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Change of Variables in Double Integrals

Suppose that  and y are expressed as functions of two other variables u
and v by the equations

x = x(u,v) and y = y(u,v).



Change of Variables in Double Integrals

Suppose that  and y are expressed as functions of two other variables u
and v by the equations

x = x(u,v) and y = y(u,v).

We regard these equations as defining a transformation (or mapping)
from points (u,v) in a uv-Cartesian plane to points (z,y) in the
zy-plane.

V)

(z0,y0)

(uo,vo)

S

x = z(u,v)
y = y(u,v)
—>




Change of Variables in Double Integrals

We say that the transformation is one-to-one from the set S in the
uv-plane onto the set D in the xy-plane provided:

(i) every point in S gets mapped to a point in D,
(ii) every point in D is the image of a point in S, and
(iii) different points in .S get mapped to different points in D.



Change of Variables in Double Integrals

We say that the transformation is one-to-one from the set S in the
uv-plane onto the set D in the xy-plane provided:

(i) every point in S gets mapped to a point in D,

(ii) every point in D is the image of a point in S, and

(iii) different points in .S get mapped to different points in D.

If the transformation is one-to-one, the defining equations can be solved

for w and v as functions of = and y, and the resulting inverse

transformation,

u = u(z,y)

is one-to-one from D onto S.



Change of Variables in Double Integrals

Suppose that the functions x = z(u,v), y = y(u, v) have continuous first
partial derivatives and that

9(z,y)
d(u,v)

# 0 at (u,v).



Change of Variables in Double Integrals

Suppose that the functions x = z(u,v), y = y(u, v) have continuous first
partial derivatives and that

9(z,y)
d(u,v)

# 0 at (u,v).

Then the transformation

{x = z(u,v)

y = y(u,v)

is one-to-one near (u,v) and the inverse transformation has con-
tinuous first partial derivatives. We also have

o(u,v) 1
Oz,y)  gen’




Change of Variables in Double Integrals

A one-to-one transformation can be used to transform the double integral

é f(z,y) dA

to a double integral over the corresponding set .S in the uv-plane.

//f (,v) =[] s gue s
S

dx d1/



Change of Variables in Double Integrals

A one-to-one transformation can be used to transform the double integral

é f(a,y) dA

to a double integral over the corresponding set .S in the uv-plane.

/ [ ) =[] s gue s
S

dx dy

dA =7 (in terms of du dv)



Change of Variables in Double Integrals

Y

v+ dv




Change of Variables in Double Integrals

dAz‘@xﬁz(
v,
PO = dzi+ dyj

v+ dv




Change of Variables in Double Integrals

dAz‘@xﬁz(
v,
PO = dzi+ dyj

v+ dv

" Since dv = 0 along v curve,

1@ —d 1+8—du3




Change of Variables in Double Integrals

dA =~ ‘]@ X P‘fi‘
Y,
PO = dai+ dyj
dr = %du + %dv
v+ dv ou 0
dy oy
dy = —=d —=d
V=5,
" Since dv = 0 along v curve,
1@ —d i+ a—du_]
Similarly,

ox dy
P—}%fa—d 1+8—va




Change of Variables in Double Integrals

Y,

T
am
I
IS
Q‘ Ll
g
-

dA =|%2dy %du 0
M Q v+ dv gi dv %d’u 0
u+ du = O(z,y) du dv
O(u,v)
T




Change of Variables in Double Integrals

Let © = x(u,v), y = y(u,v) be a one-to-one transformation from a
domain S in the uv-plane onto a domain D in the zy-plane. Suppose
that the functions = and y, and their first partial derivatives with respect
to w and v, are continuous in S. If f(xz,y) is integrable on D, and if
g(u,v) = f(z(u,v),y(u,v)), then g is integrable on S and

J[ tewasa= [[ gwn| 522

du dv.
O(u,v) uaw




Change of Variables in Double Integrals

Example

EXAMPLE
Use an appropriate change of variables to find the area of the elliptic disk

E given by

10



Change of Variables in Double Integrals

Example
EXAMPLE
Use an appropriate change of variables to find the area of the elliptic disk
E given by
2?2
— + 2 <1

Solution: Under the transformation x = au, y = bv, the elliptic disk E
is the one-to-one image of the circular disk D given by u? + v? < 1.
Assuming a > 0 and b > 0, we have

0 dudv = abdudv.

dxdy = O, y) dudv = |°
0 b

O(u,v)

10



Change of Variables in Double Integrals

Example
EXAMPLE
Use an appropriate change of variables to find the area of the elliptic disk
E given by
22
2 st

Solution: Under the transformation x = au, y = bv, the elliptic disk E
is the one-to-one image of the circular disk D given by u? + v? < 1.
Assuming a > 0 and b > 0, we have

O(z,y)
O(u,v)

Therefore, the area of E is given by

// ldedy = // abdudv = ab x (area of D) = mwab square units.
E D

dudv = abdudv.

a 0
dr dy = dudv =
x dy ’ ‘ wdv |0 b

10



Change of Variables in Double Integrals

Example

EXAMPLE
Find the area of the finite plane region bounded by the four parabolas

y=2a2, y=222 x=1v¢% and z=3y°%

11



Change of Variables in Double Integrals

Example

EXAMPLE
Find the area of the finite plane region bounded by the four parabolas
y=2a2, y=222 x=1v¢% and z=3y°%
2 2
Solution: Let u= " and v = .
y x

11



Change of Variables in Double Integrals

Example
EXAMPLE
Find the area of the finite plane region bounded by the four parabolas
y=2% y=22 x=19% and z=3y%
2 2
Solution: Let u = >~ and v = 2-.
Yy x

| |
1

! 2 1w
Then the region D corresponds to the rectangle R in the uv-plane given
by%ﬁugl and %gvgl.

11



Change of Variables in Double Integrals

Example

EXAMPLE
Find the area of the finite plane region bounded by the four parabolas

and x = 3y°.

11



Change of Variables in Double Integrals

Example

EXAMPLE

Evaluate I = [[,, £ dx dy, where D is the shaded region.

Y
1

N

D

y==z

2?2 +4y? =4

1

\
i 7
2 X
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Change of Variables in Double Integrals

Example

EXAMPLE
Evaluate I = [[,, £ dx dy, where D is the shaded region.

y/\

1 y=x

2?2 +4y? =4
D
1 2 T

Solution: Let u = 1?4 4y*, v =, then the region D will be the

region R:
U

1

12



Change of Variables in Double Integrals

Example

EXAMPLE
Evaluate I = [[,, £ dx dy, where D is the shaded region.
y/\
1 y=u
2?2 +4y? =4
D
5

1
Solution: Let u = 1?4 4y*, v =, then the region D will be the

region R:
Un O(u,v) 2 8y y?
d = =2 8=
1 Nx,y) |—-% = i
R 0
T 1
S U :2+8U2$ (T7y): 3
1 2 3 4 O(u,v) 2+8v

12



Change of Variables in Double Integrals

Example

EXAMPLE
Evaluate I = [[,, £ dx dy, where D is the shaded region.
y/\
1 y=x
2 + 4y2 =4
D
1 2 T
Solution: Let u =2 +4y?, v =¥, then the region D will be the
region R: v 4 1,
I = ———dudv = d —d
i)A //RQ+8112 wdv /0 u/o e
R By w=2+8&? dw=16vdv
> u 4 Odw 1 1
1 2 3 4 :E.z %:Z(lnlthlQ):ZlnB.
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Change of Variables in Double Integrals

Example

EXAMPLE
Evaluate I = [[.(x + y)® dx dy over the triangle T with vertices (0,0),

(1,1), and (2,0).

13



Change of Variables in Double Integrals

Example

EXAMPLE
Evaluate I = [[.(x + y)® dx dy over the triangle T with vertices (0,0),

(1,1), and (2,0).

Solution: Letu=y—z, v=y+=x

(1,1)

3 T y=2-—=x
1 2 @
(_272) N

2
fty




Change of Variables in Double Integrals

Example

EXAMPLE
Evaluate I = [[.(x + y)® dx dy over the triangle T with vertices (0,0),

(1,1), and (2,0).
Solution: Letu=y—z, v=y+=x

(1,1)

T N\ _i I(u,v) |-1 1 _ 9
‘ 1 2 T A(z,y) 1 1 ’

¢ dody = ’0@’ y) dudv = 1du dv
(_272) W U 8(u,v) 2




Change of Variables in Double Integrals

Example

EXAMPLE

Evaluate I = [[.(z + y)? dx dy over the triangle T with vertices (0,0),
(1,1), and (2,0).

Solution: Letu=y—z, v=y+=x

(1,1)

TN oww) _|-1 1| _
R oey) |1 1] 7
¢ dody = la(x,y) dudv = —dudv
(_272) W U 8(u,v)
-2
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Triple Integrals




Triple Integrals

F(x,y,z) is a function defined on a closed, bounded region D in space.
We partition a rectangular boxlike region containing D into rectangular
cells by planes parallel to the coordinate axes.

14



Triple Integrals

F(x,y,z) is a function defined on a closed, bounded region D in space.
We partition a rectangular boxlike region containing D into rectangular

cells by planes parallel to the coordinate axes.
We form the sum

Sn =Y F(ak, Y, 2x) AVp.
k=1

14



Triple Integrals

F(x,y,z) is a function defined on a closed, bounded region D in space.
We partition a rectangular boxlike region containing D into rectangular

cells by planes parallel to the coordinate axes.
We form the sum
n

Sn == Z F(.Tk, Yk Zk) AVk
k=1
As the norm of the partition approach zero,
if a single limiting value is attained, no
matter how the partitions and points are
chosen, we say that F' is integrable over D.

lim S, /// F(z,y,z)dV or

n— oo

HPH—>0 /// @y, 2) dzdy dz.

The norm of the partition || P|| = the largest value among Az, Ay, Az

14




Triple Integrals

The of a closed, bounded region D in space is

- ff
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Finding Limits of Integration in the Order

1. Sketch: Sketch the region D along with its “shadow” R (vertical
projection) in the zy-plane. Label the upper and lower bounding

surfaces of D and the upper and lower bounding curves of R.
z

z=fox,y)

z=filx,y)

16



Finding Limits of Integration in the Order «

2. Find the z-limits of integration: Draw a line M passing through a
typical point (z,y) in R parallel to the z-axis. As z increases, M
enters D at z = fi(x,y) and leaves at z = fo(x,y). These are the
z-limits of integration.

Leaves at
z=fxy)

Enters at
z=filx,y)
y

17



3. Find the y-limits of integration: Draw a line L through (z,y)

parallel to the y-axis. As y increases, L enters R at y = ¢;(x) and
leaves at y = go(x). These are the y-limits of integration.

M

Leaves at

y = g(x)
? 18



Finding Limits of Integration in the Order dz d;

4. Find the z-limits of integration: Choose z-limits that include all
lines through R parallel to the y-axis (x = a and = b in the
preceding figure). These are the z-limits of integration. The integral

z=b ry=g2(z) rz=fa2(z, Zl)
/ / / F(x,y,z)dzdydx.
y=g1(z) Jz=fi(zy)

is

19



Triple Integrals

Example

EXAMPLE
Find the volume of the region D enclosed by the surfaces z = 22 + 3y

and z = 8 — 22 — 32,

20



Triple Integrals

Example

EXAMPLE
Find the volume of the region D enclosed by the surfaces z = 22 + 3y

and z = 8 — 22 — 32,

Solution: The volumeis V = [[[dzdydz.
D

M z

b

The curve of intersection

Leaves at
z=8-x2—)2

Enters at
z=x2+3y?

Enters at

y=-V4-x)/2

Leaves at

y=va-23
20



Triple Integrals

Example

EXAMPLE
Find the volume of the region D enclosed by the surfaces z = 22 + 3y

and z = 8 — 22 — 32,

Solution: The volumeis V = [[[dzdydz.
D

Leaves at
z=8-x2—)2

///dzdydac

z=x"+3y
Enters at (4— 12)/2 8—z%—y
z=x2+3)? = dz dy dx
Enters at —V(4—-22)/2 /22 +3y2
nters a
==V -2

Leaves at

=V-x9))2
20



Change of Variables in Double Integrals

Example

EXAMPLE
Find the volume of the region D enclosed by the surfaces z = 22 + 3y

and z = 8 — 22 — 32,

Solution: V@a—a2))2  8—z2—y?
/ / / dz dy dx
V(a=2?)/2 Jo243y?

(4— 12)/2
/ / — 22 — 4y2) dy dx
V(4—z2)/
S}y V(a-z2)/2
y=—+/(4-22)/2

- ( (8 — 2224/ _2962 §<4 . 3/2) dx
:/_22 [8<4—2x2>3/z_§< —290 )3/2} dx

4\f/ 3/2dac =8mV2

Y dx

Il
L
—
oo
|
N
8
\
IS

21



Change of Variables in Double Integrals

Example

EXAMPLE
Set up the limits of integration for evaluating the triple integral of a

function F'(x,y, z) over the tetrahedron D with vertices (0,0, 0),
(1,1,0), (0,1,0), and (0,1,1). Use the order of integration dy dz dzx.
Integrate F'(z,y,z) = 1 over the tetrahedron D in the order dz dy dx,
and then integrate in the order dy dz dx.

22



Change of Variables in Double Integrals

Example

EXAMPLE
Set up the limits of integration for evaluating the triple integral of a

function F'(x,y, z) over the tetrahedron D with vertices (0,0, 0),
(1,1,0), (0,1,0), and (0,1,1). Use the order of integration dy dz dzx.
Integrate F'(z,y,z) = 1 over the tetrahedron D in the order dz dy dx,
and then integrate in the order dy dz dx.

b4
Solution: #%

22




Change of Variables in Double Integrals

Example

EXAMPLE
Set up the limits of integration for evaluating the triple integral of a

function F'(x,y, z) over the tetrahedron D with vertices (0,0, 0),
(1,1,0), (0,1,0), and (0,1,1). Use the order of integration dy dz dzx.
Integrate F'(z,y,z) = 1 over the tetrahedron D in the order dz dy dx,
and then integrate in the order dy dz dx.

b4
Solution: #%

(z,y,2)dydzdx.

22




Change of Variables in Double Integrals

Example

Solution: For the order dz dy dx,

Leaves at
y=1

23



Change of Variables in Double Integrals

Example

Solution: For the order dz dy dx,

23



Change of Variables in Double Integrals

Example

Solution:

1 pl—z 1
V= / / dydzdx
0 0 Ttz

1 1 Yy—x
s V:/ / / dz dy dx
:/ / (1—xz—2)dzdx 01 ° 0
00 | qemiee =A / (y — x)dydzx
:/ |:(1—£C)Z—2Z2:| dx 1 1 y=1
0 2=0 — 2
= -y —xy dx
! 1 / [2 } -
:/ {(1—1’)2—2(1—7)2] dx 0.1 ) 1y
0 2
= — —x 4+ =—x° | dx
1t ) /0 (2 2 )
=— [ (1—2a)dz )
2 s [l 1
1 ! 2t 2t T
=|—1-2)? 0
6 0 _ !
=5

1
6 24



Change of Variables in Double Integrals

Example

EXAMPLE

Express the iterated integral I = fol dy fyl dz [ f(z,y,2)dx as a triple
integral, and sketch the region over which it is taken. Reiterate the
integral in such a way that the integrations are performed in the order:
first y, then z, then z (i.e., the opposite order to the given iteration).

25



Change of Variables in Double Integrals

Example

EXAMPLE

Express the iterated integral I = fol dy fyl dz [ f(z,y,2)dx as a triple
integral, and sketch the region over which it is taken. Reiterate the
integral in such a way that the integrations are performed in the order:
first y, then z, then z (i.e., the opposite order to the given iteration).

Solution: Z

(1,0,1)

25



Change of Variables in Double Integrals

Example

EXAMPLE

Express the iterated integral I = fol dy fyl dz [ f(z,y,2)dx as a triple
integral, and sketch the region over which it is taken. Reiterate the
integral in such a way that the integrations are performed in the order:
first y, then z, then z (i.e., the opposite order to the given iteration).

Solution: Z

0,1,1)
[:///f(gmy,z)d\/.
R
1 1 z
,1,1) :/ dac/ dz/ f(z,y, 2)dy.
0 x 0

25



Average Value of a Function in Space

The average value of a function F over a region D in space is defined by
the formula

1 .
Average value of 'over D = ——— Fdv.
volume of D /.
D

For example, if F(x,y,z) = /a2 + y? + 22, then the average value of I’
over D is the average dlstance of points in D from the origin. If

F(xz,y,z) is the temperature at (z,y, z) on a solid that occupies a region
D in space, then the average value of F' over D is the average
temperature of the solid.

26



Average Value of a Function in Space

Example

EXAMPLE
Find the average value of F(z,vy,z) = zyz throughout the cubical region

D bounded by the coordinate planes and the planes x = 2, y = 2, and
z = 2 in the first octant.

27



Average Value of a Function in Space

Example

EXAMPLE
Find the average value of F(z,vy,z) = zyz throughout the cubical region

D bounded by the coordinate planes and the planes x = 2, y = 2, and
z = 2 in the first octant.

Solution: The volume of the region D is (2)(2)(2) = 8.
z

27



Average Value of a Function in Space

Example

EXAMPLE
Find the average value of F(z,vy,z) = zyz throughout the cubical region

D bounded by the coordinate planes and the planes x = 2, y = 2, and
z = 2 in the first octant.
Solution: The volume of the region D is (2)(2)(2) = 8.

z The value of the integral of F' over the cube is

///J‘yzdxdde—//[ uz} dydz

0o Jo Jo o Jo =
z//Qyzdydz

2 o Jo

2 P
0

2
= /0 4zdz = [222EZ§ = 8.

27



Average Value of a Function in Space

Example

EXAMPLE
Find the average value of F(z,vy,z) = zyz throughout the cubical region

D bounded by the coordinate planes and the planes x = 2, y = 2, and
z = 2 in the first octant.
Solution: The volume of the region D is (2)(2)(2) = 8.

z The value of the integral of F' over the cube is

///J‘yzdxdde—//[ uz} dydz

0o Jo Jo o Jo =
z//Qyzdydz

2 o Jo

2 P
0

2
= /0 4zdz = [222EZ§ = 8.

27

Average value of 1 - 1
/ = v[ffa:yde:7'8:1
xyz over the cube volume < be s
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