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Iteration of Double Integrals in Cartesian Coordinates

Example

EXAMPLE
1 1 )
Evaluate the iterated integral I = / da:/ v’ dy.
Jo VT
Solution:
I= // e’ dA.
Y D
1 y?
I:/ dy eV dx
D 0 Jo
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T = 2 / ys
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Iteration of Double Integrals in Cartesian Coordinates

Example

EXAMPLE ) .
Evaluate the iterated integral I = / da:/ v’ dy.
Jo VT
Solution:
I= / / e dA.
Y D

Note that other order of iterated in-
tegral

D T
oy 1 :/ / e dydx
x = o Jyz

can’t integrate simply.




Improper Integrals of Positive Functions

An improper integral of a function f satisfying f(x,y) > 0 on the
domain D must either exist (i.e., converge to a finite value) or be
infinite (diverge to infinity).




Improper Integrals of Positive Functions

Example

EXAMPLE .

Evaluate I = // e*””2 dA. Here, R is the region where x > 0 and
JJR

—r <y< .



Improper Integrals of Positive Functions

Example

EXAMPLE .

Evaluate I = // e*””2 dA. Here, R is the region where x > 0 and
JJR

—r <y< .

Solution: We iterate with the outer integral in the z direction:




Improper Integrals of Positive Functions

Example

EXAMPLE .

Evaluate I = // e*””2 dA. Here, R is the region where x > 0 and
JJR

—r <y< .

Solution: We iterate with the outer integral in the z direction:

y=x I:/ d:c/l e_"‘Zdy
0 —x
R :/ 67062(1.1‘/ dy
o 0 —x
; . .
= / ze " dux.
0




Improper Integrals of Positive Functions

Example

EXAMPLE .

Evaluate I = // e*””2 dA. Here, R is the region where x > 0 and
JJR

—r <y< .

Solution: We iterate with the outer integral in the z direction:

Y
o0 xr 5 T 5
y= I:/ da;/ e " dy Iz?lim/xeﬂ” dx
0 —x T Jo
oo x T
5 B / 6ﬂCQdI/ dy =2 lim 716*902
0 —x 7—00 2
x o , 0
= ?/ we " du. = lim (1-e7") =1,
0 r—00
y=—x
The given integral converges; its value is 1.




Improper Integrals of Positive Functions

Example

EXAMPLE
If D is the region lying above the x-axis, under the curve y = 1/, and

to the right of the line z = 1, determine whether the double integral

//
D

converges or diverges.



Improper Integrals of Positive Functions

Example

EXAMPLE
If D is the region lying above the x-axis, under the curve y = 1/, and

to the right of the line x = 1, determine whether the double integral

I

Solution: (1,1)

converges or diverges.




Improper Integrals of Positive Functions

Example

EXAMPLE
If D is the region lying above the x-axis, under the curve y = 1/, and

to the rlght of the line x = 1, determine whether the double integral

I

Solution: (1,1)

conve rges or di Iverges.

y:
D
1 T

0o 1/x y 00 y=1/x
// / dx/ —/ In(z +y) dx
r+y 1 o Tty 1 y=0
/ In —Inz dm:/ In L) dx
1 1 €
- ( )dw
1 6




Improper Integrals of Positive Functions

Example

EXAMPLE
If D is the region lying above the x-axis, under the curve y = 1/, and

to the right of the line x = 1, determine whether the double integral

I

Solution: (1,1)

conve rges or di Iverges.

y:
D
|1 z

Since 0 < In(1+u) < w if u > 0, we have

dA <1
</ —dr =1.
T+y . a2

0<

Therefore, the given integral converges, and its value lies between 0 and
1.
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Improper Integrals of Positive Functions

Example

EXAMPLE
" 1
Evaluate // ———dA, where D istheregion 0 <z < 1,0 <y < 22.
(z+y)?
D

Solution: The integral is improper because the integrand is unbounded
as (z,y) approaches (0,0), a boundary point of D. Nevertheless,
iteration leads to a proper integral:

y
(1,1)




Improper Integrals of Positive Functions

Example

EXAMPLE
1
Evaluate // ———dA, where D istheregion 0 <z < 1,0 <y < 22.
(z+y)?
D

Solution: The integral is improper because the integrand is unbounded
as (z,y) approaches (0,0), a boundary point of D. Nevertheless,
iteration leads to a proper integral:

1 1 |
———dA = lim dx —d
y // (x+y)? =0t /. /0 @t+y2®
Ly ° )
1 1 y=x
= lim+ / dx ( )
y = .13‘2 c—=0t /. r+vy =0
1 1
1 1 1
D = lim < - > dr = / dx
1 > =0t J. \x 4w 0o r+1
1
:ln(x—&—l)’ =1n2.
0 7



A Mean-Value Theorem for Double Integrals

A set D in the plane is said to be connected if any two points in it can
be joined by a continuous parametric curve x = x(t), y = y(t),
(0<t<1),lyingin D.



A Mean-Value Theorem for Double Integrals

A set D in the plane is said to be if any two points in it can
be joined by a continuous parametric curve x = x(t), y = y(t),
(0<t<1),lyingin D.

If the function f(x,y) is continuous on a closed, bounded, connected
set D in the xy-plane, then there exists a point (x,yo) in D such that

//f(x,y) dA = f(zg,yo) x (area of D).
D



A Mean-Value Theorem for Double Integrals

A set D in the plane is said to be if any two points in it can
be joined by a continuous parametric curve x = x(t), y = y(t),
(0<t<1),lyingin D.

If the function f(x,y) is continuous on a closed, bounded, connected
set D in the xy-plane, then there exists a point (x,yo) in D such that

//f(x,y) dA = f(zg,yo) x (area of D).
D

The or of an integrable function f(z,y)
over the set D is the number

f= arealofDé/f(x,y)dA




A Mean-Value Theorem for Double Integrals

Example

EXAMPLE
A large number of points (x,y) are chosen at random in the triangle T'

with vertices (0,0), (1,0), and (1,1). What is the approximate average

value of 22 + g2 for these points?



A Mean-Value Theorem for Double Integrals

Example

EXAMPLE
A large number of points (x,y) are chosen at random in the triangle T'

with vertices (0,0), (1,0), and (1,1). What is the approximate average
value of 22 + g2 for these points?

Solution: The approximate average value of 22 + 32 for the randomly
chosen points will be the average value of that function over the triangle.

Y
1h-------- (1,1)
y=u
T
0 1 T




A Mean-Value Theorem for Double Integrals

Example

EXAMPLE
A large number of points (x,y) are chosen at random in the triangle T'

with vertices (0,0), (1,0), and (1,1). What is the approximate average
value of 22 + g2 for these points?

Solution: The approximate average value of 22 + 32 for the randomly
chosen points will be the average value of that function over the triangle.

1
T
,,,,,,,,, 1,1 1 T
! 1) :2/ dm/ (2% + y*) dy
— 0 0
Y 1 ) 13 y=x
=9 2 dr
T /O(x y+3y) x
y=0

0 1 =z o
:§/ xddx:g.



Double Integrals in Polar Coordinates

Consider the problem of finding the volume V' of the solid region lying
above the xy-plane and beneath the paraboloid z = 1 — 22 — y2.

10



Double Integrals in Polar Coordinates

Consider the problem of finding the volume V' of the solid region lying
above the xy-plane and beneath the paraboloid z = 1 — 22 — y2. Since
the paraboloid intersects the zy-plane in the circle 2% 4+ y? = 1, the
volume is given in Cartesian coordinates by

Vi—z?

// (1—2%—y*)dA = /dm/ (1 — 2% —y%) dy.
Vi—z?

2+y2<1

10



Double Integrals in Polar Coordinates

Consider the problem of finding the volume V' of the solid region lying
above the xy-plane and beneath the paraboloid z = 1 — 22 — y2. Since
the paraboloid intersects the zy-plane in the circle 2% 4+ y? = 1, the
volume is given in Cartesian coordinates by

Vi—z2
// (1—2%—y*)dA = / dx/ (1 — 2% —y%) dy.
2+y2<1 1_L2

Evaluating this iterated integral would require considerable effort.
However, we can express the same volume in terms of polar coordinates

N V://(lfrz)dA

r<1

10



Double Integrals in Polar Coordinates

Consider the problem of finding the volume V' of the solid region lying
above the xy-plane and beneath the paraboloid z = 1 — 22 — y2. Since
the paraboloid intersects the zy-plane in the circle 2% 4+ y? = 1, the
volume is given in Cartesian coordinates by

Vi—z?
// (1—2%—y*)dA = / dm/ (1 — 2% —y%) dy.
2+y2<1 = w2

Evaluating this iterated integral would require considerable effort.
However, we can express the same volume in terms of polar coordinates

N V://(lfrz)dA

r<1

dA =7 (in polar coordinates)



Double Integrals in Polar Coordinates

Suppose that a function f(r,#) is defined over a region R that is
bounded by the rays 8 = a and # = 8 and by the continuous curves

r = g1(0) and r = g2(0). Suppose also that 0 < ¢1(6) < g2(0) < a for
every value of 0 between v and . Then R lies in a fan-shaped region @)
defined by the inequalities 0 <r < aand aa <0 < j.

11



Double Integrals in Polar Coordinates

Suppose that a function f(r,#) is defined over a region R that is
bounded by the rays 8 = a and # = 8 and by the continuous curves

r = g1(0) and r = g2(0). Suppose also that 0 < ¢1(6) < g2(0) < a for
every value of 0 between v and . Then R lies in a fan-shaped region @)
defined by the inequalities 0 <r < aand aa <0 < j.

3

n—oo

Sp =Y f(re, 0)AA ] is continuous lim S, = //f(r, 0) dA.
%
R

11



Double Integrals in Polar Coordinates

Let’s consider the small section:

(e +47)

Large sector
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Double Integrals in Polar Coordinates

Let’s consider the small section:

(e +47)

AA area of area of
k= -
large sector small sector

Large sector
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Double Integrals in Polar Coordinates

Let’s consider the small section:

(e + %)
AA, — area of B area of
h large sector small sector
A Y : Ar\?
“ 2 [\ "t
AN

= T(QT]CAT) = ArAf.

Large sector

12



Double Integrals in Polar Coordinates

Thus,
Sy = flre, 0k)AAy, = Z f(ri, Op)rArA0

k=1 k=1
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Double Integrals in Polar Coordinates

Thus,

n

Sy = flre, 0k)AAy, = Z f(ri, Op)rArA0

k=1 k=1
lim S, = // f(r,0)rdrdd
n—oo
R

13



Double Integrals in Polar Coordinates

0=
Thus,
Sy = flre, 0k)AAy, = Z f(ri, Op)rArA0
k=1 k=1
lim S, = // f(r,0)rdrdd
n— 00
R

Finally:

=8 rr=g2(0)
//f(T,G)dA:/ / f(r,0)rdrdd
i 0=a Jr=g1(0)

13



Double Integrals in Polar Coordinates

Example

EXAMPLE
If R is that part of the annulus 0 < a? < 22 + y? < b? Iying in the first

quadrant and below the line y = x, evaluate I = // y— dA.

14



Double Integrals in Polar Coordinates

Example

EXAMPLE
If R is that part of the annulus 0 < a? < 22 + y? < b? lying in the first

P
quadrant and below the line y = x, evaluate I = // y—z dA.
X
R

Solution: )
2 2
r*sin“ 0
%:ﬁ:tan29.
Y 0 =r/4 T 72 cos? 0
A
leaves
atjr =05
y=x
R
7 > T
b g=0

entersatr =a

14



Double Integrals in Polar Coordinates

Example

EXAMPLE
If R is that part of the annulus 0 < a? < 22 + y? < b? Iying in the first

quadrant and below the line y = x, evaluate I = // y— dA.

Solution:
2 2 & 0
y—Q = % = tan? 6.
Y 0 =r/4 T r2 cos? 0
A 0=m/4 r=b
leaves 1= / / rtan® 0 dr do
0= r=a
. atyr=1> /4 2 b
y= = / tan?0 | — df
0 2 a
ot b2 — g2 [T/4
>z = / tan® 6 d
a b =0 0 sec? 0—1
enters at r = a B b2 _ g2 (1 W)
2 4 14



Double Integrals in Polar Coordinates

Example

EXAMPLE
Find the limits of integration for integrating f(r, ) over the region R

that lies inside the cardioid » = 1 + cos @ and outside the circle r = 1.

15



Double Integrals in Polar Coordinates

Example

EXAMPLE
Find the limits of integration for integrating f(r, ) over the region R

that lies inside the cardioid = 1 + cos @ and outside the circle r = 1.

Solution:
Y
=735 r =1+ cosf
r=1
/ 1 2 S
P 7
Enters at Leaves at

r=1 r =1+ cosf 15




Double Integrals in Polar Coordinates

Example

EXAMPLE
Find the limits of integration for integrating f(r, ) over the region R

that lies inside the cardioid = 1 + cos @ and outside the circle r = 1.

Solution:
Y
0=73 r =1+ cosf
r=1
/2 1+4+cos 6
1 2., . / flr,0)rdrdd
/ i —m/2J1
§=_z2 7
Enters at Leaves at

r=1 r =1+ cosf 15




Double Integrals in Polar Coordinates

The area of a closed and bounded region R in the polar coordinate plane

A://rdrd@.

R

IS

16



Double Integrals in Polar Coordinates

Example

EXAMPLE
Find the area enclosed by the lemniscate 7% = 4 cos 26.
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Double Integrals in Polar Coordinates

Example

EXAMPLE
Find the area enclosed by the lemniscate 7% = 4 cos 26.
Solution:
Y
N , /4 V4 cos 26
L A:4/ / rdr df
2 _ T d Leaves at 70 0
= =4 cos 260 z e
> T

Enters at —
r=20 N

17



Double Integrals in Polar Coordinates

Example

EXAMPLE
Find the area enclosed by the lemniscate 7% = 4 cos 26.
Solution:
Y
N , w/4  pvV4cos20
A=14 / / rdrdf
2 Leaves at 0 0
r° = 4cos 20 e\a/:ijm BN e
R
0
= 4/ 2 cos 260 df
\\ 0
Enters at —
iy RN = 4 [sin 29]3/4
\\ =4

17



Double Integrals in Polar Coordinates

Example

EXAMPLE

1 V1—22
Evaluate the integral / / (22 +*) dy da.
0

0

18



Double Integrals in Polar Coordinates

Example

EXAMPLE
1—x2
Evaluate the integral/ / (22 +*) dy da.
o Jo

Solutlon Integration with respect to y gives
(1- 22 3/2 . -
221 + dx, an integral difficult to evaluate

W|thout tables.

18



Double Integrals in Polar Coordinates

Example

EXAMPLE
1—x2
Evaluate the integral/ / (22 +*) dy da.
o Jo

Solutlon Integration with respect to y gives
(1- 22 3/2 . -
221 + dx, an integral difficult to evaluate

W|thout tables.
0<z<1

0<y<vV1—a2




Double Integrals in Polar Coordinates

Example

EXAMPLE

1—22
Evaluate the integral / / (z* 4+ y*) dy da.
0o Jo

Solutlon Integration with respect to y gives
(1- 22 3/2 . -
221 + dx, an integral difficult to evaluate

W|thout tables.

0<z<1 1 p/I-a?
0<y<+1-a2 /0 / (z% +y?) dy dz

/2
ZK / / )rdrdf
g 4 r=1
= — do
/0 I: 4 :|'r—0

18




Double Integrals in Polar Coordinates

Example

EXAMPLE
Find the volume of the solid region lying inside both the sphere

22 + 9% + 2% = 46® and the cylinder 2% + y? = 2ay, where a > 0.

19



Double Integrals in Polar Coordinates

Example

EXAMPLE
Find the volume of the solid region lying inside both the sphere

22 + 9% + 2% = 46® and the cylinder 2% + y? = 2ay, where a > 0.

Solution: The sphere is centred at the origin and has radius 2a. The

equation of the cylinder becomes 2% + (y — a)? = a?.

X2 +y? + 2% = 4a*

6=0

X 2a
Leaves
at r=2asin@

19



Double Integrals in Polar Coordinates

Example

EXAMPLE
Find the volume of the solid region lying inside both the sphere

22 + 9% + 2% = 46® and the cylinder 2% + y? = 2ay, where a > 0.

Solution: The sphere is centred at the origin and has radius 2a. The

equation of the cylinder becomes 2% + (y — a)? = a?.

X2 +y? + 2% = 4a*

/2  p2asinf
}‘\ V:4/ V4a? — r2rdrdo
0 0
)@ : (Exercise!)

16
= 5(371’ — 4)a® cubic units.

6=0

X 2a
Leaves
at r=2asin@

19



Change of Variables in Double Integrals

Suppose that  and y are expressed as functions of two other variables u
and v by the equations

x = x(u,v) and y = y(u,v).

20



Change of Variables in Double Integrals

Suppose that  and y are expressed as functions of two other variables u
and v by the equations

x = xz(u,v) and y =y(u,v).

We regard these equations as defining a transformation (or mapping)
from points (u,v) in a uv-Cartesian plane to points (z,y) in the
zy-plane.

V)

(z0,y0)

(uo,vo)

x = z(u,v)
y = y(u,v)
|
|
|

20



Change of Variables in Double Integrals

We say that the transformation is one-to-one from the set S in the
uv-plane onto the set D in the xy-plane provided:

(i) every point in S gets mapped to a point in D,
(ii) every point in D is the image of a point in S, and
(iii) different points in .S get mapped to different points in D.

21



Change of Variables in Double Integrals

We say that the transformation is one-to-one from the set S in the
uv-plane onto the set D in the xy-plane provided:
(i) every point in S gets mapped to a point in D,
(ii) every point in D is the image of a point in S, and
(iii) different points in .S get mapped to different points in D.
If the transformation is one-to-one, the defining equations can be solved

for w and v as functions of = and y, and the resulting inverse

transformation,

u = u(z,y)

is one-to-one from D onto S.

21



Change of Variables in Double Integrals

Suppose that the functions x = z(u,v), y = y(u, v) have continuous first
partial derivatives and that

9(z,y)
d(u,v)

# 0 at (u,v).

22



Change of Variables in Double Integrals

Suppose that the functions x = z(u,v), y = y(u, v) have continuous first
partial derivatives and that

9(z,y)
d(u,v)

# 0 at (u,v).

Then the transformation

{x = z(u,v)

y = y(u,v)

is one-to-one near (u,v) and the inverse transformation has con-
tinuous first partial derivatives. We also have

o(u,v) 1
Oz,y)  gen’

22



Change of Variables in Double Integrals

A one-to-one transformation can be used to transform the double integral

é f(z,y) dA

to a double integral over the corresponding set .S in the uv-plane.

//f (,v) =[] s gue s
S

dac dy

23



Change of Variables in Double Integrals

A one-to-one transformation can be used to transform the double integral

é f(a,y) dA

to a double integral over the corresponding set .S in the uv-plane.

/ [ ) =[] s gue s
S

dx dy

dA =7 (in terms of du dv)



Change of Variables in Double Integrals

Y

v+ dv

24



Change of Variables in Double Integrals

dAz‘@xﬁz(
v,
PO = dzi+ dyj

v+ dv

24



Change of Variables in Double Integrals

dAz‘@xﬁz(
v,
PO = dzi+ dyj

v+ dv

" Since dv = 0 along v curve,

1@ —d 1+8—du3

24



Change of Variables in Double Integrals

dA =~ ‘]@ X P‘fi‘
Y,
PO = dai+ dyj
dr = %du + %dv
v+ dv ou 0
dy oy
dy = —=d —=d
V=5,
" Since dv = 0 along v curve,
1@ —d i+ a—du_]
Similarly,

ox dy
P—}%fa—d 1+8—va

24



Change of Variables in Double Integrals

Y,

R i i k
D dA=|2du %du 0
ox

;7 Q v+ dv %dv %d’u 0
u+ du = O(z,y) du dv
O(u,v)

25



Change of Variables in Double Integrals

Let © = x(u,v), y = y(u,v) be a one-to-one transformation from a
domain S in the uv-plane onto a domain D in the zy-plane. Suppose
that the functions = and y, and their first partial derivatives with respect
to w and v, are continuous in S. If f(xz,y) is integrable on D, and if
g(u,v) = f(z(u,v),y(u,v)), then g is integrable on S and

J[ tewasa= [[ gwn| 522

du dv.
O(u,v) uaw

26
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