ A+ 2py =0,
24+ X+2pz =0,

z+y+2=0,

x2+y2+22—24:0.

22



Problems with More than One Constraint - Example

EXAMPLE
Find the maximum and minimum values of f(z,y,2) = zy + 2z on the

circle that is the intersection of the plane 4+ y + z = 0 and the sphere
22 4+ y? + 2% =24

Solution: CASEl: pu=3
T+A+y=0 and 24+A+z=0—z+y=
2+ 2
y+ A+ 2ux =0, z=-1 and z+y=1
z+ A+ 2uy =0, = 2?4yt =24—22=23

24+ X+2pz =0,
z+y+2=0,

x2+y2+22—24:0.

22



Problems with More than One Constraint - Example

EXAMPLE
Find the maximum and minimum values of f(z,y,2) = zy + 2z on the

circle that is the intersection of the plane 4+ y + z = 0 and the sphere
22 4+ y? + 2% =24

Solution: CASEl: pu=3
T+A+y=0 and 24+A+z=0—z+y=
2+ 2
y+ A+ 2ux =0, z=-1 and z+y=1
z+ A+ 2uy =0, = 2?4yt =24—22=23

24+ X+2pz =0, ) ) )
2y +22y = (z+y)° =1 22y =
zty+z=0, 1—-23=-22

x2+y2+22—24:0.

22



Problems with More than One Constraint - Example

EXAMPLE
Find the maximum and minimum values of f(z,y,2) = zy + 2z on the

circle that is the intersection of the plane 4+ y + z = 0 and the sphere
22 4+ y? + 2% =24

Solution: CASEl: pu=3
r+A+y=0 and 2+A+z2=0—a+y=
24z
y+ A+ 2ux =0, z=-1 and z+y=1
TEATZY =00 g2 g2 04 22— 03

24+ X+2pz =0,
P4y 2y = (e+y)? =1 = 20y =
zty+z=0, 1—-23=-22
24yt +22-24=0.
Ayt ry = —11 (x —y)? = 2% + 9% — 22y =
23 + 22

z—y==+3v5
22



Problems with More than One Constraint - Example

EXAMPLE
Find the maximum and minimum values of f(z,y,z) = zy + 2z on the

circle that is the intersection of the plane 4+ y + z = 0 and the sphere
2?4+ y? + 22 =24

Solution:

CASE I: Since z—y=%3/5 and
xz+y=1, we have
Y+ A+ 2uz =0, 14+3v5 1-3V5 .
z+ A+ 2puy =0, 2 ’ 2 ’
24+ A+ 2uz =
AR =0 1-3V5 143V5
r4+y+2=0, 2 ’ 2 ’

2?2 +y? + 2% -24=0. At both of these points we find that

flz,y,2) =2y +2z2=—-11—-2=—13.

23



Problems with More than One Constraint - Example

EXAMPLE
Find the maximum and minimum values of f(z,y,2) = xy + 2z on the

circle that is the intersection of the plane 4+ y + z = 0 and the sphere
22 +y? 22 =24

Solution: CASE I1I: =y

y+A+2ux =0,
z+A+2py =0,
24+ A+2puz =0,

z+y+2=0,

22+ y2+22-24=0.

24



Problems with More than One Constraint - Example

EXAMPLE
Find the maximum and minimum values of f(z,y,2) = xy + 2z on the

circle that is the intersection of the plane 4+ y + z = 0 and the sphere
22 +y? 22 =24

Solution: CASE I1I: =y

Y+ A+ 2uz =0, z=—2zx
z+A+2py =0,
24+ A+2puz =0,

z+y+2=0,

22+ y2+22-24=0.

24



Problems with More than One Constraint - Example

EXAMPLE
Find the maximum and minimum values of f(z,y,2) = xy + 2z on the

circle that is the intersection of the plane 4+ y + z = 0 and the sphere
22 +y? 22 =24

Solution: CASE I1I: =y

y+ A+ 2ux =0, z2= 22 — 6x°=24
z+A+2py =0,
24+ A+2puz =0,

z+y+2=0,

22+ y2+22-24=0.

24



Problems with More than One Constraint - Example

EXAMPLE
Find the maximum and minimum values of f(z,y,2) = xy + 2z on the

circle that is the intersection of the plane 4+ y + z = 0 and the sphere
22 +y? 22 =24

Solution: CASE I1I: =y

y+ A+ 2ux =0, 2= -2 — 622=24 — x=+2.
z+A+2py =0,

9+ At 2z =0, Therefore, points (2,2, —4) and (-2, —2,4)

must be considered.
z+y+2=0,

22+ y2+22-24=0.
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Problems with More than One Constraint - Example

EXAMPLE
Find the maximum and minimum values of f(z,y,2) = xy + 2z on the

circle that is the intersection of the plane 4+ y + z = 0 and the sphere
22 +y? 22 =24

Solution: CASE I1I: =y

y+ A+ 2ux =0, 2= -2 — 622=24 — x=+2.
z+A+2py =0,

9+ At 2z =0, Therefore, points (2,2, —4) and (-2, —2,4)

must be considered.
z+y+2=0,
f(2,2,-4)=4—-8=—4
22+ y2+22-24=0. (7 )
f(=2,-2,4) =448 =12.
We conclude that the maximum value of f on the circle is 12, and the

minimum value is —13.
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Problems with More than One Constraint - Example

EXAMPLE
The plane z +y 4+ z = 1 cuts the cylinder 22 + y?> = 1 in an ellipse. Find

the points on the ellipse that lie closest to and farthest from the origin.

| Cylinder 2+y’=
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Problems with More than One Constraint

The method of Lagrange multipliers can be applied to find extreme
values of a function of n variables, that is, of a vector variable
x = (x1,x2,...,x,) subject to m < n — 1 constraints:

Extremize f(x) subject to g(1)(x) =0, ..., gum)(x) =0.
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Problems with More than One Constraint

Assuming that the problem has a solution at the point Py, that f and all
of the functions g(;) have continuous first partial derivatives in a
neighbourhood of Py, and that the intersection of the constraint
(hyper)surfaces is smooth near Py, then we should look for P, among the
critical points of the (n + 1 )-variable Lagrangian function

m

L(X7 )\h ceey )\m) = f(X) + Z )‘jg(j)(x)'
j=1
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Problems with More than One Constraint

Assuming that the problem has a solution at the point Py, that f and all
of the functions g(;) have continuous first partial derivatives in a
neighbourhood of Py, and that the intersection of the constraint
(hyper)surfaces is smooth near Py, then we should look for P, among the
critical points of the (n + 1 )-variable Lagrangian function

m

L(X7 )\h ceey )\m) = f(X) + Z )‘jg(j)(x)'
j=1

Any critical points must satisfy the n + m equations

oL oL
=0, 1 <1< —
0, (1<i<n), Y

=g;j(x) =0, (1<j<m).
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